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Abstract. In this paper, we construct canonical extensions of principal Gc- (and Mc-)bundles
on toroidal compactifications of integral canonical models of abelian-type Shimura varieties with
hyperspecial levels.
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1. Introduction

The purpose of this paper is to construct canonical and subcanonical extensions of integral models
of principal bundles, as well as of automorphic vector bundles, over toroidal compactifications of
integral canonical models of abelian-type Shimura varieties with hyperspecial level structure at a
fixed prime number p.

Principal bundles and automorphic vector bundles are natural objects on Shimura varieties whose
cohomology theory is related to representation theory and automorphic forms. If the underlying
Shimura varieties are not proper, one needs to consider the canonical extensions and subcanonical
extensions of these objects to toroidal compactifications.

Let (G,X) be a Shimura datum. For each K ⊂ G(Af ) neat open compact, the double coset
ShK(G,X)(C) := G(Q)\X ×G(Af )/K has a unique canonical model ShK := ShK(G,X) over the
reflex field E := E(G,X). Let Gc be the quotient of G by the anti-cuspidal part of the connected
center, which can be assumed to be identical to G for simplicity in this introduction. There is a
standard principal Gc

C-bundle

EC := G(Q)\(X ×Gc
C ×G(Af )/K)
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over ShK(G,X)(C) with a Gc
C-equivariant map EC → X̆, such that it fits into the diagram

EC

ShK(G,X)(C) X̆.

where X̆ is the Borel embedding of X. By series of works of Harris and Milne (see, e.g., [Har85,
Har86] and [Mil88, Mil90]), this analytic Gc

C-bundle algebraizes and canonically descends to an
algebraic Gc-bundle E on the canonical model of the Shimura variety ShK . The construction of
such bundles E plays an important role in studying the arithmetic properties of certain automorphic
forms (see [Har90]).

In order to correctly define and study log de Rham cohomology with coefficients in automorphic
sheaves on integral models, or on the special fibers, of noncompact Shimura varieties, it is necessary
to construct canonical extensions of certain principal Gc-bundles (where Gc is a certain reductive
model of Gc) to toroidal compactifications to produce these coefficient sheaves (see [LS13] and
[Lan19]). One can also construct coefficients for coherent cohomology on toroidal compactifications
of integral models or special fibers using canonical extensions of certain M c-bundles, where M c

is a Levi component of Gc defined by a Hodge cocharacter. In contrast to the situation over C,
where Deligne’s existence theorem [Del70] can be applied directly, the corresponding construction
over integral models typically depends in an essential way on the explicit construction of the inte-
gral models themselves. Since we have already had integral canonical models of principal bundles
and good toroidal compactifications for integral canonical models of abelian-type Shimura varieties
by [Lov17] and [Wu25], it can be expected that such canonical extensions should exist on these
compactifications.

In the PEL-type or, more generally, Hodge-type cases, these canonical extensions are constructed
by Lan [Lan12] and Madapusi [MP19, Sec. 4.3], respectively. The first work constructed canonical
extensions by toroidal compactifications of Kuga families, while the second one achieved this by
gluing vector bundles on a cover of the toroidal compactification. Although the two methods appear
to be different, they both constructed the unique vector bundle that simultaneously extends a certain
vector bundle on the union of the integral canonical model SK and the toroidal compactification
of ShK . In this paper, we will use the construction in [Wu25] to generalize their constructions to
abelian-type cases.

Let us fix some conventions to state the main result. Let (G2, X2) be an abelian-type Shimura
datum. Fix a prime p > 0 and a place v2|p of E2 := E(G2, X2). Let O2 := OE2,(v2). Assume that
G2,Qp is (quasi-split and) unramified. Choose a hyperspecial subgroup K2,p ⊂ G2(Qp) and a neat
open compact subgroup Kp

2 ⊂ G2(Ap
f ). There is a smooth reductive model G2 of G2 over Z(p) such

that G2(Zp) = K2,p. Denote K2 := K2,pK
p
2 . Let {SK2,pK

p
2
(G2, X2)}Kp

2
be the inverse system of

smooth integral models constructed in [Kis10] and [KMP16]. By [Wu25, Thm. 4.39] Case (HS), the
integral model SK2 := SK2,pK

p
2
(G2, X2) admits smooth and projective toroidal compactifications.

We choose an admissible projective and smooth cone decomposition Σ2 such that the toroidal
compactification SΣ2

K2
determined by Σ2 is constructed in [Wu25]. The main theorem of this paper

is stated as follows.

Theorem A (See Theorem 3.10). The principal Gc2-bundle E on SK2 defined in [Lov17] extends
uniquely to a principal Gc2-bundle E can on SΣ2

K2
, such that the restriction of E can to ShΣ2

K2
coincides

with the canonical extension of the Gc
2-bundle E := E |ShK2

to ShΣ2
K2

.
Let W be an algebraic representation of Gc2. Then dRW

can
K2

:= E can ×Gc
2 W is a vector bundle

equipped with an integrable log connection extending dRWK2
:= E ×Gc

2 W .
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The bundle E can determines and is determined by an exact tensor functor

ωcan : Rep(Gc2) −→ VecSΣ2
K2

from the category of Gc2-representations to the category of vector bundles with integrable log connec-
tions on SΣ2

K2
.

The vector bundles dRWK2
are called automorphic sheaves and dRW

can
K2

are called their canonical
extensions. Moreover,

Theorem B (See Corollary 3.28). There is a correspondence

E can

SΣ2
K2

GRµc
2

πcan
1 πcan

2

where GRµc
2

is an integral model of X̆2 as defined in §3.4 and the right arrow is Gc2,O2
-equivariant.

Equivalently, there is a µc2-filtration on E can in the sense of [Lov17, Lem. 3.3.1].

Consequently, we can also define canonical extensions of the principal bundles under the para-
bolic subgroup or the Levi subgroup of Gc2 determined by a Hodge cocharacter over a certain ring
extension.

Idea of proof. We essentially reduce the problem to answering the following question:
• Q: Let X be a proper smooth scheme over a base ring O (which is, for example, a DVR)

with a normal crossings boundary divisor D. Let π : Y → X be a finite Kummer étale cover
of X that is the quotient map of Y by a finite group ∆ acting on it. Moreover, assume that
the action of ∆ on Y ◦ := Y ×X (X\D) is free. (Note that Y might not be smooth while it
is so on Y ◦, and that a Kummer étale map might not be flat!)

Given a vector bundle V on Y with an integrable connection with log poles along Y \Y ◦,
and an equivariant ∆-action, when doesW := (π∗OV)

∆ again correspond to a vector bundle
(with an integrable log connection)?

In our situation, X is a toroidal compactification SΣK(G,Xb) associated with a smooth and projective
cone decomposition Σ, and Y is a cover of SΣK(G,Xb) by a disjoint union of Hodge-type toroidal
compactifications, whose cone decompositions are chosen as those induced by Σ. The sheaf W is a
locally free sheaf associated with the canonical extensions of certain automorphic vector bundles on
the disjoint union. In this situation, reorganizing the results in the literature shows that W has the
desired property on a locus of codimension ≥ 2. Hence, we only have to show the local-freeness
of W.

Roughly speaking,

Theorem C (Theorem 3.17). In our situation, which will be clear in the paper, the torsion-free
coherent sheaf W is always locally free.

The proof of the above theorem relies on an understanding of the canonical extensions at the
boundary in the Hodge-type case. Let (G0, X0) be a Hodge-type Shimura datum. We need to
understand the extension of the Hodge tensors to the boundary. Based on the works of Kisin
(see [Kis10, Cor. 2.3.9]) and Madapusi (see [MP19, Prop. 4.3.7]), the de Rham tensors sλ,dR ∈
(VZ(p)

⊗Q)⊗ uniquely extend to s̃canλ,dR ∈ (VcanZ(p)
)⊗. The canonical extension of the principal G0-bundle

EG0,K0 to the toroidal compactification SΣ0
K0

is given by

Isomsλ 7→s̃dR,λ
(VZ(p)

,VcanZ(p)
),
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where VZ(p)
is a lattice of a (V, ψ) defining the Siegel Shimura datum that (G0, X0) embeds, and

VcanZ(p)
is the canonical extension of the 1st relative de Rham homology of the pullback of the universal

abelian scheme.
We show that

Proposition. For each λ and each cusp label representative Φ0 with a cone σ ∈ Σ+
0 (Φ0), there is

a vector bundle VΦ0(σ) on the boundary toric scheme SKΦ0
(σ) and a tensor s̃Φ0,λ,dR(σ) ∈ VΦ0(σ)

⊗

such that s̃canλ,dR and s̃Φ0,λ,dR(σ) coincide on (SΣ0
K0

)∧Z[(Φ0,σ)],K0
.

With the above proposition, we can characterize the canonical extensions of principal G0-bundles
on the integral model SΣ0

K0
using a property in [Har89] and [HZ01] (see Proposition 3.6). We note

that, to the best of our knowledge, this result concerning G0-bundles on integral models has not
previously appeared in the literature, even in the context of PEL-type Shimura varieties.

The next step is to pass the torsors and vector bundles to a quotient by a finite Kummer étale
group action. By the results proved in [Wu25], we know that this finite Kummer étale quotient
is finite étale when restricted to each individual stratum, and one can explicitly compute such a
group quotient. The first task now is to extend such a group quotient to the torsor. To do this,
we need to have a robust and functorial theory of canonical models of canonical extensions over the
generic fiber, and over the integral models of Shimura varieties. We can almost extract it from the
literature, although most references had the assumptions such as assuming G = Gc or assuming
Z(G)◦ splits over a CM field extension. For our purpose, we define the desired canonical models of
canonical extensions on ShΣK(G,X) or integral canonical models on SK(G,X) by pulling back the
corresponding objects defined by (Gc, Xc).

Next, by an explicit computation of the quotient W at the formal completion at the boundary,
we show that W is still formal locally a locally free sheaf. This computation uses toric charts and
Proposition 3.6 crucially (see Lemma 3.23). The proof also relies on a generalization of Deligne’s
induction functor in [Del79] and [Mil88], especially a generalization of the A -type groups, to treat
torsors. See §2.4.

Finally, by adopting the construction in [Wu25], we extend the construction to all abelian-type
Shimura data.

Structure of the paper. In Section 2, we review the notion of the canonical model of a principal
Gc-bundle and record the related results. In §2.1, we give a list of facts in [Pin90], which will be
used freely in the paper. In §2.2, we collect some basic facts about Gc when G is a general connected
linear algebraic group. In §2.3, we consider a general mixed Shimura datum (Q,X ). We review
how the (canonical models of) automorphic vector bundles and principal bundles on ShK(Q,X ) are
defined. When (Q,X ) = (G,X) is a usual Shimura datum, we explain how the (canonical models
of) canonical extensions are defined and characterized. We will emphasize on how the action of EKΦ

is defined on the principal bundles on mixed Shimura varieties and on the functoriality between the
objects. In §2.4, we give a general formalism of Deligne’s induction construction for torsors.

In Section 3, we construct the integral models of the canonical extensions on toroidal compacti-
fications of the integral canonical models of Shimura varieties of abelian type, based on the known
results due to Madapusi in the case of Hodge-type Shimura varieties. In §3.1, we list some useful
steps in the construction of integral models of toroidal compactifications for abelian-type Shimura
varieties in [Wu25]. (We will only focus on the case of hyperspecial levels, which will to some extent
simplify the procedures.) In §3.2, we give a characterization of the canonical extensions constructed
in [MP19] by studying the boundary in more detail. In §3.3, we finish the construction and show the
desired properties. In §3.4, we define the principal bundles under the parabolic and Levi subgroups
of Gc

2,Z(p)
defined by the Hodge cocharacter, and define subcanonical extensions.
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Notation and conventions.
• The general system of conventions in this note is compatible with [Wu25]. Although we will

review the notation in this note, the readers are encouraged to check the list of symbols and
the list of conventions in loc. cit..
• The torsors over Shimura varieties will be denoted by the symbol “E”. The extensions of

these torsors to integral models will be written in the symbol “E ”.
• In this paper, a representation of an affine group scheme G over a base ring R means a finite

free R′-module for some R-algebra R′ equipped with a G-action. Let W be a representation.
The corresponding vector bundles will be denoted by the symbol “W ”. Denote by Rep(G)
the category of G-representations, by RepR′(G) the G-representations W over R′.
• Canonical extensions are denoted by “(−)can”.
• The symbol “VecS” in this paper always means the category of vector bundles with (log)

connections on a scheme S.
• (Vector bundles and torsors coincide on formal completions) Let X and Y be

schemes with stratifications of locally closed subschemes. Let C ⊂ X (resp. D ⊂ Y ) be
a stratum of X (resp. Y ). Suppose that there is an isomorphism (X)∧C

∼= (Y )∧D that
induces an isomorphism between C and D. Let V1 and V2 be vector bundles/torsors on X
and Y , respectively. We say that the pullback of V1 and V2 to (X)∧C

∼= (Y )∧D coincide if,
for any open affine formal subscheme Spf(A, I) of (X)∧C

∼= (Y )∧D that induces morphisms
c1 : SpecA → X and c2 : SpecA → Y , there is an isomorphism f(A,I) : c

∗
1V1
∼= c∗2V2, and if

the isomorphisms satisfy the compatibility for varying (A, I).

2. Canonical models and canonical extensions of principal bundles

We recall the characteristic 0 theory of canonical extensions of canonical models of principal
bundles on Shimura varieties and their boundary mixed Shimura varieties due to Harris, Harris-
Zucker (see [Har85], [Har89], [HZ94] and [HZ01]), and Milne (see [Mil88] and [Mil90]).

2.1. Mixed Shimura varieties. The following definitions and facts on mixed Shimura varieties
and their canonical models are needed for this note:

(1) For any connected linear algebraic group H over Q, define Hc = H/Zac(H) where Zac(H)
is the minimal Q-subgroup in the connected multiplicative center Z(H)◦ of H such that
Z(H)◦/Zac(H) has equal Q-split rank and R-split rank.

(2) A mixed Shimura datum is denoted by (Q,X ). More precisely, let Q be a connected linear
algebraic group over Q. Denote by WQ the unipotent radical of Q and by UQ ⊂ WQ a
normal subgroup of Q. Let X be a homogeneous space with a Q(R)UQ(C)-equivariant map
ℏ : X → Hom(SC, QC). Then (Q,X ) is a mixed Shimura datum if it satisfies the conditions
listed in [Pin90, Def. 2.1, (i)-(viii)].

(3) For mixed Shimura data, one can define mixed Shimura varieties, morphisms between
mixed Shimura data and varieties, and quotients in a way similar to the usual Shimura
data/varieties. See [Pin90, Ch. 2 and Ch. 3].

(4) If WQ = 1, the mixed Shimura datum is called a pure Shimura datum. Then X is, by
[Pin90, Cor. 2.12], a finite cover of ℏ(X ) that is a homeomorphism over each connected
component; (Q, ℏ(X )) is a usual Shimura datum.
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(5) There is a sequence of morphisms between Shimura data defined by the quotient of Q by
UQ and WQ:

(Q,X ) −→ (Q/UQ,X ) −→ (Q/WQ,Xh).

Denote Q := Q/UQ and Qh := Q/WQ.
(6) For any mixed Shimura datum (Q,X ) and any neat open compact subgroup K ⊂ Q(Af ),

denote ShK(Q,X )(C) :=
Q(Q)\X ×Q(Af )/K.

This complex manifold uniquely algebraizes to a complex algebraic variety ShK(Q,X )C.
Denote by ShK(Q,X ) the canonical model of ShK(Q,X )C over the reflex field E(Q,X ).
Such a variety uniquely exists by [Pin90, Thm. 11.18].

(7) Denote by K and Kh the projection of K to Q(Af ) and Qh(Af ). Then there is a sequence
of mixed Shimura varieties

(2.1) ShK(Q,X ) p1−−−→ ShK(Q,X ) p2−−−→ ShKh
(Qh,Xh).

