PRINCIPAL BUNDLES ON TOROIDAL COMPACTIFICATIONS OF
INTEGRAL CANONICAL MODELS OF ABELIAN-TYPE SHIMURA
VARIETIES

PEIHANG WU

ABSTRACT. In this paper, we construct canonical extensions of principal G- (and M °-)bundles
on toroidal compactifications of integral canonical models of abelian-type Shimura varieties with
hyperspecial levels.
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1. INTRODUCTION

The purpose of this paper is to construct canonical and subcanonical extensions of integral models
of principal bundles, as well as of automorphic vector bundles, over toroidal compactifications of
integral canonical models of abelian-type Shimura varieties with hyperspecial level structure at a
fixed prime number p.

Principal bundles and automorphic vector bundles are natural objects on Shimura varieties whose
cohomology theory is related to representation theory and automorphic forms. If the underlying
Shimura varieties are not proper, one needs to consider the canonical extensions and subcanonical
extensions of these objects to toroidal compactifications.

Let (G, X) be a Shimura datum. For each K C G(Ay) neat open compact, the double coset
Shi (G, X)(C) := G(Q)\X x G(Af)/K has a unique canonical model Shy := Shx (G, X) over the
reflex field E := E(G, X). Let G¢ be the quotient of G by the anti-cuspidal part of the connected
center, which can be assumed to be identical to G for simplicity in this introduction. There is a
standard principal G¢-bundle

Ec = GIQ\(X x G& x G(Af)/K)
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over Shi (G, X)(C) with a Gg-equivariant map Ec — X, such that it fits into the diagram

Ec

O\

Shx (G, X)(C) X.

where X is the Borel embedding of X. By series of works of Harris and Milne (see, e.g., [Har85,
Harg6| and [Mil88, Mil90]), this analytic Gg-bundle algebraizes and canonically descends to an
algebraic G%bundle £ on the canonical model of the Shimura variety Shgx. The construction of
such bundles £ plays an important role in studying the arithmetic properties of certain automorphic
forms (see |[Har90]).

In order to correctly define and study log de Rham cohomology with coefficients in automorphic
sheaves on integral models, or on the special fibers, of noncompact Shimura varieties, it is necessary
to construct canonical extensions of certain principal G°-bundles (where G¢ is a certain reductive
model of G¢) to toroidal compactifications to produce these coefficient sheaves (see [LS13| and
[Lan19]). One can also construct coefficients for coherent cohomology on toroidal compactifications
of integral models or special fibers using canonical extensions of certain M°bundles, where M€
is a Levi component of G¢ defined by a Hodge cocharacter. In contrast to the situation over C,
where Deligne’s existence theorem [Del70] can be applied directly, the corresponding construction
over integral models typically depends in an essential way on the explicit construction of the inte-
gral models themselves. Since we have already had integral canonical models of principal bundles
and good toroidal compactifications for integral canonical models of abelian-type Shimura varieties
by [Lov17] and [Wu25], it can be expected that such canonical extensions should exist on these
compactifications.

In the PEL-type or, more generally, Hodge-type cases, these canonical extensions are constructed
by Lan [Lan12| and Madapusi [MP19, Sec. 4.3|, respectively. The first work constructed canonical
extensions by toroidal compactifications of Kuga families, while the second one achieved this by
gluing vector bundles on a cover of the toroidal compactification. Although the two methods appear
to be different, they both constructed the unique vector bundle that simultaneously extends a certain
vector bundle on the union of the integral canonical model Sk and the toroidal compactification
of Shx. In this paper, we will use the construction in [Wu25] to generalize their constructions to
abelian-type cases.

Let us fix some conventions to state the main result. Let (G2, X2) be an abelian-type Shimura
datum. Fix a prime p > 0 and a place va|p of Fa := E(G2, X2). Let Og := Op, (,,). Assume that
G2, is (quasi-split and) unramified. Choose a hyperspecial subgroup Kz, C G2(Q,) and a neat
open compact subgroup K5 C G (A?). There is a smooth reductive model G of G over Z,) such
that Go(Zp,) = Ka,p. Denote Ky := Kp,K5. Let {Sk,, k2 (G2, X2)}gr be the inverse system of
smooth integral models constructed in [Kis10] and [KMP16]. By [Wu25, Thm. 4.39] Case (HS), the
integral model Sg, := Sk, kr (G2, X2) admits smooth and projective toroidal compactifications.
We choose an admissible projective and smooth cone decomposition 3o such that the toroidal
compactification S% determined by ¥ is constructed in [Wu25|. The main theorem of this paper
is stated as follows.