The first morphism is a torsor under a split torus EK , and the second morphism is a torsor
under an abelian scheme over ShKh

(Qh,Xh). We usually use the abbreviations ShK :=

ShK(Q,X ), ShK := ShK(Q,X ), and ShKh
:= ShKh

(Qh,Xh).
(8) Let (G,X) be a usual Shimura datum. Denote by CLR(G,X) the set of cusp label represen-

tatives Φ of the form Φ = (QΦ, X
+
Φ , gΦ), where QΦ is an admissible Q-parabolic subgroup

of G, X+
Φ ⊂ X a connected component and gΦ ∈ G(Af ) (see [MP19, §2.1]). There is a

QΦ(R)-equivariant map

τ : X → π0(X)×Hom(SC, PΦ,C),

where PΦ is a normal subgroup of QΦ with the same unipotent radical as QΦ defined as in
[Pin90, 4.7]. Note that PΦ is already defined and determined by QΦ, so one does not need
the entire datum (QΦ, X

+
Φ , gΦ); this group is called the canonical subgroup of QΦ. Denote

by DΦ the PΦ(R)UΦ(C)-orbit of the image of X+
Φ . Let KΦ := PΦ(Af ) ∩ gΦKg−1

Φ .
In summary, one associates with Φ a mixed Shimura datum (PΦ, DΦ) and a mixed Shimura

variety ShKΦ
:= ShKΦ

(PΦ, DΦ). We call these mixed Shimura data (resp. varieties) bound-
ary mixed Shimura data (resp. varieties).

(9) We denote by Σ (usually followed by super/sub-scipts) a (rational polyhedral) cone decom-
position defined on CLR(G,X). In this note, we say that a cone decomposition is admissible,
if it is admissible in the sense of [Pin90], is complete and finite, and has no self-intersections
(cf. [Wu25, Convention 1.17]); in fact, we will always assume that Σ is admissible.
We often choose a smooth and projective refinement of Σ (cf. [Wu25, Def. 1.16]), which
always exists.

(10) Let S be an E-torsor over S. Let σ be a rational cone in the cocharacter R-group of E.
Denote by S → S(σ) the twisted affine torus embedding, and by Sσ the σ-stratum of S(σ).

(11) There are compatible equivalence relations and partial orders defined on CLR(G,X) and the
set of cusp label representatives Φ with cones in Σ+(Φ)’s. The quotients by the equivalence
relations are called cusp labels CuspK(G,X) and cusp labels with cones CuspK(G,X,Σ).

(12) Let K be a neat open compact subgroup in G(Af ). For an admissible cone decompo-
sition Σ of (G,X,K), there is a proper algebraic space ShΣK(G,X) over the reflex field
E(G,X). Assuming that Σ is projective (resp. smooth), ShΣK is projective (resp. smooth)
over SpecE(G,X). There is a stratification of ShΣK labeled by the finite set of cusp labels
with cones CuspK(G,X,Σ). Pick any Υ = [(Φ, σ)] ∈ CuspK(G,X,Σ). There is a mixed
Shimura variety ShKΦ

and a locally closed stratum ZΥ,K ⊂ ShΣK with a canonical isomor-
phism ZΥ,K

∼= ∆◦
Φ,K\ShΦ,K,σ. The group ∆◦

Φ,K acts on ShKΦ
(σ) through the free action of

a finite group.
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(13) Let us consider the analytification ShΣK(C) of ShΣK . There is a commutative diagram

(2.2)

∆◦
Φ,K\ShKΦ

(C) ∆◦
Φ,K\ShKΦ

(σ)(C) ∆◦
Φ,K\ShKΦ,σ(C)

∆◦
Φ,K\U(Φ) ∆◦

Φ,K\U(Φ, σ) ∆◦
Φ,K\Uσ

V (Φ) V (Φ, σ) ∆◦
Φ,K\Uσ

ShK(C) ShΣK(C) ZΥ,K(C).

open dense
⊂

⊃

open

open dense
⊂

open

⊃

open

open dense
⊂

open

open

open

⊃

open dense
⊂

⊃

In a word, there is an open analytic neighborhood V (Φ, σ) around ∆◦
Φ,K\ShKΦ,σ(C) iso-

morphic to an open analytic neighborhood V (ZΥ,K) of ZΥ,K(C) in ShΣK(C). This isomor-
phism induces a canonical algebraic isomorphism (ShΣK)∧ZΥ,K

∼= ∆◦
Φ,K\(ShKΦ

(σ))∧ShKΦ,σ
. See

[Pin90, Ch. 6, Prop. 7.15, Prop. 9.37, Thm. 12.4(c)].

2.2. Preliminaries. Let (T,Y) be a pure Shimura datum (in the sense of Pink) associated with a
torus T over Q. There is a natural morphism

(T,Y) −→ (T, ℏ(Y)) −→ (T c, ℏ(Y)c)

defined by mapping (T,Y) to the Shimura datum in the usual sense, and then to the quotient datum
(T c, ℏ(Y)c) induced by T → T c.

Lemma 2.1. Denote {h : S → T c
R} := ℏ(Y)c. The weight cocharacter ω : Gm,C −→ T c

C associated
with h is defined over Q. Moreover, T c does not contain nontrivial R-split but Q-anisotropic subtori.
In particular, (T c, {h}) satisfies the conditions (2.1.4) and (2.1.2*) in [Mil90, II. 2.], (1.1.3) and
(1.1.4) in [Har89], and (1.1.7.2) and (1.1.7.3) in [HZ01].

Proof. Fix a complex conjugation ι ∈ Gal(Q/Q). Denote the Hodge cocharacter of h by µ. Since
ω = µ+ ιµ, it is fixed by ι. By the equivalence of statements (vii) and (iv) in [KSZ21, Lem. 1.5.5],
ω is fixed by all σ ∈ Gal(Q/Q). The second statement follows from the equivalence of statements
(ii) and (iv) in loc. cit. Also in loc. cit., the second statement is equivalent to saying that T c is
isogenous to the product of a Q-split torus and an R-anisotropic Q-torus. By the Serre condition
(vii) of loc. cit., T c splits over a CM field. Then the last statement is true. □

Lemma 2.2. Let (Q,X ) be a mixed Shimura datum. Let (T,Y) → (Q,X ) be an embedding of a
pure Shimura datum (T,Y) for a Q-torus T into (Q,X ).

Suppose that T is Q-maximal, i.e., any Q-torus T ′ in G containing T is T itself. Then Zac(T ) ∼=
Zac(Q) and T c ∼= T/Zac(Q). Hence, there is an embedding T c ↪→ Qc. As a consequence, this
embedding induces an embedding (T,Y)/Zac(T ) ↪→ (Q,X )/Zac(Q).

Proof. Denote by UQ the unipotent radical of Q. By assumption, T contains Z(Q)◦. Since Zac(T ) ⊃
Zac(Q) by definition, we show the other direction. Since for any x ∈ X , adhx(i) induces a Cartan
involution of (Q/UQ)

ad
R , T/Z(Q)◦ is R-anisotropic. Then T/Zac(Q)∩T is isogenous to the product of

a Q-split torus and an R-anisotropic Q-torus. This shows that Zac(T ) ∼= Zac(Q) and T c ∼= T/Zac(Q).
Now we show the last statement. We choose any x0 ∈ Y, whose image in X is also denoted by
x0. Denote the image of x0 in the quotients Y/Zac(Q) and X/Zac(Q) abusively by x0. From
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[Pin90, Prop. 2.9], there is a commutative diagram:

Y ∼= T (R)/StabT (R)(x0) X ∼= Q(R)UQ(C)/StabQ(R)UQ(C)(x0)

Y/Zac(Q) ∼= T c(R)/ ImStabT (R)(x0) X/Zac(Q) ∼= Qc(R)UQ(C)/ ImStabQc(R)UQ(C)(x0).

ε

ε

Suppose that there is an element a ∈ T c(R) which maps into ImStabQc(R)UQ(C)(x0). We denote
b := ε(a). By construction, b lifts to some c ∈ StabQ(R)UQ(C)(x0). Denote by b (resp. c) the image
of b (resp. c) in (Qc/UQ)(R) (resp. (Q/UQ)(R)). Finally, we find an element d ∈ T (R) since T
is the fiber product of T c and Q/UQ over Qc/UQ. Since ε(d) = c and ε is injective, we see that
d ∈ StabT (R)(x0). We now have the desired result. □

Lemma 2.3 ([Lov17, Lem. 3.1.3]). Suppose that (Q2,X2) is a mixed Shimura datum, and that there
is a homomorphism f : Q1 → Q2 from another connected linear algebraic group Q1 over Q to Q2.
Then f(Zac(Q1)) ⊂ Zac(Q2), and f induces a homomorphism f c : Qc

1 → Qc
2. In particular, if there

is a morphism between the mixed Shimura data f : (Q1,X1)→ (Q2,X2), then f induces a morphism
between mixed Shimura data f c : (Q1,X1)/Zac(Q1)→ (Q2,X2)/Zac(Q2).

Proof. The proof of it is essentially identical to [Lov17, Lem. 3.1.3]. To show that f(Zac(Q1)) ⊂
Zac(Q2), it suffices to show that the image of the connected multiplicative center Z(Q1)

◦ in
f(Q1)/f(Q1)∩Zac(Q2) is isogenous to a product of a Q-split torus and an R-anisotropic torus. Since
Z(Q2)/Zac(Q2) and the center of Q2/Z(Q2)WQ2 are products of Q-split tori and R-anisotropic tori
by the definition of Zac(Q2) and by [Pin90, 2.1 (viii)], and since, for any x ∈ X2, adhx(i) induces
a Cartan involution of (Q2/WQ2)

ad
R , the image of Z(Q1)

◦ has the desired property. We have the
proof of the first statement. Other statements follow from the definitions. □

2.3. Canonical extensions and their canonical models.

2.3.1. Fix a mixed Shimura datum (Q,X ). Let us recall some background materials for principal
bundles over ShK(C) := ShK(Q,X )(C) and ShK,C := ShK(Q,X )C. (We assume that K is neat as
usual.) The main references are [Mil90] and the summary in [DLLZ23, Sec. 5.2] for usual Shimura
data.

Define the principal Qc(C)-bundle over ShK(Q,X )(C) to be

EQc,K(Q,X )(C) := Q(Q)\X ×Qc(C)×Q(Af )/K.

We have, by definition, that [(x, qc, qf )] = [(q ·x, q · qc, q · qf · k)] for any x ∈ X, qc ∈ Qc(C), qf ∈
Q(Af ), q ∈ Q(Q) and k ∈ K.

The principal bundle EQc,K(Q,X )(C) determines and is determined by a tensor functor ωan
B,Qc,K,C(Q,X ) :

RepC(Q
c)→ LocShK(C), from the category RepC(Q

c) of finite dimensional complex algebraic repre-
sentations of Qc to the category of local systems of finite dimensional C-vector spaces over ShK(C).

Let (W,ρ) ∈ RepC(Q
c). Denote BW

an
K := ωan

B,Qc,K,C(Q,X )(W ) = EQc,K(Q,X )(C) ×Qc(C) W ; if
W ∈ RepF (Q

c) for some subfield F ⊂ C, BW
an
K descends to a local system of F -vector spaces.

Moreover, we can choose any smooth projective (complete) admissible cone decomposition of
ShK(Q,X ) and there is an open embedding j : ShK(C)→ ShΣK(C) := ShΣK(Q,X )(C). The boundary
divisor is a normal crossings divisor. See [Pin90, Prop. 9.20].

Lemma 2.4. The monodromy action on j∗BW
an
K of the topological fundamental group of each

connected component along the boundary divisor is unipotent.

Proof. The proof is identical to [Har89, p.18] and [LS13, p.34], which treated the case where (Q,X )
is a usual Shimura datum such that Q = Qc. The completion of any point at the boundary is isomor-
phic to the completion of a twisted torus embedding ∆Φ,K\ShKΦ

(Σ)(C) := ∆Φ,K\ShKΦ
(PΦ,DΦ,Σ)(C),
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where (PΦ,DΦ) is a rational boundary component of (Q,X ). Each of the connected components of
∆Φ,K\ShKΦ

(Σ)(C) can be written as the twisted torus embedding of Γ\DΦ → Γ\DΦ with respect
to a cone decomposition Σ; the map Γ\DΦ → Γ\DΦ is a torus torsor under E := Λ\UΦ(C) for
some lattice Λ in a unipotent group UΦ(R)(−1). More precisely, the group Λ is (up to twisting
−1) the projection to UΦ(Q) of a neat congruence subgroup Λ̃ of ZQ(Q)× UΦ(Q) by [Pin90, 3.13,
4.10] (cf. ΛKΦ

in [Wu25]). Hence, the monodromy along the boundary is determined by an ac-
tion ρ : Λ̃ → Λ̃/(Zac(Q)(Q) ∩ Λ̃) → GL(W ), which is unipotent because (ZQ/Zac(Q))(Q) has no
nontrivial neat congruence subgroups. □

Remark 2.5. If W is a Q(C)-representation with nontrivial action of Zac(Q)(Q), the monodromy
above is only quasi-unipotent.

By classical Riemann-Hilbert correspondence, the category LocShK(C) is equivalent to VecShK(C),
the category of finite dimensional analytic vector bundles over ShK(C) equipped with integrable
connections. Hence, composing with this equivalence, we see that ωan

B,Qc,K,C(Q,X ) is equivalent to
a tensor functor

ωan
dR,Qc,K,C(Q,X ) : RepC(Qc) −→ VecShK(C).

Denote (dRW
an
K,C,∇an

C ) the value of W under ωan
dR,Qc,K,C(Q,X ) where ∇an

C denotes the integrable
connection. There is a decreasing filtration Fil•x on W defined by the Hodge cocharacter µx,C of
any x ∈ X ; these filtrations induce a decreasing filtration Fil• on BW

an
K,C, and via Riemann-Hilbert

correspondence, on dRW
an
K,C. The integrable connection ∇an

C satisfies Griffiths transversality with
respect to Fil•.

The tensor functor ωan
dR,Qc,K,C(Q,X ) determines and is determined by a Qc

C-bundle in complex
analytic topology

EanQc,K,C(Q,X ) := Q(Q)\X ×Qc
C ×Q(Af )/K.

By [Del70, II, 5.2(d)] and [Sch73, p.235], the triple (dRW
an
K,C,∇an

C ,Fil•) uniquely extends to a
triple (dRW

Σ,an
K,C ,∇

Σ,an
C ,Fil•) on ShΣK(C), where dRW

Σ,an
K,C is an analytic vector bundle with an inte-

grable log connection ∇Σ,an
C with nilpotent residues along the boundary divisor, and the decreasing

filtration Fil• extends the one on dRW
an
K,C (and is denoted abusively by the same notation).

By [Del70], the triple (dRW
Σ,an
K,C ,∇

Σ,an
C ,Fil•) algebraizes to a tuple (dRWΣ

K,C,∇Σ
C,Fil

•) of algebraic
vector bundle dRW

Σ
K,C over ShΣK,C := ShΣK(Q,X )C equipped with an integrable log connection ∇Σ

C
with nilpotent residues along the boundary divisor and a decreasing filtration Fil•. The restriction
of (dRW can

K,C,∇Σ
C,Fil

•) to ShK,C defines an algebraization (dRWK,C,∇C,Fil
•) of (dRW an

K,C,∇an
C ,Fil•).

The extension (dRW
Σ
K,C,∇Σ

C,Fil
•) is called the canonical extension of (dRWK,C,∇C,Fil

•).
By the last paragraph, ωan

dR,Qc,K,C(Q,X ) algebraizes to a tensor functor

ωdR,Qc,K,C(Q,X ) : RepC(Qc) −→ VecShK,C ,

and this tensor functor canonically extends to a tensor functor

ωΣ
dR,Qc,K,C(Q,X ) : RepC(Qc) −→ VecShΣK,C

.

The functor ωdR,Qc,K,C(Q,X ) (resp. ωΣ
dR,Qc,K,C(Q,X )) determines a principal (algebraic)Qc

C-bundle
EQc,K,C(Q,X ) (resp. a canonical extension of principal Qc

C-bundle EΣQc,K,C(Q,X )).

Convention 2.6. We will replace superscripts such as “Σ” specifying the cone decompositions with
just “can” if the underlying compactifications are clear in the context. For example, we will just
write the algebraic canonical extensions as (dRW

can
K,C,∇can

C ,Fil•) when Σ is clear. We will also omit
the brackets (Q,X ) in the symbols when it is clear in the context.
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Lemma 2.7. For a morphism between mixed Shimura data f : (Q1,X1)→ (Q2,X2) and neat open
compact K1 ⊂ Q1(Af )→ K2 ⊂ Q2(Af ), we have an algebraic isomorphism

EQc
1,K1,C(Q1,X1)×Qc

1 Qc
2

∼−→ f∗EQc
2,K2,C(Q2,X2)

whose analytification is the one constructed by functoriality.

Proof. Choose compatible admissible smooth projective cone decompositions Σ1 and Σ2. The
corresponding morphism between toroidal compactifications extending f is denoted by f tor. By
the uniqueness of canonical extensions and the Tannakian formalism, Ean,Σ1

Qc
1,K1,C(Q1,X1) ×Qc

1 Qc
2
∼=

f tor,∗Ean,Σ2

Qc
2,K2,C(Q2,X2). The desired result follows from GAGA and restriction. □

2.3.2. We now assume that (Q,X ) is a Shimura datum (G,X) in the usual sense. Let us pick any
Φ = (QΦ, X

+
Φ , gΦ) that determines a boundary component contained in Shmin

K (G,X)\ShK(G,X).
This defines an embedding PΦ ↪→ QΦ ↪→ G of algebraic groups.

Let KΦ := PΦ(Af ) ∩ gΦKg−1
Φ . Denote by ShKΦ

:= ShKΦ
(PΦ, DΦ) the mixed Shimura variety

associated with Φ, whose analytification is

ShKΦ
(PΦ, DΦ)(C) := PΦ(Q)\DΦ × PΦ(Af )/KΦ.

Since W ∈ RepF (G
c) is lifted to RepF (P

c
Φ) by Lemma 2.3, for any W ∈ RepF (G

c) (recall that
F ⊂ C is a subfield), define

BW
an
KΦ

:= PΦ(Q)\DΦ ×W × PΦ(Af )/KΦ
∼= EP c

Φ,KΦ
(C)×P c

Φ(C) W (C).
The group PΦ(Q) acts on W by viewing W as a representation ρ : P c

Φ → GL(W ) in RepF (P
c
Φ).

Similarly, let dRW
?
KΦ,C := ω?

dR,P c
Φ,K,C(W ) for ? = an or ∅. We can associate a filtered integrable

connection with nilpotent residues (∇an
C ,Fil•) (resp. (∇C,Fil

•)) with dRW
an
KΦ,C (resp. (dRWKΦ,C))

as explained before.
Let UΦ be the center of the unipotent radical WΦ of PΦ. Then, by viewing W (C) as a UΦ(C)-

representation via restriction, there is a morphism UΦ(C)×W (C)→W (C) determined by ρ. There
is also an action of UΦ(C) on DΦ by conjugation. Consider the composition of maps

(x,w) ∈ DΦ ×W (C) (x, u · w) ∈ DΦ ×W (C) (u · x, u · w) ∈ DΦ ×W (C).ρ 7→ρ(u)ρρ(u)−1 int(u)

This induces an isomorphism [u] : EanP c
Φ,KΦ,C

∼−→ int(u)∗EanP c
Φ,KΦ,C. In other words, there is a map

UΦ(C)× EanP c
Φ,KΦ,C → E

an
P c
Φ,KΦ,C

covering the left action of UΦ(C) on ShKΦ
(C).

Write ShKΦ
(C) = PΦ(Q)+\D+

Φ × PΦ(Af )/KΦ. For any p ∈ PΦ(Af ), the morphism ShKΦ
(C) →

ShKΦ
(C) is a torsor under Λp\UΦ(C) for Λp some subgroup of the projection to UΦ(Q) of Λ̃p :=

(ZG · UΦ)
◦(Q) ∩ pKΦp

−1 ∩ PΦ(Q)+ (see [Wu25, Lem. 1.14]). If u ∈ Λ̃p, we have

[(u · x, u · w, p)] = [(x,w, u−1 · p)] = [(x,w, p)]

for points on EanP c
Φ,KΦ,C.

In summary,

Lemma 2.8. There is a commutative diagram of complex manifolds

(2.3)

EKΦ
(C)×C EanP c

Φ,KΦ,C EanP c
Φ,KΦ,C

EKΦ
(C)×C ShKΦ

(C) ShKΦ
(C)

induced by the action UΦ(C)× EanP c
Φ,KΦ,C → E

an
P c
Φ,KΦ,C above.
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Lemma 2.9. The commutative diagram (2.3) algebraizes to a commutative diagram of complex
algebraic varieties

(2.4)

EKΦ,C ×C EP c
Φ,KΦ,C EP c

Φ,KΦ,C

EKΦ,C ×C ShKΦ,C ShKΦ,C.

Proof. We only need to check the algebracity. The EKΦ
-torsor structure of ShKΦ

→ ShKΦ
induces

a canonical algebraic isomorphism EKΦ,C ×C ShKΦ,C
∼= ShKΦ,C ×ShKΦ,C

ShKΦ,C given by (e, x) 7→
(x, e · x). Then the bottom arrow is given by

EKΦ,C ×C ShKΦ,C
∼= ShKΦ,C ×ShKΦ,C

ShKΦ,C
p2−→ ShKΦ,C,

the second morphism above is the projection to the second factor, which is algebraic by [Pin90, Prop.
9.24] and the page following it.

Similarly, EKΦ
(C)× EanP c

Φ,KΦ,C
∼=

(PΦ(Q)×PΦ(Q) PΦ(Q))\(DΦ ×DΦ
DΦ)× P c

Φ,C × (PΦ(Af )×PΦ(Af )
PΦ(Af ))/(KΦ ×KΦ

KΦ)

given by (e, (x, c, p)) 7→ [((x, ẽ · x), ẽc, (p, p))] for any lifting of e ∈ EKΦ
(C) to ẽ ∈ UΦ(C). This is

the analytification of an algebraic isomorphism

(UΦ,C ×C EKΦ,C ×C EP c
Φ,KΦ,C)×

UΦ,C×CEKΦ,C EKΦ,C
∼=

(EP c
Φ,KΦ,C ×ShKΦ,C

EP c
Φ,KΦ,C)×

UΦ,C×CEKΦ,C EKΦ,C.

Thus, the top arrow is induced by this algebraic isomorphism composed with the projection of the
last displayed expression to the second factor EP c

Φ,KΦ,C in the bracket, which is algebraic by Lemma
2.7. □

Fix a cusp label with cones Υ = [(Φ, σ)]. Define

(2.5) dRW
?
KΦ,C(σ) := p1(σ)

∗((p1,∗dRW
?
KΦ,C)

EKΦ ).

and

(2.6) EP c
Φ,KΦ,C(σ) := p1(σ)

∗((p1,∗EP c
Φ,KΦ,C)

EKΦ ).

In the definition, p1 is the first projection in (2.1) over C, p1(σ) is the projection ShKΦ
(σ)C →

ShKΦ,C, and ? = an or ∅. The EKΦ
-invariance makes sense by (2.4) above.

In addition, note that inclusion PΦ → G induces a map P c
Φ → Gc.

Theorem 2.10 (Harris, see [Har89]). Let Σ be an admissible projective cone decomposition of
ShK,C := ShK(G,X)C (which might not be smooth). Denote by ShΣK,C the toroidal compactification
associated with it.

There is a unique extension of dRWK,C from a locally free sheaf ShK,C to a locally free sheaf
dRW

Σ
K,C on ShΣK,C. The sheaf dRW

Σ
K,C is uniquely characterized by the following property:

For any cusp label with cones Υ = [(Φ, σ)], the pullback of the analytification of dRW
can
K,C to the

open analytic neighborhood V (ZΥ,K) of ZΥ,K(C) is isomorphic to the pullback of the analytification
of dRWKΦ,C(σ) to the open analytic neighborhood V (Φ, σ) of ∆◦

Φ,K\ShKΦ,σ(C) such that V (ZΥ,K) ∼=
V (Φ, σ) in the analytic construction of toroidal compactification (see [Pin90, Ch, 6] and §2.1 (13)).

When Σ is smooth, it coincides with the canonical extension defined by [Del70]. In particular,
the integrable connection ∇C of dRWK,C uniquely extends to a log connection ∇can

C with nilpotent
residues along irreducible components of the boundary divisor.

Moreover, let Σ′ be a refinement of Σ. This refinement determines a proper morphism πΣ′,Σ,C :

ShΣ
′

K,C → ShΣK,C. Then π∗Σ′,Σ,CdRW
Σ
K,C
∼= dRW

Σ′
K,C and πΣ′,Σ,C,∗dRW

Σ′
K,C
∼= dRW

Σ
K,C.
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Proof. All proofs can be found in [Har89, Sec. 4.2-4.3]. Note that all these proofs work without the
assumptions (1.1.3) and (1.1.4) there. We can also sketch a direct proof as follows. Consider the
morphism f : (G,X) → (Gc, Xc) = (G,X)/Zac(G). Choose any special pair (T, {h}) ↪→ (G,X).
By Lemma 2.1, we see that (Gc, Xc) satisfies those assumptions in loc. cit. Choose neat open
compact subgroups K ⊂ G(Af ) and Kc ⊂ Gc(Af ) such that f(K) ⊂ Kc. Also, choose any pair
of compatible admissible cone decompositions (Σ,Σc) for (G,X,K) and (Gc, Xc,Kc), respectively.
The pullback of dRW

Σc

Kc,C under f tor : ShΣK,C → ShΣ
c

Kc,C satisfies the property that uniquely char-
acterizes the canonical extension in the statement. The compatibility in the second paragraph is
checked using this characterization. Finally, when Σ is smooth, since the log connections associated
with dRWKΦ,C(σ) has nilpotent residues by the proof of Lemma 2.4, this construction of canonical
extensions coincides with that of [Del70]. □

Corollary 2.11. The theorem above also gives a characterization of EcanGc,K,C(G,X):
The pullback of the analytification of EGc,KΦ,C(σ) := EP c

Φ,KΦ,C(σ)×P c
ΦGc to V (Φ, σ) is isomorphic

to the pullback of the analytification of EcanGc,K,C to V (ZΥ,K).

Proof. This follows from Theorem 2.10 and the Tannakian formalism. □

Note that the principal bundle EGc,K,C and the vector bundle dRWK,C constructed above are
compatible with pulling back through the transition map πK′,K,C : ShK′,C → ShK,C for any K ′ ⊂ K.
Let EGc,C := lim←−K

EGc,K,C be the principalGc
C-bundle over ShC := Sh(G,X)C; there is an equivariant

G(Af )-action on EGc,C and dRWC covering the right G(Af )-action on ShC.
We can also define dRW

can
C and EcanGc,C by pulling back the corresponding objects to ShΣC :=

lim←−K
ShΣK,C for a fixed Σ. Note that there might not be G(Af )-actions on those pullbacks in general.

2.3.3. For mixed Shimura data, the definition of canonical models of the principal bundles is
determined by the torus case and functoriality.

Let (T,Y) be a pure Shimura datum of a torus T . There is a natural morphism (T,Y) →
(T c, ℏ(Y)c). By Lemma 2.1, we can apply Milne and Harris-Zucker’s theory of canonical models
of principal bundles to (T c, ℏ(Y)c). The principal T c

C-bundle ET c,C over Sh(T c,Yc)C descends to a
T c(Af )-equivariant principal T c-bundle ET c over Sh(T c,Yc), which is called the canonical model of
ET c,C; such a ET c is determined by the actions of σ ∈ Aut(C/E(T c, ℏ(Y)c)) on the canonical point of
the period torsor. (See [Mil90, III.] and [HZ01, 1.2.A].) Define the canonical model of the principal
bundle ET c(T,Y)C on Sh(T,Y)C as the pullback of ET c along Sh(T,Y)→ Sh(T c, ℏ(Y)c). We denote
it by ET c(T,Y) but we will omit the bracket if the mixed Shimura datum is clear in the context.

Proposition 2.12 ([HZ01, Prop. 1.2.4 and 1.2.8]). Let (Q,X ) be a mixed Shimura datum. The
principal bundle EQc,C on Sh(Q,X )C admits a canonical model EQc(Q,X ) on Sh(Q,X ), which is
equipped with an equivariant Q(Af )-action. The canonical model EQc(Q,X ) is uniquely characterized
by the following properties:

For any embedding (T,Y) ↪→ (Q,X ) with T a torus, the morphism ET c,C → EQc,C descends to
a (T c

E → Qc
E)-equivariant and (T (Af ) → Q(Af ))-equivariant morphism ET c(T,Y) → EQc(Q,X ),

where E := E(T,Y) is the reflex field of (T,Y).
Let f : (Q1,X1) → (Q2,X2) be a morphism between mixed Shimura data. For any pair of open

compact subgroups K1 and K2 of Q1(Af ) and Q2(Af ), respectively, such that K1 ⊂ K2, there
is a morphism over E(Q1,X1), f : EQc

1
(Q1,X1)/K1 → EQc

2
(Q2,X2)E(Q1,X1)/K2, descent from the

morphism over C given by the functoriality.

Proof. Set (Qc,X c) := (Q,X )/Zac(Q). Again, since (Qc,X c) satisfies the assumptions in loc. cit.
by Lemma 2.1, we can define the canonical model of the principal Qc

C-bundle on Sh(Q,X )C to be the
pullback to Sh(Q,X ) of the canonical model EQc(Qc,X c) of EQc(Qc,X c)C defined over Sh(Qc,X c).
We denote this pullback by EQc(Q,X ). In fact, this pullback satisfies the condition in the proposition
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because we can verify the condition by applying [HZ01, Prop. 1.2.4] after assuming that T is Q-
maximal and reducing to the case of (T c,Yc) ↪→ (Qc,X c), thanks to Lemma 2.2 and Lemma 2.3.
The uniqueness follows from a standard argument by [Pin90, Lem. 11.6 and Lem. 11.7], reducedness
of Sh(Q,X ) and separatedness of Qc. □

Define EQc,K(Q,X ) := EQc(Q,X )/K, and call it the canonical model of EQc,K,C(Q,X ).

2.3.4. We now come back to the case where (Q,X ) = (G,X) is a usual Shimura datum.

Corollary 2.13. The commutative diagram (2.4) descends to a commutative diagram of algebraic
varieties over E = E(G,X)

(2.7)

EKΦ,E ×SpecE EP c
Φ,KΦ

EP c
Φ,KΦ

EKΦ,E ×SpecE ShKΦ
ShKΦ

.

Proof. This is again based on the argument in Lemma 2.9, [Pin90, Thm. 11.18] and Proposition
2.12. Note that the reflex field of ShKΦ

is equal to E by [Pin90, Prop. 12.1]. □

Lemma 2.14. The bundles EP c
Φ,KΦ,C and EP c

Φ,KΦ,C(σ), together with the isomorphism

p∗
1((p1,∗EP c

Φ,KΦ,C)
EKΦ )

∼−→ EP c
Φ,KΦ,C,

all descend to E(G,X).

Proof. By Proposition 2.12 and Corollary 2.13 above, the morphism in the statement exists over
E(G,X). The rest of the lemma is clear. □

Theorem 2.15 ([Har89, Thm. 4.2 (iii)]). Let (G,X) be a Shimura datum. Let Σ be an admissible
projective cone decomposition for (G,X,K), where K is neat open compact in G(Af ). Set ShΣK :=

ShΣK(G,X).
For any W ∈ RepQ(G

c), the canonical extension dRW
can
K,C of dRWK,C over ShΣ(G,X)C descends

to a locally free sheaf dRW
can
K over ShΣK . When Σ is smooth, the log connection ∇can

C also descends
to a log connection ∇can, and the residues of ∇can along irreducible components of the boundary
divisor are nilpotent.

The principal Gc-bundle EcanGc,K,C uniquely descends to a principal Gc-bundle EcanGc,K over ShΣK
extending EGc,K .

Proof. The proof can be found in [Har89, p. 20]. □

Proposition 2.16. Let f : (G1, X1) → (G2, X2) be a morphism between Shimura data. Fix K1 ⊂
G1(Af ) and K2 ⊂ G2(Af ) such that f(K1) ⊂ K2. Fix admissible projective cone decompositions
Σ1 and Σ2 for (G1, X1,K1) and (G2, X2,K2), respectively, such that Σ1 and Σ2 are compatible (see
[Wu25, Def. 1.18(3)]). Then there is a (Gc

1 → Gc
2)-equivariant morphism f : EcanGc

1,K1
→ EcanGc

2,K2
over

E(G1, X1) covering the morphism fΣ1,Σ2 : ShΣ1
K1

(G1, X1)→ ShΣ2
K2

(G2, X2) given by the functoriality
between the toroidal compactifications and extending the one given by Proposition 2.12.