Theorem A (See Theorem 3.10). The principal GS-bundle & on Sk, defined in |LovlT7| extends
uniquely to a principal G5-bundle & on S%, such that the restriction of &°" to Sh?é coincides
with the canonical extension of the G5-bundle € := &|gn,, to Sh%.

Let W be an algebraic representation of G5. Then qgW3 = & x93 W is a vector bundle
equipped with an integrable log connection extending qrW g, = & X9 W.
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The bundle & determines and is determined by an exact tensor functor

w™ : Rep(G3) — Vecgs,
Ko
from the category of GS-representations to the category of vector bundles with integrable log connec-

. o
tions on SKQ.

The vector bundles gqr W i, are called automorphic sheaves and dRﬂ?; are called their canonical

extensions. Moreover,
Theorem B (See Corollary 3.28). There is a correspondence

gcan

can can

b
SK, GRyug

where GR ¢ 1s an integral model of X5 as defined in §3.4 and the right arrow is G; o, -equivariant.
FEquivalently, there is a p§-filtration on & in the sense of [Lov17, Lem. 3.3.1].

Consequently, we can also define canonical extensions of the principal bundles under the para-
bolic subgroup or the Levi subgroup of G5 determined by a Hodge cocharacter over a certain ring
extension.

Idea of proof. We essentially reduce the problem to answering the following question:

e Q: Let X be a proper smooth scheme over a base ring O (which is, for example, a DVR)
with a normal crossings boundary divisor D. Let 7 : Y — X be a finite Kummer étale cover
of X that is the quotient map of Y by a finite group A acting on it. Moreover, assume that
the action of A on Y° :=Y xx (X\D) is free. (Note that ¥ might not be smooth while it
is so on Y°, and that a Kummer étale map might not be flat!)

Given a vector bundle V on Y with an integrable connection with log poles along Y'\Y°,
and an equivariant A-action, when does W := (m, (’)V)A again correspond to a vector bundle
(with an integrable log connection)?

In our situation, X is a toroidal compactification S]Z((G , Xp) associated with a smooth and projective
cone decomposition Y, and Y is a cover of SI%(G,XI,) by a disjoint union of Hodge-type toroidal
compactifications, whose cone decompositions are chosen as those induced by Y. The sheaf W is a
locally free sheaf associated with the canonical extensions of certain automorphic vector bundles on
the disjoint union. In this situation, reorganizing the results in the literature shows that W has the
desired property on a locus of codimension > 2. Hence, we only have to show the local-freeness
of W.
Roughly speaking,

Theorem C (Theorem 3.17). In our situation, which will be clear in the paper, the torsion-free
coherent sheaf W is always locally free.

The proof of the above theorem relies on an understanding of the canonical extensions at the
boundary in the Hodge-type case. Let (Go, Xp) be a Hodge-type Shimura datum. We need to
understand the extension of the Hodge tensors to the boundary. Based on the works of Kisin
(see [Kis10, Cor. 2.3.9]) and Madapusi (see [MP19, Prop. 4.3.7]), the de Rham tensors sy 4r €

(Vz(p> ®Q)® uniquely extend to stf\?élR € (VZ‘; )®. The canonical extension of the principal Go-bundle

&G, K, to the toroidal compactification SIZ(S is given by

VCal’l ) ,

Isom
- Z(p)

S\ ’_)ng,)\ (VZ(p) Y
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where V7 is a lattice of a (V,¢) defining the Siegel Shimura datum that (Go, Xo) embeds, and
Vg‘(l:) is the canonical extension of the 1st relative de Rham homology of the pullback of the universal
abelian scheme.

We show that

Proposition. For each \ and each cusp label representative ®q with a cone o € Ea'(@)o), there is
a vector bundle Vo, (o) on the boundary toric scheme Sy, (o) and a tensor g, \dr(0) € Va,(0)®

such that sig and Se,,xar(0) coincide on (Sf%g)%[(%,o)]xo'

With the above proposition, we can characterize the canonical extensions of principal Gp-bundles
on the integral model Slzég using a property in [Har89] and [HZ01] (see Proposition 3.6). We note
that, to the best of our knowledge, this result concerning Gy-bundles on integral models has not
previously appeared in the literature, even in the context of PEL-type Shimura varieties.