Proof. Let W ∈ Rep(Gc
2). Assume that Σ1 is smooth and projective. Applying Theorem 2.15 and

Proposition 2.12, we see that the pullback f∗Σ1,Σ2
EcanGc

2,K2
×Gc

2W is uniquely characterized by Deligne’s
existence theorem and extends (EGc

1,K1 ×Gc
1 Gc

2) ×Gc
2 W . So f∗Σ1,Σ2

EcanGc
2,K2
×Gc

2 W ∼= EcanGc
1,K1
×Gc

1 W

over C, and this isomorphism descend to E again by Deligne’s existence theorem.
When Σ1 is not smooth, choose a smooth (projective) refinement Σ′

1. We then have f∗Σ′
1,Σ2
EcanGc

2,K2
×Gc

2

W ∼= EcanGc
1,K1
×Gc

1W by the paragraph above. We then take fΣ′
1,Σ1,∗ on both sides of the isomorphism.
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By the projection formula, we are reduced to showing fΣ′
1,Σ1,∗OSh

Σ′
1

K1

∼= O
Sh

Σ1
K1

, and this follows from

[KKMSD73, Ch. I]. □

The following result is also recorded for later use.

Proposition 2.17. Let (G1, X1,K1,Σ1) be as in Proposition 2.16 above. Let g ∈ G1(Q) and
g ∈ G1(Af ). Let Σg be the cone decomposition such that Σ1 is induced by Σg via the morphism
[g] : ShΣ1

K1
→ ShΣ

g

gK1g−1 as in [Pin90, 6.7(a)]. Then,

(1) There is a Gc
1-equivariant morphism EcanGc

1,K1
→ EcanGc

1,
gK1

extending EGc
1,K1 → EGc

1,gK1g−1 given
by Proposition 2.12 and covering [g].

(2) There is a Gc
1 → gGcg−1-equivariant morphism defined by EcanGc

1,K1
→ EcanGc

1,K1
×Gc

1 gGc
1g

−1.

Proof. The first part follows from exactly the same argument as in Proposition 2.16. The second
part is self-explanatory. □

2.4. Induction for torsors. In this subsection, we generalize the construction in [Del79] and
[Mil88] to deal with the principal bundles on mixed Shimura varieties. Note that our exposition
will also use the theorems on canonical models of principal bundles on mixed Shimura varieties as
known facts, while these theorems were proved by reducing to the pure Shimura data case. Hence,
recording such results is still necessary for later use.

2.4.1. Fix a base scheme O. Let Γ and Γ′ be locally profinite groups. Suppose that Γ′ acts on
a profinite set π̂ continuously and transitively. Suppose that there is a continuous homomorphism
f : Γ→ Γ′ such that Γ is surjectively mapped to Γ′

e, the stabilizer in Γ′ of some element e ∈ π̂, with
a compact kernel.

Consider the inverse system {SH}H consisting of quasi-projective schemes SH over O indexed by
a cofinal collection of open compact subgroups H in Γ. Suppose that there is a continuous right
Γ-action on S := lim←−H SH. See [Del79, 2.7.1].

Then, by [Del79, 2.7.2],

Lemma 2.18 ([Del79, Lem. 2.7.3]). If we fix f : Γ → Γ′, Γ′ → Autπ̂ and e ∈ π̂ as above, then
there is a functor IndΓ

′
Γ from the category of schemes S as above to the category of (S′, c) consisting

of O-schemes S′ = lim←−K
S′
K with {S′

K}K an inverse system of quasi-projective O-schemes indexed
by open compact subgroups of Γ′, and continuous morphisms c : S′ → π̂ equipped with continuous
equivariant Γ′-actions. The functor is defined as

S 7→ IndΓ
′

Γ S := (S × Γ′)/Γ,

called an induction functor.
Moreover, when the kernel of f : Γ→ Γ′

e ↪→ Γ′ is trivial, this is an equivalence of categories.

Proof. The functor in the first paragraph makes sense because the kernel of f is compact, and
therefore, for each open compact K ⊂ Γ′, [S × (Γ′/K)]/Γ is a finite disjoint union of a finite
quotient of SH for sufficiently small H (see [Wu25, 4.1.2] for a computation). Moreover, if f is
injective, the inverse is given by S′ 7→ S′

e := S′ ×c,π̂ e. □

2.4.2. Let G and G′ be linear algebraic groups over O with a homomorphism g : G → G′. Fix
f : Γ→ Γ′, Γ′ → Autπ̂ and e ∈ π̂ as above.

We fix an extension ΓG of Γ by G, that is, an extension 1 → G → ΓG → Γ → 1 viewed as
group functors over O. Assume further that there is an extension ΓG′ of Γ′ by G′ that fits into the
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following commutative diagram

1 G ΓG Γ 1

1 G′ ΓG′
Γ′ 1.

g

πG

g̃ f

πG′

For any subgroup H ⊂ Γ (resp. H ′ ⊂ Γ′), denote by ΓG
H (resp. ΓG′

H′) the pullback of ΓG (resp. ΓG′)
along H → Γ (resp. H ′ → Γ′).

Consider the category of G-torsors E → S with continuous equivariant (ΓG → Γ)-actions:
The objects consist of inverse systems in the form of {EH → SH}H such that {SH}H is equipped

with a continuous right Γ-action. Furthermore, we require that

(1) Each EH is a G-torsor over SH, and the morphism EH → SH is (ΓG πG−−→ Γ)-equivariant.
(2) The restriction to G of the action of ΓG

H on EH induces the G-action on EH given by the
torsor structure.

(3) For any normal open compact subgroup H′ ⊂ H, there is an isomorphism between G-torsors
EH′/(ΓG

H/Γ
G
H′)

∼−→ EH compatible with the isomorphism SH′/(H/H′)
∼−→ SH and determines

the transition map EH′ → EH in the inverse system.
Write E := lim←−H EH. Define an induction functor

IndΓ
G′

ΓG E := E × ΓG′
/ΓG.

Lemma 2.19. If ker(ΓG ×G G′ → ΓG′
) acts on lim←−H EH → lim←−H SH freely and equivariantly, then

the quotient E × ΓG′
/ΓG exists as a G′-torsor E ′ over S′ = IndΓ

′
Γ S with continuous equivariant

(ΓG′ → Γ′)-action.
If we further assume that f is injective and G = G′, the functor IndΓ

G′

ΓG is an equivalence from
the category of G-torsors E → S with continuous equivariant (ΓG → Γ)-actions to the category of
(E ′ → S′, c) consisting of G-torsors E ′ → S′ with continuous equivariant (ΓG′ → Γ′)-actions, and
morphisms c : S′ → π̂ equipped with continuous equivariant Γ′-actions.

Proof. Let H′′ be an open compact subgroup of Γ′. Then E ×ΓG
(ΓG′

/ΓG′
H′′) ∼= E ×ΓG

(ΓG ×G

G′)×(ΓG×GG′)(ΓG′
/ΓG′

H′′) ∼= (E×GG′)×(ΓG×GG′)(ΓG′
/ΓG′

H′′). As in [Wu25, 4.1.2], let J := f(Γ)\Γ′/H′′ =

g̃(ΓG)\ΓG′
/ΓG′

H′′ and choose a complete collection of representatives j ∈ Γ′ of this finite double coset.
We have (E ×G G′)×(ΓG×GG′) (ΓG′

/ΓG′
H′′) ∼=∐

j∈J
(E ×G G′)/ ker(ΓG ×G G′ → ΓG′

/ΓG′

jH′′j−1).

The kernel in the last expression is isomorphic to

ker(Γ→ Γ′/jH′′j−1).

Let H0 be any open compact subgroup of Γ contained in K := ker(Γ→ Γ′/jH′′j−1) as a (finite
index) normal subgroup. The quotient of EH0 ×G G′ by the finite group (ΓG

K ×G G′)/(ΓG
H0
×G G′)

with free action exists as a G′-torsor.
The second paragraph follows again from the construction of the inverse functor as (E ′ → S′, c) 7→

(E ′e := E ′ ×c,π̂ e→ S′
e). □

2.4.3. Let (G,X) be a Shimura datum. Choose a cusp label representative Φ. Let YΦ be a
connected normal subgroup of QΦ such that PΦ ⊂ YΦ ⊂ ZPΦ := (ZG · PΦ)

◦. Then Y c
Φ ↪→ Gc. Let

G0 be either Y c
Φ or Gc. Then G0 is stable under the conjugation action of Y ad

Φ (Q)+.
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Define (cf. [Mil88, p. 106] and [Wu25, 4.1.4])

G0A (YΦ) := (G0 ×
YΦ(Af )

ZY
Φ,ac(Q)

) ∗YΦ(Q)+ Y
ad
Φ (Q)+,

and
G0A ◦(Q) := (G0 ×

YΦ(Q)+
ZY
Φ,ac(Q)

) ∗YΦ(Q)+ Y
ad
Φ (Q)+

where Y ad
Φ := YΦ/(ZG ∩ YΦ) and ZY

Φ,ac := (ZG ∩ YΦ)ac. The middle factors YΦ(Q)+ multiply to the
left factors on the right.

Note that for a multiplicative group Z over Q, Zac(Q) Z(Q) = Z(Q) . Then there is an extension

1→ G0 → G0A (YΦ)→ A (YΦ)→ 1

for G0A (YΦ), and an extension

1→ G0 → G0A ◦(YΦ)→ A ◦(YΦ)→ 1

for G0A ◦(YΦ).
We only treat the case where G0 = Y c

Φ because the other follows immediately by a contraction
product×Y c

ΦGc. Then Y c
ΦA (YΦ) acts on ShYΦ

(C) := lim←−KY
Φ ⊂YΦ(Af ) neat open compact

YΦ(Q)\YΦ(Q)DΦ×
Y c
Φ(C)× YΦ(Af )/K

Y
Φ by a right action

[(g, g, γ−1)] · [(x,h, y)] 7→ [(γxγ−1, γhgγ−1, γygγ−1)],

where g,h ∈ Y c
Φ(C), g, y ∈ YΦ(Af ), γ−1 ∈ Y ad

Φ (Q)+ and x ∈ YΦ(Q)DΦ. Note that Y ad
Φ (Q)+ acts on

Y c
Φ by a left conjugation, but we write it as a right action by writing γ−1 instead of γ.
This action algebraizes and descends to an action of Y c

ΦA (YΦ) on EYΦ
:= lim←−KY

Φ

EYΦ,K
Y
Φ

since, by
Proposition 2.12, the formation of canonical models of principal bundles satisfies functoriality, and
is YΦ(Af )- and Y c

Φ-equivariant.
One can check again on complex points that the stabilizer of Y c

ΦA (YΦ) on a connected component
E+
YΦ,Q

:= EYΦ,Q ×ShYΦ,Q
Sh+

YΦ,Q
is Y c

ΦA ◦(YΦ). By Lemma 2.19, we have an Y c
ΦA (YΦ)-equivariant

isomorphism

(2.8) EYΦ,Q
∼= E+

YΦ,Q
× (Y

c
ΦA (YΦ))/(

Y c
ΦA ◦(YΦ)).

We care mainly about the following situation.
Let π : (G0, X0)→ (G,X) be a morphism between Shimura data. Suppose that ker(π : G0 → G)

is contained in the center of G0, so π : Gder
0 → Gder is an isogeny.

Let Φ0 be a cusp label representative of CLR(G0, X0) which maps to Φ ∈ CLR(G,X). There is
a morphism between mixed Shimura data π : (PΦ0 , DΦ0) → (YΦ, YΦ(Q)DΦ). By Proposition 2.12,
there is a (PΦ0(Af )→ YΦ(Af ))- and (P c

Φ0
→ Y c

Φ)-equivariant morphism between principal bundles

EPΦ0
→ EYΦ

.

By checking on C-points, this morphism is in fact equivariant under P c
Φ0A (PΦ0)→ Y c

ΦA (YΦ).
Fix a connected component E+

PΦ0
,Q ⊂ EPΦ0

,Q. It can be checked again on complex points that

E+
PΦ0

,Q maps surjectively to a connected component E+
YΦ,Q

⊂ EYΦ,Q. Define

E ′
YΦ,Q

:= E+
PΦ0

,Q × (Y
c
ΦA (YΦ))/(

P c
Φ0A ◦(PΦ0)).

Then the map EPΦ0
,Q → EYΦ,Q factors through a Y c

ΦA (YΦ)-equivariant morphism between Y c
Φ-torsors

over ShYΦ,Q between E ′
YΦ,Q

and EYΦ,Q. So we have a Y c
ΦA (YΦ)-equivariant isomorphism

E ′
YΦ,Q

∼= EYΦ,Q.
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Since the Y c
ΦA (YΦ)-action on EYΦ

, the P c
Φ0A (PΦ0)-action on EPΦ0

and the morphism EPΦ0
→ EYΦ

are defined over E(PΦ0 , DΦ0), we see that

Lemma 2.20. The morphism EPΦ0
→ EYΦ

over E(PΦ0 , DΦ0) is (P
c
Φ0A (PΦ0)→ Y c

ΦA (YΦ))-equivariant.
It factors through a quotient (EPΦ0

×P c
Φ0 Y c

Φ)/ ker((
PΦ0A (PΦ0))×

P c
Φ0 Y c

Φ → Y c
ΦA (YΦ)), which embeds

into EYΦ
.

Proof. The first sentence follows from the paragraphs above. It suffices to check the second sentence
over Q.

Since
EPΦ0

,Q
∼= E+

PΦ0
,Q × (

P c
Φ0A (PΦ0))/(

P c
Φ0A ◦(PΦ0))

and
EYΦ,Q

∼= E+
PΦ0

,Q × (Y
c
ΦA (YΦ))/(

P c
Φ0A ◦(PΦ0)),

the morphism EPΦ0
→ EYΦ

is written as

E+
PΦ0

,Q × (
P c
Φ0A (PΦ0))/(

P c
Φ0A ◦(PΦ0))→ E+PΦ0

,Q × (Y
c
ΦA (YΦ))/(

P c
Φ0A ◦(PΦ0)).

The last expression factors through

(E+
PΦ0

,Q)× (
P c
Φ0A (PΦ0)×

P c
Φ0 Y c

Φ)/(
P c
Φ0A ◦(PΦ0))

∼= EPΦ0
×P c

Φ0 Y c
Φ.

Then the kernel of the natural morphism from the last expression above to

E+
PΦ0

,Q × (Y
c
ΦA (YΦ))/(

P c
Φ0A ◦(PΦ0))

is ker((PΦ0A (PΦ0))×
P c
Φ0 Y c

Φ → Y c
ΦA (YΦ)). □

3. Canonical extensions on toroidal compactifications of integral canonical
models

3.1. Integral models of toroidal compactifications. Let us review the conventions in [Wu25,
Sec. 4.2] in the hyperspecial case.

Fix a prime number p > 0. Let (G2, X2) be an abelian-type Shimura datum. From now on, we
assume that G2,Qp is (quasi-split and) unramified. We fix a smooth reductive model G2,Z(p)

over
Z(p) such that G2,Z(p)

(Zp) = K2,p is a hyperspecial subgroup of G2(Qp). We make the following
choices:

• By [Kis10, Lem. 3.4.13], there is a Hodge-type Shimura datum (G0, X0) such that there is a
central isogenyGder

0 → Gder
2 and an isomorphism between adjoint Shimura data (Gad

0 , X
ad
0 ) ∼=

(Gad
2 , X

ad
2 ), and such that G0,Qp is unramified.

• We choose intermediate Shimura data (G,Xa) and (G,Xb). We first choose G such that
Gder = Gder

2 and there is an embedding πa : G2 → G and a map πb : G0 → G with
a finite kernel contained in ZGder

0
. The center of G can be chosen to be quasi-split and

unramified at p. Hence, GQp is also unramified. Let (G,Xa) (resp. (G,Xb)) be the Shimura
datum determined by (G2, X2) and πa : G2 → G (resp. (G0, X0) and πb : G0 → G). The
choice of G makes G(R)-homogeneous spaces Xa and Xb homeomorphic to Xad

2
∼= Xad

0 . See
[Wu25, §1.4.4].
• We choose reductive models according to the last two items (see [Wu25, §4.2 (HS)]). Let
IG/G0,K := StabG(Q)(X0)π

b(G0(Af ))\G(Af )/K. For the case we are considering, we can
choose a complete collection of representatives of IG/G0,K in G(Ap

f ). For α ∈ IG/G0,K ,
denote by gα ∈ G(Ap

f ) a representative of α. We can choose a smooth reductive model GZp

of G over Zp such that there is an embedding G2,Zp ↪→ GZp . Let Kp := GZp(Zp). We choose
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a smooth reductive model G0,Zp := Gα
0,Zp

of G0, which is independent of α, such that there
is a finite map G0,Zp → GZp with kernel in the center of Gder

0,Zp
and K0,p = G0,Zp(Zp).

Set E0 := E(G0, X0), E2 := E(G2, X2) and E′ := E0 · E2. We can and will choose (G0, X0) such
that the resulting E′ is unramified over E2 at places over p.

Fix a place v2|p of E2 that lifts to a place v′|v2 of E′. Let v|p be a place of E0 such that v′|v.
Define O := OE′,(v) = OE′ ⊗OE0

OE0,(v) and O2 := OE2,(v2). Most of the constructions are done
over O or E′ unless otherwise noted. Let Our := OE′,p ⊗OE0

OE0,(v), where E′,p is the union of all
finite field extensions of E′ that are unramified at places of E′ over p.

We outline some key steps in the construction of toroidal compactifications of integral canonical
models of abelian-type Shimura varieties. See [Wu25, Sec. 1.4, Sec. 4.2-4.3] for details.

(1) Choosing cone decompositions and levels. Let Σ2 be an admissible cone decomposition of
(G2, X2,K2 := K2,pK

p
2 ). There are neat open compact subgroups Kp

2 ⊂ G2(Ap
f ), K

p ⊂
G(Ap

f ), and Kα,p
0 ⊂ G0(Ap

f ) such that Kp
2 ⊂ Kp via πa and Kα

0 maps to αK := gαK via πb.
Note that we use αK to denote left conjugation gαKg−1

α for simplicity. Write K? = K?,pK
p
? ,

where ? = α
0 , ∅ or 2. There are also admissible cone decompositions Σ′

2, Σ, and Σα
0 for

(G2, X2,K2), both (G,Xa,K) and (G,Xb,K), and (G0, X0,K
α
0 ), respectively. We can and

will require that they are all projective, that Σ′
2 and Σ are smooth, that Σα

0 is induced by
Σ, and that Σ′

2 is induced by Σ. (In fact, the smoothness assumption can be dropped in the
construction of this paper.)

From this point to the end of this paper, we write Σ′
2 as Σ2 for simplicity.

One can choose a Hodge embedding between Shimura data ι : (G0, X0,K0,p) ↪→ (G‡, X‡,K‡
p),

where (G‡, X‡,K‡
p) is a Siegel Shimura datum (GSp(V, ψ), X‡) with K‡

p (resp. K0,p) the
stabilizer in G‡(Qp) (resp. G0(Qp)) of a self-dual Zp-lattice VZp ⊂ VQp . By [Kis10, Lem.
2.3.1 and Lem. 1.3.2] and the remark in [KMP16, Lem. 4.7] and by Zarhin’s trick, we can
choose a self-dual Z-lattice VZ ⊂ V such that there is a reductive Z(p)-model G0,Z(p)

with a
closed embedding G0,Z(p)

↪→ GL(VZ(p)
) and such that G0,Z(p)

is the pointwise stabilizer of a
collection of tensors {sλ}λ∈Λ ⊂ (VZ ⊗ Z(p))

⊗, where Λ is a finite index set.
From G0,Z(p)

, we extend GZp and G2,Zp to reductive Z(p)-models GZ(p)
and G2,Z(p)

such
that G0,Zp → GZp extends to G0,Z(p)

→ GZ(p)
with finite kernel in the center of Gder

0,Z(p)
, and

such that the closed embedding G2,Zp ↪→ GZp also extends to G2,Z(p)
↪→ GZ(p)

.
Choose neat open compact subgroups K‡,α,p ⊂ G‡(Ap

f ) compatible with Kα,p
0 , and denote

K‡,α := K‡
pK‡,α,p.

(2) Constructing the quotients. We construct the integral model SΣK of the toroidal compactifica-
tion ShΣK(G,Xb) first. The compactification SΣK is constructed as

∐
α∈IG/G0,K

SΣ
α
0

Kα
0
/∆αK(G0, G),

where ∆αK(G0, G) = ker(A (G0) → A (G)/αK). One can also construct the stratification
on SΣK . For any ZP -cusp with cone [ZP b(Φ, σ)] as in [Wu25, Def. 1.28], one constructs the
corresponding integral model of mixed Shimura variety S

K̃Φ
as a disjoint union∐

α∈IG/G0,K

∐
πb(gα0 )α∼gb

∐
[σα

0 ]∈[σ]ZP

SKα
0
/∆gα0 gαK

(P0, ZPΦ),

where ∆gα0 gαK
(P0, ZPΦ) = ker(A (P0)→ A (ZPΦ)/ZPΦ(Af )∩gα0 gαK). See Proposition 3.18

for detailed meanings of symbols.
(3) Descent and pullback. Fixing Kp

2 , one can make finer choices in step (1) so that πa :

ShΣ2
K2

↪→ ShK(G,Xa) is an open and closed embedding over SpecE′. From step (2), one can
construct SΣK(G,Xa) over O by descending from SΣK,Our by a descent datum whose generic
fiber is that of ShΣK(G,Xa)E′,ur from E′,ur to E′. We construct SΣ2

K2,O as the normalization
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in ShΣ2
K2

of SΣK(G,Xa). In particular, SK(G,Xa)Our ∼= SK(G,Xb)Our and SΣK(G,Xa)Our ∼=
SΣK(G,Xb)Our . Finally, we could show that the towers of integral models of mixed Shimura
varieties in the boundary components of SΣ2

K2,O satisfy the extension property. So the descent
datum of ShΣ2

K2,E′ associated with the faithfully flat base change E′/E2 extends to that of
SΣ2
K2,OE′,(v′)

associated with the faithfully flat base change OE′,(v′)/OE2,(v2).

Write IG/G0
:= IG/G0,K , ∆α := ∆αK(G0, G) and ∆gα0 := ∆gα0 gαK

(P0, G).

3.2. Canonical extensions on Hodge-type compactifications. In this subsection, we mainly
review the works of Lovering [Lov17] and Madapusi [MP19] on the definition and existence of
integral models of standard principal bundles and their (sub-)canonical extensions. An ingredient
added to the theory here is that we prove an integral (and algebraic) version of Theorem 2.10.

3.2.1. Let Vα be the first de Rham homology of the pullback of the universal abelian scheme over
SK‡,α to SKα

0
. The scheme SK‡,α denotes the Siegel moduli scheme defined by (VZ, ψ|VZ ,K

‡
p,K‡,α,p)

as in, e.g., [Wu25, §2.1]. The tensors sλ canonically induce Betti tensors sαλ,B on Betti local systems,
which in turn canonically induce parallel tensors sα,anλ,dR ∈ V

⊗|ShKα
0
(C) by classical Riemann-Hilbert,

and algebraize to tensors sαλ,dR,C in V⊗|ShKα
0 ,C by [Del70]. Moreover, sαλ,dR,C descend to tensors sαλ,dR

in V⊗|ShKα
0

by [Kis10, Cor. 2.2.2]. By [Kis10, Cor. 2.3.9], sαλ,dR extend to tensors s̃αλ,dR in Vα,⊗.
Define a sheaf on (SKα

0
)fppf

(3.1) EG0,Z(p) ,K
α
0
:= Isom{sλ⊗17→s̃αλ,dR}(VZ(p)

⊗Z(p)
OSKα

0
,Vα).

Theorem 3.1 ([Lov17, Prop. 4.5.6] and [MP19, 4.3.1 and Prop. 4.3.7]). For each α, the following
statements are true:

(1) The fppf sheaf EG0,Z(p) ,K
α
0

is a G0,Z(p)
-torsor (in the étale topology). It determines and is

determined by a tensor functor

ωG0,Z(p) ,K
α
0
: Rep(G0,Z(p)

)→ VecSKα
0

from the category of G0,Z(p)
-representations to the category of vector bundles on SKα

0
with

integrable connections. The torsor EG0,Z(p) ,K
α
0

is the integral canonical model of the torsor
EG0,Kα

0
(G0, X0) as in §2.3.3 in the sense of [Lov17, §4.4.5]. (We will recall the definition of

integral canonical models of principal bundles later in §3.2.3)
(2) Vα canonically extends to a vector bundle Vα,can with log integrable connection on SΣ

α
0

Kα
0
. For

each cusp label representative with cone (Φα
0 , σ

α
0 ), there is a vector bundle with integrable

connection VΦα
0

on SKΦα
0

associated with the 1-motive QΦα
0

on it constructed by its covariant
de Rham realization. Moreover, VΦα

0
admits an extension VΦα

0
(σα0 ) to SKΦα

0
(σα0 ), which is

the vector bundle with integrable log connection associated with the log 1-motive extending
QΦα

0
. The vector bundle VΦα

0
with weight filtration and integrable log connection extends the

vector bundle dRV KΦα
0
,C(σ

α
0 ) together with its weight filtration and integrable log connection.

Over

(SΣ
α
0

Kα
0
)∧Z[(Φα

0 ,σα
0 )],Kα

0

∼= (SKΦα
0
(σα0 ))

∧
SKΦα

0
,σα

0

,

the two vector bundles with additional structures, Vα,can and VΦα
0
(σα0 ), coincide. This com-

patibility is compatible with the analytic one in Theorem 2.10.
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(3) The tensors s̃αλ,dR extend to s̃α,canλ,dR ∈ V
α,can,⊗ on SΣ

α
0

Kα
0
. The torsor EG0,Z(p) ,K

α
0

extends to a

G0,Z(p)
-torsor EcanG0,Z(p) ,K

α
0

over SΣ
α
0

Kα
0

defined by

E can
G0,Z(p) ,K

α
0
:= Isom{sλ⊗17→s̃α,can

λ,dR }(VZ(p)
⊗Z(p)

O
S
Σα
0

Kα
0

,Vα,can).

(4) For any representation WZ(p)
∈ Rep(G0,Z(p)

), dRWKα
0 ,Z(p)

:= EG0,Z(p) ,K
α
0
×G0,Z(p) WZ(p)

is a
locally free sheaf with an integrable connection ∇Z(p)

. This locally free sheaf extends to a

locally free sheaf dRW
Σα

0
Kα

0 ,Z(p)
:= E

Σα
0

G0,Z(p) ,K
α
0
×G0,Z(p) WZ(p)

over SΣ
α
0

Kα
0

with extended integrable

log connection. Pulling back the sheaf to SΣ
α,′
0

Kα
0

for any smooth refinement Σα,′
0 of Σα

0 , the log
connection has nilpotent residues along the boundary.

Again, we will omit the cone decompositions and just write “can/tor” for the superscripts in the
symbols of those extensions, if the underlying toroidal compactifications are clear.

Proof. All statements, except for the last item, can be directly found in the references mentioned
above. We note that the extension of vector bundle described in [MP19, 2.1.21] coincides with that
in (2.5). For the last item, note that the assertions hold over Sh

Σα
0

Kα
0
∪ SKα

0
of codimension ≥ 2; see

the summary in §2.3.1. Now, all but the nilpotence of residues follow from §2.3.1 and the first three
items. For the nilpotence of residues, since the irreducible components of the boundary divisor are
all flat over OE0,(v0), it suffices to check over Sh

Σα
0

Kα
0
, and this follows from §2.3.1 again. □

On each ShKΦα
0
:= ShKΦα

0
(PΦα

0
, DΦα

0
), denote by QΦα

0
:= QΦα

0
|ShKα

0
(PΦα

0
,DΦα

0
) the pullback of QΦα

0

in the theorem above to ShKΦα
0
. To be compatible with the notation in the last section, the pullback

of VΦα
0

(resp. VΦα
0
(σα0 )) to ShKΦα

0
(resp. ShKΦα

0
(σα0 )) is denoted by dRV KΦα

0

(resp. dRV KΦα
0

(σα0 )).
The same argument as at the beginning of §3.2.1 works for ShKΦα

0
. More precisely, by [MP19, Sec.

3.1], the tensors sλ induce tensors sλ,Φα
0 ,B

in BV
an,⊗
KΦα

0

, tensors sanλ,Φα
0 ,dR

in dRV
an,⊗
KΦα

0
,C, and tensors

sλ,Φα
0 ,dR,C in dRV

⊗
KΦα

0
,C. Tensors sλ,Φα

0 ,dR,C also descend to tensors sλ,Φα
0 ,dR

in dRV
⊗
KΦα

0

by [MP19,

Prop. 3.1.2].
By [MP19, Prop. 3.1.6], the two tensors sαλ,dR and sλ,Φα

0 ,dR
coincide on the open dense strata

U of (ShΣ
α
0

Kα
0
)∧Z[(Φα

0 ,σα
0 )],Kα

0

∼= (ShKΦα
0
(σα0 ))

∧
ShKΦα

0
,σα

0

under the canonical isomorphism between dRV K |U
and dRV KΦα

0

|U .

3.2.2. Tensors and principal bundles at the boundary.

Lemma 3.2. There is a natural EKΦα
0
-action on VΦα

0
extending the one in Corollary 2.13 taking

the value at V .

Proof. Suppose that Φα
0 maps to a cusp label representative Φ‡ ∈ CLR(G‡, X‡). The scheme

SK
Φ‡ → SKΦ‡ is an EK

Φ‡ -torsor and there is an (EKΦα
0
→ EK

Φ‡ )-equivariant map SKΦα
0
→ SK

Φ‡ .
The 1-motive QΦα

0
is pulled back from the universal family QΦ‡ on SK

Φ‡ .
There is an action of EK

Φ‡ on the (covariant) de Rham realization HdR(QΦ‡) of QΦ‡ . Let us
explain this. Fix any Z(p)-algebra R and write S := SpecR. Let x1, x2 ∈ SK

Φ‡ (S) mapping to the
same point x ∈ SK

Φ‡ (S). Then e·x1 = x2 for some e ∈ EK
Φ‡ (S). For i = 1, 2, let Qi be the pullback

of QΦ‡ via xi. Since x1 and x2 map to the same point x, by the moduli interpretation of SK
Φ‡ , we

have canonical identifications G♮Q1
= G♮Q2

and G♮,∨Q1
= G♮,∨Q2

(see [Wu25, §2.2.1] for conventions). Then,
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from the very construction of HdR(QΦ‡), we obtain a canonical identification HdR(Q1) = HdR(Q2).
Indeed, HdR(Qi) is the Lie algebra of the pushout

(3.2)

0 Lie∨A∨
Qi

E(G♮Qi
) G♮Qi

0,

Lie∨
G♮,∨
Qi

which depends only on G♮Qi
and G♮,∨Qi

. See [Ber09, §2.2] or [BVS98, §1.4]. Here, E(−) denotes
universal vector extensions. Therefore, there is an EKΦα

0
-action on the pullback.

Let us now check its compatibility with Corollary 2.13. It suffices to check when S = SpecC.
Suppose that e lifts to u ∈ UΦ‡(C). The action of u on BVC

an
K

Φ‡
, as explained above Lemma 2.8, is

given by the following diagram

(3.3)

VC BVC
an
K

Φ‡
|x1

VC BVCK
Φ‡
|x2 .

αx1

u ∼=
αx2

Here, we fix an identification of vector spaces αx1 : VC → BVC
an
K

Φ‡
|x1 , which gives rise to the mixed

Hodge structure at x1. The right vertical arrow is a canonical identification following from the same
reason as the last paragraph that the Betti realization depends only on x. See [Del74, Lem. 10.1.3.2
(c)]. The compatibility follows from the Betti-de Rham comparison [Del74, 10.1.8]. □

Lemma 3.3. We have isomorphisms

(3.4) VΦα
0
∼= p∗

1(p1,∗VΦα
0
)
EKΦα

0

and

(3.5) VΦα
0
(σα0 )

∼= p1(σ
α
0 )

∗(p1,∗VΦα
0
)
EKΦα

0 .

Proof. In fact, VΦα
0

descends to a vector bundle VΦα
0

on SKΦα
0
: Indeed, this statement follows from

the fpqc descent of quasi-coherent modules and [Sta24, Lem. 05B2]. The descent datum is given
by Lemma 3.2.