The next step is to pass the torsors and vector bundles to a quotient by a finite Kummer étale
group action. By the results proved in [Wu25|, we know that this finite Kummer étale quotient
is finite étale when restricted to each individual stratum, and one can explicitly compute such a
group quotient. The first task now is to extend such a group quotient to the torsor. To do this,
we need to have a robust and functorial theory of canonical models of canonical extensions over the
generic fiber, and over the integral models of Shimura varieties. We can almost extract it from the
literature, although most references had the assumptions such as assuming G = G° or assuming
Z(G)° splits over a CM field extension. For our purpose, we define the desired canonical models of
canonical extensions on Sh¥ (G, X) or integral canonical models on Sk (G, X) by pulling back the
corresponding objects defined by (G¢, X€).

Next, by an explicit computation of the quotient W at the formal completion at the boundary,
we show that W is still formal locally a locally free sheaf. This computation uses toric charts and
Proposition 3.6 crucially (see Lemma 3.23). The proof also relies on a generalization of Deligne’s
induction functor in [Del79] and [Mil88], especially a generalization of the &/-type groups, to treat
torsors. See §2.4.

Finally, by adopting the construction in [Wu25|, we extend the construction to all abelian-type
Shimura data.

Structure of the paper. In Section 2, we review the notion of the canonical model of a principal
G¢-bundle and record the related results. In §2.1, we give a list of facts in [Pin90], which will be
used freely in the paper. In §2.2, we collect some basic facts about G when G is a general connected
linear algebraic group. In §2.3, we consider a general mixed Shimura datum (Q,X). We review
how the (canonical models of) automorphic vector bundles and principal bundles on Shg (Q, X) are
defined. When (Q,X) = (G, X) is a usual Shimura datum, we explain how the (canonical models
of) canonical extensions are defined and characterized. We will emphasize on how the action of Ef,
is defined on the principal bundles on mixed Shimura varieties and on the functoriality between the
objects. In §2.4, we give a general formalism of Deligne’s induction construction for torsors.

In Section 3, we construct the integral models of the canonical extensions on toroidal compacti-
fications of the integral canonical models of Shimura varieties of abelian type, based on the known
results due to Madapusi in the case of Hodge-type Shimura varieties. In §3.1, we list some useful
steps in the construction of integral models of toroidal compactifications for abelian-type Shimura
varieties in [Wu25|. (We will only focus on the case of hyperspecial levels, which will to some extent
simplify the procedures.) In §3.2, we give a characterization of the canonical extensions constructed
in [MP19] by studying the boundary in more detail. In §3.3, we finish the construction and show the
desired properties. In §3.4, we define the principal bundles under the parabolic and Levi subgroups
of G;Z(p) defined by the Hodge cocharacter, and define subcanonical extensions.
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Notation and conventions.

e The general system of conventions in this note is compatible with [Wu25]. Although we will
review the notation in this note, the readers are encouraged to check the list of symbols and
the list of conventions in loc. cit..

e The torsors over Shimura varieties will be denoted by the symbol “£”. The extensions of
these torsors to integral models will be written in the symbol “&”.

e In this paper, a representation of an affine group scheme G over a base ring R means a finite
free R'-module for some R-algebra R’ equipped with a G-action. Let W be a representation.
The corresponding vector bundles will be denoted by the symbol “W”. Denote by Rep(G)
the category of G-representations, by Repp/(G) the G-representations W over R'.

e Canonical extensions are denoted by “(—)®"”.

e The symbol “Vecg” in this paper always means the category of vector bundles with (log)
connections on a scheme S.

e (Vector bundles and torsors coincide on formal completions) Let X and Y be
schemes with stratifications of locally closed subschemes. Let C' C X (resp. D C Y) be
a stratum of X (resp. Y). Suppose that there is an isomorphism (X)3 = (Y)7, that
induces an isomorphism between C' and D. Let V; and V5 be vector bundles/torsors on X
and Y, respectively. We say that the pullback of V; and V; to (X)3 = (YY)}, coincide if,
for any open affine formal subscheme Spf(4,I) of (X)p = (Y)7, that induces morphisms
c1 : Spec A — X and ¢y : Spec A — Y, there is an isomorphism f(4 1) : ¢]V1 = c3V5, and if
the isomorphisms satisfy the compatibility for varying (A, I).

2. CANONICAL MODELS AND CANONICAL EXTENSIONS OF PRINCIPAL BUNDLES

We recall the characteristic 0 theory of canonical extensions of canonical models of principal
bundles on Shimura varieties and their boundary mixed Shimura varieties due to Harris, Harris-
Zucker (see [Har85|, [Har89]|, [HZ94] and [HZ01]), and Milne (see [Mil88] and [Mil90]).

2.1. Mixed Shimura varieties. The following definitions and facts on mixed Shimura varieties
and their canonical models are needed for this note:

(1) For any connected linear algebraic group H over Q, define H® = H/Z,.(H) where Z,.(H)
is the minimal @Q-subgroup in the connected multiplicative center Z(H)® of H such that
Z(H)°/Z4..(H) has equal Q-split rank and R-split rank.

(2) A mixed Shimura datum is denoted by (Q, X'). More precisely, let @ be a connected linear
algebraic group over Q. Denote by Wg the unipotent radical of @) and by Ug C W a
normal subgroup of Q). Let X’ be a homogeneous space with a Q(R)Ug(C)-equivariant map
h: X — Hom(Sc,Qc). Then (Q, X) is a mixed Shimura datum if it satisfies the conditions
listed in [Pin90, Def. 2.1, (i)-(viii)].

(3) For mixed Shimura data, one can define mixed Shimura varieties, morphisms between
mixed Shimura data and varieties, and quotients in a way similar to the usual Shimura
data/varieties. See [Pin90, Ch. 2 and Ch. 3.

(4) If Wg = 1, the mixed Shimura datum is called a pure Shimura datum. Then X is, by
[Pin90, Cor. 2.12], a finite cover of A(X) that is a homeomorphism over each connected
component; (Q, (X)) is a usual Shimura datum.
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There is a sequence of morphisms between Shimura data defined by the quotient of Q) by
Ug and W:

Denote Q := Q/Ug and Qy, := Q/W,.
For any mixed Shimura datum (@, X’) and any neat open compact subgroup K C Q(Ay),

denote Shg(Q, X)(C) :=

QIQ\X x Q(Af)/K.
This complex manifold uniquely algebraizes to a complex algebraic variety Shx(Q,X)c.
Denote by Shi(Q,X) the canonical model of Shg(Q,X)c over the reflex field E(Q, X).
Such a variety uniquely exists by [Pin90, Thm. 11.18].
Denote by K and K}, the projection of K to Q(Ay) and Qx(Af). Then there is a sequence
of mixed Shimura varieties

Shx (Q, X) 22 Sh(Q, X) 22+ Shy, (Qn, Xn)-

The first morphism is a torsor under a split torus Eg, and the second morphism is a torsor
under an abelian scheme over Shg, (Qp, Xy). We usually use the abbreviations Shi :=
ShK(Q, X), ShK = Shf(Q, X), and ShKh = ShKh(Qha Xh)

Let (G, X) be a usual Shimura datum. Denote by CLR(G, X)) the set of cusp label represen-
tatives @ of the form ® = (Qg, Xg,gq>), where Q¢ is an admissible Q-parabolic subgroup
of G, X} C X a connected component and gg € G(Ay) (see [MP19, §2.1]). There is a
Qa(R)-equivariant map

7: X — mo(X) x Hom(Sc, Ps c),

where Pg is a normal subgroup of Q¢ with the same unipotent radical as Q¢ defined as in
[Pin90, 4.7]. Note that Py is already defined and determined by Qg, so one does not need
the entire datum (Q@,X{{,g@); this group is called the canonical subgroup of Qg. Denote
by Do the Pg(R)Usp(C)-orbit of the image of X7 . Let K¢ := Po(A;) NgoKgy'.

In summary, one associates with ® a mixed Shimura datum (Pg, D¢ ) and a mixed Shimura
variety Shg, := Shx, (Po, De). We call these mixed Shimura data (resp. varieties) bound-
ary mixed Shimura data (resp. varieties).

We denote by ¥ (usually followed by super/sub-scipts) a (rational polyhedral) cone decom-
position defined on CLR(G, X). In this note, we say that a cone decomposition is admissible,
if it is admissible in the sense of [Pin90], is complete and finite, and has no self-intersections
(cf. [Wu25, Convention 1.17]); in fact, we will always assume that ¥ is admissible.
We often choose a smooth and projective refinement of ¥ (cf. [Wu25, Def. 1.16]), which
always exists.