Now p∗
1VΦα

0
= OSKΦα

0

⊗OSKΦα
0

VΦα
0
= VΦα

0
. By projection formula, one has (p1,∗VΦα

0
)
EKΦα

0 =

(p∗OSKΦα
0

)
EKΦα

0 ⊗OSKΦα
0

VΦα
0
= VΦα

0
. We then deduce (3.4). If we know this, the second assertion

is true because the two sides of (3.5) are isomorphic over a locus of codimension ≥ 2.
□

Lemma 3.4. (1) The tensors sλ,Φα
0 ,dR

extend uniquely to tensors s̃λ,Φα
0 ,dR

in V⊗Φα
0

and tensors
s̃λ,Φα

0 ,dR
(σα0 ) in VΦα

0
(σα0 )

⊗.
(2) The tensors s̃λ,Φα

0 ,dR
and s̃λ,Φα

0 ,dR
(σα0 ) are EKΦα

0
-invariant.

Proof. The plan of the proof is the following: We assume that σα0 is a smooth cone first. We then
show both of the assertions under this assumption. Finally, we drop this assumption.

The uniqueness is clear, and it is enough to construct tensors s̃λ,Φα
0 ,dR

(σα0 ).
By Lemma 3.3, VΦα

0
(σα0 ) is the pullback to SKΦα

0
(σα0 ) of a vector bundle VΦα

0
on SKΦα

0
. Let {Uω}ω

be a Zariski cover of SKΦα
0

such that VΦα
0

is trivial over Uω. Denote by {Vω := Uω×SKΦα
0

SKΦα
0
(σα0 )} a

https://stacks.math.columbia.edu/tag/05B2
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Zariski cover of SKΦα
0
(σα0 ). Let {Di}ri=1 be the irreducible components of the boundary of SKΦα

0
(σα0 ).

Write Vω := SpecRω. Write the ideal sheaf of the pullback of Di to Vω by Ii = (si). Let Ri :=
(Rω[s

−1
j ]j ̸=i)

∧
Ii

. The following diagram commutes:

ShKα
0

W ◦
i,ω := Spec (Rω[p

−1, s−1
j ]j ̸=i)

∧
Ii
[s−1

i ] W ◦
ω := SpecRω[p

−1, s−1
j ]rj=1 ShKΦα

0

Sh
Σα

0
Kα

0
ShKΦα

0
(σα0 )

SΣ
α
0

Kα
0

Wi,ω := Spec (Rω[s
−1
j ]j ̸=i)

∧
Ii

SKΦα
0
(σα0 ).

By [MP19, Prop. 3.1.6], the pullback of the tensors sλ,Φα
0 ,dR

to W ◦
ω and to W ◦

i,ω is identical to
the pullback of sαλ,dR to W ◦

i,ω. By the left-half of the diagram above and by Theorem 3.1(3), the
pullback of sαλ,dR to W ◦

i,ω is identical to the pullback of s̃α,canλ,dR to W ◦
i,ω.

We now have a tensor s̃α,canλ,dR in V ⊗|Wi,ω and a tensor sλ,Φα
0 ,dR

in V ⊗|W ◦
ω

for each λ such that
they coincide on W ◦

i,ω. Since (Rω[s
−1
j ])∧Ii ∩ Rω[p

−1, s−1
j ]rj=1 = Rω[s

−1
j ]j ̸=i, we have a tensor s̃λ,ω,i

in V ⊗(R[s−1
j ]j ̸=i) for each i. Moreover, since the tensor s̃λ,ω,i extends sλ,Φα

0 ,dR
on W ◦

ω , there is a
tensor s̃λ,ω in V ⊗(∩ri=1Ri) = V ⊗(Rω) extending s̃λ,ω,i. Finally, the tensors s̃λ,ω on varying Vω glue
to a tensor s̃λ,Φα

0 ,dR
(σα0 ) in VΦα

0
(σα0 )

⊗ since they all extend the tensor sλ,Φα
0 ,dR

. Now we have (1)
under the assumption.

To check (2), it suffices to check the generic fiber ShKΦα
0
, and pass to C-points. Under the

Betti-de Rham comparison, it suffices to check that sλ,Φα
0 ,B

is EKΦα
0
(C)-invariant, and this is the

consequence of the construction in §2.3.2, the fact that sλ is UΦ(C)-invariant and the action of
u ∈ UΦ(C) explained in (3.3). The part (2) follows.

We now consider the case in general. We choose a smooth projective refinement Σα,′
0 of Σα

0 and
choose any τα0 in the refined cone decomposition that is contained in |σα0 |. The argument above
gives us EKΦα

0
-invariant tensors s̃λ,Φα

0 ,dR
in V⊗Φα

0
. Then these tensors descend to V⊗Φα

0
. We then pull

them back to SKΦα
0
(σα0 ) to get desired tensors with desired properties. □

Definition 3.5. Define fppf sheaves

(3.6) EG0,Z(p) ,KΦα
0
:= Isom{sλ⊗17→s̃λ,Φα

0 ,dR}(VZ(p)
⊗Z(p)

OSKΦα
0

,VΦα
0
);

and

(3.7) EG0,Z(p) ,KΦα
0
(σα0 ) := Isom{sλ⊗17→s̃λ,Φα

0 ,dR(σα
0 )}(VZ(p)

⊗Z(p)
OSKΦα

0
(σα

0 )
,VΦα

0
(σα0 )).

Let us summarize our main results in the Hodge-type case.

Proposition 3.6. The following statements are true:
(1) The sheaves EG0,Z(p) ,KΦα

0
and EG0,Z(p) ,KΦα

0
(σα0 ) are (étale) G0,Z(p)

-torsors.
(2) There are natural EKΦα

0
-actions on both EG0,Z(p) ,KΦα

0
and EG0,Z(p) ,KΦα

0
(σα0 ) extending the one

in Corollary 2.13.
(3) We have isomorphisms

(3.8) EG0,Z(p) ,KΦα
0

∼= p∗
1(p1,∗EG0,Z(p) ,KΦα

0
)
EKΦα

0

and

(3.9) EG0,Z(p) ,KΦα
0
(σα0 )

∼= p1(σ
α
0 )

∗(p1,∗EG0,Z(p) ,KΦα
0
)
EKΦα

0
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(4) Over
(SΣ

α
0

Kα
0
)∧Z[(Φα

0 ,σα
0 )],Kα

0

∼= (SKΦα
0
(σα0 ))

∧
SKΦα

0
,σα

0

,

the torsors E can
G0,Z(p)

,Kα
0

and EG0,Z(p) ,KΦα
0
(σα0 ) coincide.

Proof. By Theorem 3.1 (2) and (3), and by the proof of Lemma 3.4, we obtain Part (4). Since
G0,Z(p)

is smooth and EG0,Z(p) ,KΦα
0
(σα0 ) fpqc locally admits a section and is a torsor by Part (4), we

know that EG0,Z(p) ,KΦα
0
(σα0 ) and its restriction EG0,Z(p) ,KΦα

0
are representable and are étale torsors.

Parts (2) and (3) are derived directly from Lemma 3.3 and Lemma 3.4. □

Remark 3.7. In [Lan16, Prop. 5.6], Lan showed that the principal bundles under Mµ (whose
definition will be given in §3.4) satisfy a property similar to Proposition 3.6 in the PEL-type case.

3.2.3. Integral canonical models of principal bundles in the sense of Lovering. This appendix sup-
plements §3.2. In what follows, we recall Lovering’s main theorem of integral canonical models of
principal bundles. We will only briefly recall the definition since it is not heavily used here.

Definition 3.8 (Lovering; see [Lov17, §4.4]). Let (G,X) be a Shimura datum of abelian type. Let
R := OE,(v) be the localization at a place v|p of E := E(G,X). Let GZ(p)

be a connected reductive
model of G such that GZ(p)

(Zp) = Kp. Let {SK}Kp with K = KpK
p be the inverse system of smooth

integral models over R defined in [Kis10] and [KMP16] when p = 2.
Let Gc

Z(p)
be the cuspidal quotient of GZ(p)

. Let {EK}Kp be an inverse limit of Gc
Z(p)

-bundles
on {SK}Kp compatible with G(Ap

f )-action. We say that {EK}Kp is an integral canonical model of
EKp = {EGc,K(G, x)}Kp if the generic fiber is EKp and if, for any closed point x ∈ SK(κ) in the
special fiber and a lifting x̃ ∈ ShK = SK [1/p](L) of x for L = FracW (κ), the following two tensor
functors coincide:

• For any Gc
Z(p)

-representation V , one assigns an OL-lattice by specializing EK×
Gc

Z(p) V to the
OL-point of SK determined by (x̃, x).
• For any Gc

Z(p)
-representation V , one assigns an OL-lattice by specializing to OL the S-module

associated with the (crystalline) Galois representation at x̃ obtained from the M-functor in
[Kis10, §1.2].

Note that the two lattices above are compared under a canonical de Rham structure of EK (cf.
[Lov17, 4.4.4]). One can use [DLLZ23, Thm. 5.3.1] to get such canonical de Rham structures for
general Shimura varieties.

Theorem 3.9 ([Lov17]). Let (G2, X2) be an abelian-type Shimura datum. Assume that G2 is quasi-
split and unramified at p. With the conventions above, set K2,p = G2,Z(p)

(Zp) and K2 = K2,pK
p
2 .

Then:
(1) The principal bundle EGc

2,K2 over ShK2 admits an integral canonical model EGc
2,Z(p)

,K2 over the
integral canonical model SK2 of ShK2. Moreover, the integrable connection on EGc

2,K2 extends
to EGc

2,Z(p)
,K2. The construction is compatible with prime-to-p Hecke action of G2(Ap

f ).

(2) Let f : (G1, X1) → (G2, X2) be a morphism from another abelian-type Shimura datum
(G1, X1) to (G2, X2), such that G1 is also quasi-split and unramified at p. Choose a smooth
reductive model G1,Z(p)

of G1 such that the image of K1,p := G1,Z(p)
(Zp) under f is contained

in K2,p and Kp
1 ⊂ Kp

2 . Then f∗EGc
2,Z(p)

,K2
∼= EGc

1,Z(p)
,K1 ×

Gc
1,Z(p) Gc

2,Z(p)
. The pullback of the

connection for EGc
2,Z(p)

,K2 under f also coincides with the connection for EGc
1,Z(p)

,K1 ×
Gc

1,Z(p)

Gc
2,Z(p)

.
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Proof. The first statement is the main theorem [Lov17, Thm. 4.7.1], and the extension of integrable
connections is checked in Section 4.7 of loc. cit. Note that the assumption in [Lov17] that Z◦

G splits
over a CM field extension is not necessary, because one can define the integral canonical model of
the principal bundle on an integral model SK(G,X) as the pullback of that on SKc(Gc, Xc) and Gc

satisfies the assumption by Lemma 2.1.
The isomorphism in the second statement follows from [Lov17, Prop. 4.4.8], and it is checked in

[Lov17, 4.4.4 and Prop. 4.7.4] that the source and the target of f : (G1, X1)→ (G2, X2) both have
all the crystalline points and compatible de Rham structures. The compatibility of connections can
be checked over generic fiber over complex points. □

3.3. Canonical extensions on abelian-type compactifications.

3.3.1. Statement of main theorem. Our aim is to show:

Theorem 3.10. There is a principal Gc
2,Z(p)

-bundle E can
Gc

2,Z(p)
,K2

on SΣ2
K2

which extends the canonical

extension EcanGc
2,Z(p)

,K2
on ShΣ2

K2
(cf. Theorem 2.15), and the integral canonical model of standard

principal bundle EGc
2,Z(p)

,K2 on SK2.
The exact tensor functor corresponding to E can

Gc
2,Z(p)

,K2
,

ωcan
Gc

2,Z(p)
,K2

: Rep(Gc
2,Z(p)

) −→ VecSΣ2
K2

,

is from the category of Gc
2,Z(p)

-representations over Z(p) to the category of vector bundles on SΣ2
K2

with integrable log connections.

The theorem will be proved in this subsection.

3.3.2. Recall that we have SK(G,Xa)Our ∼= SK(G,Xb)Our and SΣK(G,Xa)Our ∼= SΣK(G,Xb)Our .
Set SK,Our := SK(G,Xb)Our and SΣK,Our := SΣK(G,Xb)Our .

Recall that SΣK =
∐

α∈IG/G0
SΣ

α
0

Kα
0
/∆α is a scheme over O. We denote the map from SΣ

α
0

Kα
0

to SΣK
by πα : SΣ

α
0

Kα
0
→ SΣK .

Define ∆α
Gc := ker(G0A (G0)×G0 Gc → Gc

A (G)/gαK).

Lemma 3.11. The group ∆α
Gc is profinite, and its projection to ∆α is an isomorphism.

Proof. There is a commutative diagram

1 Gc G0A (G0)×G0 Gc A (G0) 1

1 Gc Gc
A (G)/gαK A (G)/gαK 1

where the horizontal arrows are exact. Then this follows from diagram chasing and [Wu25, Lem.
4.15]. □

Construction 3.12. We construct a natural action of ∆α
Gc on EcanGc,Kα

0
:= EcanG0,Kα

0
×G0 Gc. Let

(g, g, γ−1) ∈ ∆α
Gc . Then, by construction, there is an element t ∈ G(Q)+ such that (t, t, 1) ∼

(1, 1, γ−1) in Gc
A (G) and such that (g, g, γ−1) ∼ (gt, gt, 1) ∈ (1, gαKZ(Q) /Z(Q) , 1) in Gc

A (G).
This implies that gt = 1 and gt ∈ gαKZ(Q) /Z(Q) .

By Proposition 2.16 and Proposition 2.17, we have an action

EcanGc,Kα
0

·g−→ EcanGc,Kα
0
×Gc

g−1Gcg
·g−→ EcanGc,g−1Kα

0 g ×
Gc

(g−1Gcg)
·γ−1

−−−→

EcanGc,γg−1Kα
0 gγ−1 ×Gc

γGcγ−1 ×γGcγ−1
(γg−1Gcgγ−1) = EcanGc,Kα

0
×Gc

Gc = EcanGc,Kα
0
.



CANONICAL EXTENSIONS OF PRINCIPAL BUNDLES 25

The last line is computed using the first paragraph.
For an element (g, g, γ−1) ∼ (1, 1, 1) in Gc

A (G0), we check over elements (x,g0, g0) ∈ G0(Q)\X×
Gc(C)×G0(Af )/K

α
0 = EGc,Kα

0
(C): The action

EGc,Kα
0
(C) ·g−→ EGc,Kα

0
(C)×Gc

g−1Gcg
·g−→ EGc,g−1Kα

0 g ×Gc
(g−1Gcg)(C) ·γ−1

−−−→

EGc,γg−1Kα
0 gγ−1 ×Gc

γGcγ−1 ×γGcγ−1
(γg−1Gcgγ−1)(C) = EGc,Kα

0
×Gc

Gc(C) = EGc,Kα
0
(C)

is computed as

(x,g0, g0)
·g−→ (x,g0g, g0)

·g−→ (x,g0g, g0g)
·γ−1

−−−→
(γxγ−1, γg0gγ

−1, γg0gγ
−1) = (γx, γg0, γg0) = (x,g0, g0).

The last line is due to the facts that γ is an element in G0(Q)+ and is equal to g, and that the image
of γ in Gc(Q) is equal to g. These facts are obtained from the equivalence (g, g, γ−1) ∼ (1, 1, 1). So
the map is an identity map. It is also an identity map on EcanGc,Kα

0
by density. We then have obtained

a well-defined action of ∆α
Gc on EcanGc,Kα

0
. □

Proposition 3.13. There is an action of ∆α
Gc on E can

Gc
Z(p)

,Kα
0
:= E can

G0,Z(p) ,K
α
0
×G0,Z(p) Gc

Z(p)
extending

the action on EGc,Kα
0
:= EG0,Kα

0
×G0 Gc described in Construction 3.12. In particular, the action of

∆α
Gc factors through a finite group ∆α

Gc/Kα
0 since it is so on EGc

Z(p)
,Kα

0
.

Proof. It suffices to construct the actions on EGc,Kα
0

over SKα
0
, and on EcanGc,Kα

0
on Sh

Σα
0

Kα
0

that coincide
on EGc,Kα

0
. By [Kis10, Lem. 2.2.6], we can adjust an element in G0(Q)+ to (g, g, γ−1) so that the

p-component gp of g is in Kα
0,p = G0,Z(p)

(Zp). Write g = gpg
p, where gp ∈ G0(Ap

f ). Then there is an
action of gp on lim←−Kα,p

0

EGc,Kα
0

by Theorem 3.9 (1), and the right action of gp ∈ Kα
0,p is trivial. Then

the action of (g, g, γ−1) on EGc,Kα
0

follows from Theorem 3.9 (1) and (2). Now we can conclude by
combining this with Construction 3.12. By Lemma 3.11 and Construction 3.12, the action of ∆α

Gc

factors through ∆α
Gc/Kα

0 and the latter group is finite. □

Remark 3.14. We must consider the contracted product

EGc
0,Z(p)

,Kα
0
×

Gc
0,Z(p) Gc

Z(p)

first to let the action of ∆α
G extend on the level of torsors. In other words, there is no ∆α or

∆α
Gc-action on EGc

0,Z(p)
,Kα

0
. One way to see it is that one cannot make sense of “gt” in G0(Af ) for

g ∈ G0(Af ) but t ∈ G(Q)+. Another way to see this is that if there were such an action, there
would be a principal G0,Z(p)

-bundle on SK(G,Xb), and we have a contradiction with the theory in
characteristic zero.

Construction 3.15. By Proposition 3.13, the action of ∆α extends to a ∆α
Gc-action on E can

Gc
Z(p)

,Kα
0

covering the ∆α-action on SΣ
α
0

Kα
0
. Since πα is finite and ∆α

Gc acts on E can
Gc

Z(p)
,Kα

0
through a finite

group ∆α
Gc/Kα

0 (the finiteness follows from Lemma 3.11), let E can
Gc

Z(p)
,gα,K

:= E can
Gc

Z(p)
,Kα

0
/∆α

Gc . This

is a scheme over Sgα := SΣ
α
0

Kα
0
/∆α. Taking the disjoint union over IG/G0

, we define E can
Gc

Z(p)
,K :=∐

α∈IG/G0
E can
Gc

Z(p)
,gα,K

. □

Lemma 3.16. Over ShΣK(G,Xb)E′ , the restriction E can
Gc

Z(p)
,K |ShΣ

K,E′
is the canonical extension EcanGc,K

defined in Theorem 2.15.
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Proof. By Proposition 2.16, we have EcanG0,Kα
0
×G0 Gc ∼= πb,∗EcanGc,K . Then, since ∆α

Gc acts on EcanGc,K

trivially by Lemma 2.20, EcanG0,Kα
0
×G0 Gc/∆α

Gc
∼= πb,∗EcanGc,K/∆

α
Gc
∼= EcanGc,K |Shgα , where Shgα :=

Sh
Σα

0
Kα

0 ,E′/∆α. □

Now the key point is to see that

Theorem 3.17. The scheme E can
Gc

Z(p)
,gα,K

(resp. E can
Gc

Z(p)
,K) is a Gc

Z(p)
-torsor over Sgα (resp. SΣK).

3.3.3. Proof of Theorem 3.17. We show Theorem 3.17 in the whole §3.3.3.
Choose any Φ ∈ CLR(G,Xb). Let [ZP b(Φ, σ)] be a ZP -cusp with a cone σ defined in [Wu25,

Prop. 1.33]. In [Wu25, Const. 4.20], we constructed a normal flat scheme Z[ZP b(Φ,σ)],K whose
generic fiber is

∐
[(Φ′,σ′)]∼ZP [(Φ,σ)] Z[(Φ′,σ′)],K , a disjoint union of strata defined by cusp labels with

cones that are equivalent to [(Φ, σ)] under a weaker equivalence relation (see [Wu25, Def. 1.28]).
Let Q0 := πb,−1(QΦ) be an admissible Q-parabolic subgroup. Let P0 be the canonical subgroup
associated with Q0 (see §2.1 (8)).

Proposition 3.18 ([Wu25]). Let ZPΦ be the identity component of the group generated by ZG and
PΦ. Then

(1) There is an integral model S
K̃Φ

of the mixed Shimura variety Sh
K̃Φ

(ZPΦ, ZPΦ(Q)DΦ) as-
sociated with the mixed Shimura datum (ZPΦ, ZPΦ(Q)DΦ) and the level K̃Φ := ZPΦ(Af ) ∩
gΦKg

−1
Φ .

(2) The tower

Sh
K̃Φ

(ZPΦ, ZPΦ(Q)DΦ)→ Sh
K̃Φ

(ZPΦ, ZPΦ(Q)DΦ)→ Sh
K̃Φ,h

(ZPΦ,h, ZPΦ(Q)DΦ,h)

as in §2.1 (7) has an integral model

S
K̃Φ
→ S

K̃Φ
→ S

K̃Φ,h
,

where the first map is a torsor under a split torus E
K̃Φ

, and the second map is a torsor
under an abelian scheme over S

K̃Φ,h
. It makes sense to define the affine torus embedding

S
K̃Φ

(σ) and its σ-stratum S
K̃Φ,σ

associated with σ ∈ Σ+(Φ).
(3) There is an isomorphism

(3.10) (SΣK)∧Z
[ZPb(Φ,σ)],K

∼= (S
K̃Φ

(σ))∧S
K̃Φ,σ

.

It is computed as follows:1

(SΣK)∧Z
[ZPb(Φ,σ)],K

∼=
∐

α∈IG/G0

∐
πb(gα0 )α∼gb

∐
[σα

0 ]∈[σ]ZP

(∆αK(G0, G)(S
Σα

0
Kα

0
)∧Z[(Φα

0 ,σα
0 )],Kα

0

)/∆αK(G0, G)

∼=
∐

α∈IG/G0

∐
πb(gα0 )α∼gb

∐
[σα

0 ]∈[σ]ZP

(∆αK(G0, G)(SKΦα
0
(σα0 ))

∧
SKΦα

0
,σα

0

)/∆αK(G0, G)

∼=
∐

α∈IG/G0

∐
πb(gα0 )α∼gb

∐
[σα

0 ]∈[σ]ZP

(SKα
0
(σα0 ))

∧
SKΦα

0
,σα

0

/∆gα0 gαK
(P0, ZPΦ)

∼= (S
K̃Φ

(σ))∧S
K̃Φ,σ

.

(3.11)

1We apologize to the readers that there is an error in the current version of [Wu25, Prop. 4.32] on arXiv. A
corrected version has been updated at https://peihang-wu.github.io/.

https://peihang-wu.github.io/
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The cusp label representatives Φα
0 are the tuples (Q0, X

+
0 , g

α
0 ) for fixed Q0 and X+

0 . The
images of [(Φα

0 , σ
α
0 )] in CuspK(G,Xb,Σ) are ∼ZP to [(Φ, σ)]. The above disjoint union runs

over (a subset of all) such [(Φα
0 , σ

α
0 )].

Proof. Part 1 follows from [Wu25, Const. 4.23]. Part 2 is [Wu25, Prop. 4.30 and Const. 4.31]. Part
3 follows from [Wu25, Prop. 4.32]. Note that the fourth line in (3.11) follows from the fact that
the stabilizer of both SKα

0
(σα0 ) and SKΦα

0
,σα

0
is ∆◦

gα0 gαK
(P0, G) = ∆gα0 gαK

(P0, ZPΦ) by [Wu25, Lem.
4.25 (1)]. □

From the proposition above and Proposition 3.6 (4), we see that it suffices to consider the quo-
tient by ∆gα0 := ∆gα0 gαK

(P0, ZPΦ) of the torsor EGc
Z(p)

(σα0 ) := EG0,Z(p) ,KΦα
0
(σα0 ) ×

G0,Z(p) Gc
Z(p)

over

(SKα
0
(σα0 ))

∧
SKΦα

0
,σα

0

.

More precisely, define

∆
gα0
Gc := ker(G0A (P0)×G0 Gc → Gc

A (ZPΦ)/(ZPΦ(Af ) ∩ gα0 gαK)).

Lemma 3.19 (cf. Lemma 3.11). The group ∆
gα0
Gc is profinite, and its projection to ∆gα0 is an

isomorphism.

Proof. In fact, as Lemma 3.11, there is a commutative diagram

1 Gc G0A (P0)×G0 Gc A (P0) 1

1 Gc Gc
A (ZPΦ)/ZPΦ(Af ) ∩ gα0 gαK A (ZPΦ)/ZPΦ(Af ) ∩ gα0 gαK 1

where the horizontal arrows are exact. We conclude by replacing [Wu25, Lem. 4.15] with [Wu25,
Lem. 4.22]. □

Construction 3.20. There is a natural action of ∆gα0
Gc on EGc,KΦα

0
:= EG0,KΦα

0
×G0 Gc → ShKΦα

0

and EGc(σα0 ) := EG0,KΦα
0
(σα0 ) ×G0 Gc → ShKΦα

0
(σα0 ) that factors through ∆

gα0
Gc/KΦα

0
, which is finite

by Lemma 3.19. We repeat the arguments in Construction 3.12 with some changes.
Let (g, p, γ−1) ∈ ∆

gα0
Gc . Then, from the definition of ∆gα0

Gc , there is an element t ∈ ZPΦ(Q)+ :=

StabZPΦ(Q)(D
+
Φ) such that (t, t, 1) ∼ (1, 1, γ−1) in Gc

A (ZPΦ) (see [Wu25, §4.1.4]) and such that
(g, p, γ−1) ∼ (gt, pt, 1) ∈ (1, g

α
0 gαKZ(Q) /Z(Q) , 1) in Gc

A (ZPΦ). This implies that gt = 1 and
gt ∈ ZPΦ(Af ) ∩ gα0 gαKZ(Q) /Z(Q) .

By Proposition 2.12, we have an action

EGc,KΦα
0

·g−→ EGc,KΦα
0
×Gc

g−1Gcg
·g−→ EGc,p−1KΦα

0
p ×Gc

(g−1Gcg)
·γ−1

−−−→

EGc,γp−1KΦα
0
pγ−1 ×Gc

γGcγ−1 ×γGcγ−1
(γg−1Gcgγ−1) = EGc,KΦα

0
×Gc

Gc = EGc,KΦα
0
.

For an element (g, p, γ−1) ∼ (1, 1, 1) in Gc
A (P0), we check over elements (x,g0, p0) ∈ P0(Q)\DQ0×

Gc(C)× P0(Af )/KΦα
0
= EGc,KΦα

0
(C): The action

EGc,KΦα
0
(C) ·g−→ EGc,KΦα

0
(C)×Gc

g−1Gcg
·g−→ EGc,p−1KΦα

0
p ×Gc

(g−1Gcg)(C) ·γ−1

−−−→

EGc,γp−1KΦα
0
pγ−1 ×Gc

γGcγ−1 ×γGcγ−1
(γg−1Gcgγ−1)(C) = EGc,KΦα

0
×Gc

Gc(C) = EGc,KΦα
0
(C)

is computed as

(x,g0, p0)
·g−→ (x,g0g, p0)

·p−→ (x,g0g, p0p)
·γ−1

−−−→
(γxγ−1, γg0gγ

−1, γp0pγ
−1) = (γx, γg0, γp0) = (x,g0, p0).
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The last line is due to the facts that γ is an element in P0(Q)+ and is equal to p, and that the image
of γ in Gc(Q) is equal to g. This map is an identity map, so we have obtained a well-defined action
of ∆gα0

Gc on EGc,KΦα
0
. The functoriality with respect to the affine torus embeddings and (2.6) then

induce an action of (g, p, γ−1) on EGc(σα0 ) that is trivial when (g, p, γ−1) ∼ (1, 1, 1) in Gc
A (P0).

By Lemma 2.20, the quotient EGc,KΦα
0
/∆

gα0
Gc is an open and closed subscheme of the Gc-torsor

EZP c
Φ,KΦ

×ZP c
Φ Gc. □

Clearly, there is a natural morphism from ∆gα0 (resp. ∆
gα0
Gc) to ∆α (resp. ∆α

Gc), which defines an
action of ∆gα0

Gc on E can
Gc

Z(p)
,Kα

0
by pulling back the action defined in Proposition 3.13.

Proposition 3.21. There is an action of ∆gα0
Gc on EGc

Z(p)
(σα0 ) covering the action of ∆gα0 on SKΦα

0
(σα0 ).

The pullback of EGc
Z(p)

(σα0 ) and this ∆
gα0
Gc-action to (SKα

0
(σα0 ))

∧
SKΦα

0
,σα

0

coincide with the pullback of

E can
Gc

Z(p)
,Kα

0
and the ∆

gα0
Gc-action on it defined in Proposition 3.13 to (SKα

0
(σα0 ))

∧
SKΦα

0
,σα

0

.

Proof. By Construction 3.20, there is an action of ∆gα0
Gc on EGc(σα0 ) over ShKΦα

0
(σα0 ). We shall check

that this action is compatible with the action of ∆
gα0
Gc on EGc

Z(p)
(σα0 )|(SKα

0
(σα

0 ))
∧
SKΦα

0
,σα

0

defined by

pulling back the action on E can
Gc

Z(p)
,Kα

0
via Proposition 3.6 (4). If we have this compatibility, there is

a desired action on the entire EGc
Z(p)

(σα0 ) by gluing morphisms.

It is enough to check the compatibility over the open analytic subspace V (Φα
0 ) as in §2.1 (13).

Let us now recall some details about this V (Φα
0 ) (see [Pin90, 6.10] and [MP19, 2.1.13]). In fact,

there is an open subspace U(Φα
0 ) := PΦα

0
(Q)+\X+

0 × PΦα
0
(Af )/KΦα

0
→ PΦα

0
(Q)+\UΦα

0
(C)τ(X+

0 ) ×
PΦα

0
(Af )/KΦα

0
. There is also a morphism,

U(Φα
0 )→ G0(Q)+\X+

0 ×G0(Af )/g
α
0K

α
0 (g

α
0 )

−1.

which is locally an isomorphism. The open subspace V (Φα
0 ) ⊂ U(Φα

0 ) is taken so that the displayed
morphism is an isomorphism on it. Hence, it suffices to check explicitly on U(Φα

0 ).
We compute the action of (g, p, γ−1) ∈ ∆

gα0
Gc on EGc,KΦα

0
|U(Φα

0 )
according to Construction 3.12 and

Construction 3.20, and they are both given by

[(x,g0, p0)] 7→ (x,g0g, p0) 7→ (x,g0g, p0p) 7→ (γxγ−1, γg0gγ
−1, γp0pγ

−1).

This finishes the verification of the claim on the compatibility, so the proposition follows. □

Now we need to see that

Proposition 3.22. The quotient EGc
Z(p)

(σα0 )/∆
gα0
Gc is a Gc

Z(p)
-torsor.

Proof. This is a special case of Lemma 3.23. We formulate a general lemma below to lighten the
heavy notation.

Let us explain why Lemma 3.23 is applicable. By (3.8), we let EGc
Z(p)

,KΦα
0
(σα0 ) be the E0(σ0) below

and (p1,∗EG0,Z(p) ,KΦα
0
)
EKΦα

0 be the E 0 below. The group ∆
gα0
Gc acts through the quotient ∆

gα0
Gc/KΦα

0
,

which is finite by Lemma 3.19. The other symbols are clear in our context. Condition (1) is verified
in [Wu25, Lem. 4.25].

Let us now verify the last sentence in Condition (2). Recall that ∆
gα0
Gc is isomorphic to ∆

gα0
Gc ⊂

A (P0) by Lemma 3.19. A subgroup of A (P0) acts on ShKΦα
0

trivially if and only if it is contained
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in the kernel of A (P0)→ A (P 0)/KΦα
0

if and only if it is contained in

K := (Z0,ac(Q) U0(Af )KΦα
0
/Z0,ac(Q) )× {1}

(cf. [Wu25, Lem. 4.2]). Here, we denote by U0 the center of unipotent radical of P0, by P 0

the quotient P0/U0 and by Z0 the center of G0. If (p, 1) ∈ ∆gα0 ∩ K, p will lie in (g
α
0 gαK ∩

ZPΦ(Af )/WΦ(Af )) upon adjusting ZG(Q), so we have that p ∈ ZG(Q)(g
α
0 gαK ∩ ZPΦ(Af )). Write

p = z · k = z0 · u · k0
for z ∈ ZG(Q), z0 ∈ Z0,ac(Q), u ∈ U0(Af ), k0 ∈ KΦα

0
and k ∈ gα0 gαK ∩ ZPΦ(Af ). Then z · z−1

0 ∈
ZG(Q)∩ (gα0 gαK ∩ZPΦ(Af )/WΦ(Af )). Since gα0 gαK ∩ZPΦ(Af )/WΦ(Af ) is neat, z ·z−1

0 ∈ ZG,ac(Q).
Then this implies that z ∈ ZG,ac(Q).

Now if (p, p, 1) ∈ ∆
gα0
Gc projects to (p, 1) ∈ ∆gα0 ∩K, then adjusting z trivializes p, but z is trivial

in Gc. So p is trivial. This verifies (2) in Lemma 3.23. □

Lemma 3.23. Let X0, Y0, X and Y be quasi-projective schemes over Z(p). Let E0 and E be split
tori with an isogeny E0 → E. Suppose that p0 : X0 → Y0 and p : X → Y are torsors under E0 and
E, respectively. The setup is:

(1) Suppose that there is an (E0 → E)-equivariant morphism between torsors

(3.12)
X0 Y0

X Y.

p0

/∆ /∆

p

We assume that:
(a) There is an equivariant action of a finite group ∆ on X0 → Y0 such that the action

of ∆ factors through finite groups ∆1 and ∆2 on X0 and Y0, respectively. This action
commutes with E0-action on X0 as a torsor.

(b) The action of ∆1 and ∆2 on X0 and Y0 are free.
(c) The second torsor X → Y in the diagram (3.12) is obtained by the quotient of X0 → Y0

by ∆.
Let σ be a rational polyhedral cone of the cocharacter group X∗ER ∼= (X∗E0)R, and let σ0 be
its pullback to (X∗E0)R. Hence, there is an E(σ)-torsor p(σ) : X(σ)→ Y given by the affine
torus embedding with respect to σ. Similarly, there is a E0(σ0)-torsor p0(σ0) : X0(σ0)→ Y0.

(2) Let HZ(p)
be an affine smooth reductive group over Z(p), and let E 0 be an HZ(p)

-torsor over
Y0. Denote by E0(σ0) the pullback of E 0 to X0(σ0) under p0(σ0). Suppose that E 0 → Y0
has an equivariant ∆2-action and HZ(p)

-torsor structure commutes with this action.
Under all the assumptions above, we have an isomorphism

E0(σ0)/∆ ∼= p(σ)∗(E 0/∆).

Moreover, E0(σ0)/∆ is an HZ(p)
-torsor.

Proof. We have

O∆
E0(σ0)

∼= (OX0 ⊗OY0
OE 0

)∆

∼= (OX0 ⊗OY0
(OY0 ⊗OY

OE 0/∆
))∆

∼= (OX0 ⊗OY
OE 0/∆

)∆

∼= OX ⊗OY
OE 0/∆

.

The first-to-second-line isomorphism holds and E 0/∆ is again an HZ(p)
-torsor because the action of

the finite group ∆2 on Y0 is free. □
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Proof of Theorem 3.17. Now, one can combine Proposition 3.22 and Proposition 3.21 to conclude
that the quotient of E can

Gc
Z(p)

,Kα
0

by ∆
gα0
Gc on each (SKα

0
(σα0 ))

∧
SKΦα

0
,σα

0

is a Gc
Z(p)

-torsor. By the fourth line

to the first line of (3.11), the quotient by ∆α
Gc of E can

Gc
Z(p)

,Kα
0

is a Gc
Z(p)

-torsor at each (SΣK)∧Z
[ZPb(Φ,σ)],K

.

Choose a cover of SΣK by finitely many affine open subschemes Ui. We then form an fpqc covering
of SΣK by taking the spectrum of the completion of Ui at every Z[ZP b(Φ,σ)],K . Since Gc

Z(p)
is smooth, it

suffices to check E can
Gc

Z(p)
,Kα

0
being a torsor over this fpqc cover. So we are done by the last paragraph.

□

3.3.4. Proof of main theorem.

Construction 3.24. Let us now construct a principal Gc
Z(p)

-bundle on SΣ2
K2

. (Recall that G2,Z(p)
↪→

GZ(p)
with derived groups an isomorphism. We have Gc

2,Z(p)
↪→ Gc

Z(p)
.)

Recall that there is an isomorphism s : SΣK(G,Xa)Our ∼= SΣK(G,Xb)Our and there is an open
and closed embedding πa : SΣ2

K2
↪→ SΣK(G,Xa). We pullback the Gc

Z(p)
-bundle E can

Gc
Z(p)

,K,Our over

SΣK(G,Xb)Our to SΣ2
K2

via s◦πaOur . We denote this pullback by E can
Gc

Z(p)
,K2,Our . This is a Gc

Z(p)
-bundle,

and we claim the bundle obtained by reduction of structure group and Galois descent is what we
need. □

Proof of Theorem 3.10. By Lemma 3.16, the generic fiber of E can
Gc

Z(p)
is EcanGc,K(G,Xb). Over E′,p, the

pullback of EcanGc,K(G,Xb) via s is EcanGc,K(G,Xa) by (2.8) (from which we see that EGc,K(G,Xa)E′,p ∼=
EGc,K(G,Xb)E′,p) and by Deligne’s existence theorem (which uniquely characterizes the canonical
extensions).

By Theorem 3.9 (2) and by the proof of Lemma 3.16, the bundle E can
Gc

Z(p)
,K extends EGc,K(G,Xb)

over SK(G,Xb). After pulling back along s, s∗EGc,K(G,Xb)Our descends to EGc,K(G,Xa) by [Lov17,
Lem. 4.4.9]. Now we have shown the claims when (G2, X2) = (G,Xa).

Then the descent data for EcanGc,K,E′,p from E′,p to E′, and for EGc
Z(p)

,K(G,Xa)Our from Our to O de-

termines a descent datum for E can
Gc

Z(p)
,K,Our . Consequently, we obtain a Gc

Z(p)
-bundle E can

Gc
Z(p)

,K(G,Xa)

over SΣK(G,Xa)O extending EGc
Z(p)

,K(G,Xa) and EcanGc,K,E′(G,Xa).

We pull E can
Gc

Z(p)
,K(G,Xa) back to SΣ2

K2
along πa. We denote this pullback by E can

Gc
Z(p)

,K2
. We check

that:
(1) E can

Gc
Z(p)

,K2
has a reduction of structure group to a Gc

2,Z(p)
-torsor E can

Gc
2,Z(p)

,K2
over SΣ2

K2
,

(2) E can
Gc

Z(p)
,K2

extends EcanGc
2,K2,E′ ×

Gc
2,Z(p) Gc

Z(p)
, and

(3) EcanGc
Z(p)

,K2
extends EGc

2,Z(p)
,K2,O ×

Gc
2,Z(p) Gc

Z(p)
.

The claim (2) follows from Proposition 2.16, and the claim (3) follows from Theorem 3.9. For
(1), it suffices to see it has a reduction of structure group over a locus of codimension at least 2.
Then (1) follows from (2) and (3). From this, it follows that E can

Gc
2,Z(p)

,K2
extends both EcanGc

2,K2,E′ and

EGc
2,Z(p)

,K2,O.
Now we consider the descent datum from OE′,(v′) to O2. Again, the Gc

2,Z(p)
-bundle E can

Gc
2,Z(p)

,K2

descends to E can
Gc

2,Z(p)
,K2,O2

over SΣ2
K2,O2

since one can check this on the union of SK2 and ShΣ2
K2,E′ .

Again, all properties in the second paragraph of Theorem 3.10 also hold over O2. □
The following corollary is a consequence of Theorem 3.9 (2) and Proposition 2.16.
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Corollary 3.25. Let f : (G1, X1, G1,Z(p)
) → (G2, X2, G2,Z(p)

) be a morphism between abelian-type
Shimura data with a map between smooth reductive models. Let K1,p = G1,Z(p)

(Zp) and K2,p :=

G2,Z(p)
(Zp). Suppose that there is an inclusion between neat prime-to-p levels Kp

1 ⊂ Kp
2 . For a

fixed pair of compatible admissible projective cone decompositions (Σ1,Σ2) for (G1, X1,K1) and
(G2, X2,K2), there is a pair of refinements (Σ′

1,Σ
′
2) such that E can

Gc
1,Z(p)

,K1
→ SΣ

′
1

K1
and E can

Gc
2,Z(p)

,K2
→

SΣ
′
2

K2
are defined.

Then the pullback of E can
Gc

2,Z(p)
,K2

under the map f : SΣ
′
1

K1
→ SΣ

′
2

K2
is canonically isomorphic to

E can
Gc

1,Z(p)
,K1
×

Gc
1,Z(p) Gc

2,Z(p)
.

3.4. Other principal bundles and properties.

3.4.1. Fix a Shimura datum (G,X). Let {µ} be the associated conjugacy class of Hodge cochar-
acters; this conjugacy class is defined over E := E(G,X). Let H be a finite Galois extension
of E such that, for one place ṽ of H unramified over a place v|p of E, there is a cocharacter
µ′ : Gm,OH,(ṽ)

→ GOH,(ṽ)
whose base change to C is in {µ}. There is such a cocharacter by

[Lov17, Prop. 3.2.3].
Let Pµ′ be the parabolic subgroup of GOH,(ṽ)

whose Lie algebra is spanned by all non-negative
weight spaces in LieGOH,(ṽ)

under the adjoint action of µ′,−1; the group of C-points of Pµ′ is defined
by

Pµ′(C) := {g ∈ G(C)| lim
t→0

µ′(t)−1gµ′(t) exists}.

Let P c
µ′ be the quotient Pµx/Zac(GZ(p)

)OH,(ṽ)
, and let Mµ′ (resp. M c

µ′) be the Levi quotient of
Pµ′ (resp. P c

µ′). Then M c
µ′
∼= Mµ′/Zac(GZ(p)

)OH,(ṽ)
. Denote by µ′,c the composition of µ′ with

GOH,(ṽ)
→ Gc

OH,(ṽ)
. Then P c

µ′ = Pµ′,c .
Denote Grµ′,c := GOH,(ṽ)

/Pµ′ ∼= Gc
OH,(ṽ)

/Pµ′,c . Then Grµ′ canonically descends to a proper
smooth scheme GRµc over OE,(v) by [Lov17, Prop. 3.2.6].

For any étale algebra R over OE,(v), GRµc(R) =

{P/ SpecR parabolic subgroup of Gc
R| P étale locally conjugates to P c

µ′}.

It is independent of the choice of H, µ′ and ṽ above.

3.4.2. Reduction of structure group. We come back to the setup in §3.1. Let L be a finite extension
of E2 := E(G2, X2). Let w|v2 be a place of L unramified over v2. Suppose that there is a cocharacter
over OL,(w)

µ′2 : Gm,OL,(w)
→ GOL,(w)

whose base change to C is in the conjugacy class of Hodge cocharacters {µ2} associated with X2.
Let µ′,c2 denote the composition of µ′2 with G2,OL,(w)

→ Gc
2,OL,(w)

.

Proposition 3.26. With the conventions above, the canonical extension E can
Gc

2,Z(p)
,K2

admits a canon-

ical reduction of structure group to a P c
µ′
2
-torsor.

Proof. First, we show this over SK2 . By [Lov17, Thm. 4.8.1], there is a diagram

SK2

π1←−−−− EGc
2,Z(p)

,K2

π2−−−−→ GRµc
2



32 PEIHANG WU

such that the right arrow is Gc
2,Z(p)

-equivariant. We take the fiber product

(3.13)

EP c
µ′2

,K2 EGc
2,Z(p)

,K2

SK2 ⊗O(v2)
OL,(w) SK2 ×O(v2)

GRµc
2
.

(π1,π2)

id×x

The map x : SpecOL,(w) → GRµc
2

is the point determined by Pµ′,c
2

. This is indeed a P c
µ′
2
-torsor: For

any étale cover U of SK2 that trivializes EGc
2,Z(p)

,K2 , the diagram (3.13) is isomorphic to

U ×O(v2)
P c
µ′,c
2

U ×O(v2)
Gc

2,OL,(w)

U ⊗O(v2)
OL,(w) U ×O(v2)

GRµc
2
.

(π1,π2)

id×x

Next, we show this over ShΣ2
K2

. By [HZ94, Lem. 4.4.2], there is a diagram

ShΣ2
K2

ξ1←−−− EcanGc
2,K2

ξ2−−−→ GRµc
2,E2 .

Again, there is a reduction of EcanGc
2,K2

by pulling back through the point x̃ : SpecL → GRµc
2,E2

determined by Pµ′,c
2 ,E2

, i.e., the fiber product

(3.14)

EcanP c
µ′2

,K2
EGc

2,K2

ShΣ2
K2,L

ShK2 ×E2 GRµc
2,E2 .

(ξ1,ξ2)

id×x̃

Since (3.13) and (3.14) are compatible on ShK2,L, we see that E can
Gc

2,Z(p)
,K2,OL,(w)

admits a reduction of

structure group on ShΣ2
K2,L
∪SK2,OL,(w)

. Then there is a reduction of structure group to a P c
µ′
2
-torsor

on SΣ2
K2,OL,(w)

since ShΣ2
K2,L

∪ SK2,OL,(w)
has codimension at least 2. □

Definition 3.27. We denote the canonical reduction of structure group by E can
P c
µ′2

,K2
. We call it a

principal P c
µ′
2
-bundle. Denote E can

Mc
µ′2

,K2
:= E can

P c
µ′2

,K2
×

P c
µ′2 M c

µ′
2
. We call it a principal M c

µ′
2
-bundle.

Corollary 3.28. The maps π2 and ξ2 above uniquely extend to a Gc
2,Z(p)

-equivariant map πcan2 :

E can
Gc

2,Z(p)
,K2
→ GRµc

2
.

Proof. We work over an étale base change to OL,(w). Let R be an étale OL,(w)-algebra. For

any W ∈ RepR(G
c
2,Z(p)

), there is a filtration defined by Gm,R

µ′,c
2,R−−−→ Gc

2,R → GL(W ) on W :=

E can
Gc

2,Z(p)
,K2,OL,(w)

×
Gc

2,OL,(w) W = EP c
µ′
2
,K2 ×

P c
µ′2 W . The last equality follows from Proposition 3.26,

and the filtration on W induces a filtration on W because the structure group P c
µ′
2

stabilizes the
filtration on W .

It is clear that its restrictions to ShΣ2
K2,L

and SK2,OL,(w)
are compatible with the filtrations defined

by ξ2 and π2 above. This is equivalent to having a map πcan2 : E can
Gc

2,Z(p)
,K2
→ GRµc

2
by [Lov17, Lem.

3.3.1]. This map is Gc
2,Z(p)

-equivariant since it is so on EGc
2,Z(p)

,K2 → GRµc
2

by [Lov17]. □
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3.4.3. Subcanonical extensions.

Definition 3.29. Let R be a Z(p)-algebra. Let W ∈ RepR(G
c
2,Z(p)

). We call dRW can
K2

:= E can
Gc

2,Z(p)
,K2
×

Gc
2,Z(p)

W the canonical extension of dRWK2
:= EGc

2,Z(p)
,K2×

Gc
2,Z(p)W . We call dRW sub

K2
:= dRW

can
K2

(−D) =

dRWK2
⊗OSΣ2

K2

(−D) the subcanonical extension of dRWK2
, where D = (SΣ2

K2
\SK2)red.

Fix OL,(w) and µ′2 as above. Let R be an OL,(w)-algebra. Let W ∈ RepR(P
c
µ′
2
). We can also

define W can
K2

:= E can
P c
µ′2

,K2
×P c

µc2 W and W sub
K2

:= W can
K2

(−D). When W ∈ Rep(M c
µ′
2
), we lift W to a

representation of P c
µ′
2
. So the corresponding W can

K2
and W sub

K2
are also defined.

Remark 3.30. As explained in [Lov17, Thm. 4.8.1] (cf. [Mil90, III. Prop. 3.5]), once we have the
diagram

E can
Gc

2,Z(p)
,K2

SΣ2
K2

GRµc
2

πcan
1 πcan

2

such that πcan2 is Gc
2,Z(p)

-equivariant obtained from Corollary 3.28, one can define canonical ex-
tensions of automorphic vector bundles more generally beyond dRW

can
K2

. Indeed, given any vector
bundle J over GRµc

2
with equivariant Gc

2,Z(p)
-action, the pullback πcan,∗2 J is a vector bundle over

E can
Gc

2,Z(p)
,K2

with equivariant Gc
2,Z(p)

-action. By descent, there is a vector bundle J can over SΣ2
K2

whose

pullback to E can
Gc

2,Z(p)
,K2

is πcan,∗2 J .
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