Let S be an E-torsor over S. Let o be a rational cone in the cocharacter R-group of E.
Denote by S — S(o) the twisted affine torus embedding, and by S, the o-stratum of S(o).
There are compatible equivalence relations and partial orders defined on CLR(G, X) and the
set of cusp label representatives ® with cones in X (®)’s. The quotients by the equivalence
relations are called cusp labels Cuspy (G, X) and cusp labels with cones Cuspy (G, X, %).
Let K be a neat open compact subgroup in G(Ay). For an admissible cone decompo-
sition ¥ of (G, X, K), there is a proper algebraic space Sh[%(G, X) over the reflex field
E(G, X). Assuming that X is projective (resp. smooth), Sh¥ is projective (resp. smooth)
over Spec E(G, X). There is a stratification of Sh% labeled by the finite set of cusp labels
with cones Cuspg (G, X,Y). Pick any T = [(®,0)] € Cuspg (G, X,%). There is a mixed
Shimura variety Shg, and a locally closed stratum Zy g C Shfz( with a canonical isomor-
phism Zy g = A%’K\SthKJ. The group A&K acts on Shg, (o) through the free action of
a finite group.
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(13) Let us consider the analytification Sh3(C) of Sh¥. There is a commutative diagram

open dense

A%,K\Shch(C) - A%,K\ShK{><a)(C) o A%,K\ShK¢,0<C)

open]\ open]\

° open dense ° °
A@,K\U(q)) L C A@,K\U(q)aa) — A(I),K\UU

(2.2) pj pj

V((I)) opencdense V((I), O’) D A&K\Ua

\[open \[open

open dense
Shg(C) T » Sh(C) +——=—— Zy £ (C).

In a word, there is an open analytic neighborhood V(®,0) around Ag ;- \Shr, +(C) iso-

morphic to an open analytic neighborhood V (Zy ) of Zy £ (C) in Sh%(C). This isomor-

A See

phism induces a canonical algebraic isomorphism (Sh%)QT’K = A%k \(Shig (U))SthM.

[Pin90, Ch. 6, Prop. 7.15, Prop. 9.37, Thm. 12.4(c)|.

2.2. Preliminaries. Let (7,)) be a pure Shimura datum (in the sense of Pink) associated with a
torus 1" over Q. There is a natural morphism

(1Y) — (T, m(Y)) — (T, A(Y))

defined by mapping (7', ) to the Shimura datum in the usual sense, and then to the quotient datum
(T¢,A(Y)¢) induced by T'— T°.

Lemma 2.1. Denote {h :S — Tg} := h(Y)¢. The weight cocharacter w : Gy, c — T¢ associated
with h is defined over Q. Moreover, T does not contain nontrivial R-split but Q-anisotropic subtorsi.
In particular, (T¢,{h}) satisfies the conditions (2.1.4) and (2.1.2%) in [Mil90, II. 2.], (1.1.3) and
(1.1.4) in [Har89|, and (1.1.7.2) and (1.1.7.3) in [HZO1].

Proof. Fix a complex conjugation ¢ € Gal(Q/Q). Denote the Hodge cocharacter of h by p. Since
w = W+ iy, it is fixed by ¢. By the equivalence of statements (vii) and (iv) in [[KSZ21, Lem. 1.5.5],
w is fixed by all 0 € Gal(Q/Q). The second statement follows from the equivalence of statements
(ii) and (iv) in loc. cit. Also in loc. cit., the second statement is equivalent to saying that T°¢ is
isogenous to the product of a Q-split torus and an R-anisotropic Q-torus. By the Serre condition
(vii) of loc. cit., T splits over a CM field. Then the last statement is true. u

Lemma 2.2. Let (Q,X) be a mized Shimura datum. Let (T,Y) — (Q,X) be an embedding of a
pure Shimura datum (T,)) for a Q-torus T into (Q,X).

Suppose that T is Q-mazximal, i.e., any Q-torus T in G containing T is T itself. Then Zquo(T) =
Zae(Q) and T® = T/Z,.(Q). Hence, there is an embedding T® — Q°. As a consequence, this
embedding induces an embedding (T,Y)/Zac(T) — (Q, X)) Zac(Q).

Proof. Denote by Ug the unipotent radical of Q). By assumption, T" contains Z(Q)°. Since Z4.(T") D
Zac(Q) by definition, we show the other direction. Since for any x € X, adh, (i) induces a Cartan
involution of (Q/Uq)ad, T/Z(Q)° is R-anisotropic. Then T'/Z,.(Q)NT is isogenous to the product of
a Q-split torus and an R-anisotropic Q-torus. This shows that Z,.(T") = Z,.(Q) and T¢ = T/ Z,.(Q).
Now we show the last statement. We choose any xzg € ), whose image in X" is also denoted by
xo. Denote the image of g in the quotients V/Z,.(Q) and X /Z,.(Q) abusively by To. From
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[Pin90, Prop. 2.9], there is a commutative diagram:
Y = T(R)/Stabpg) (7o) . » X = Q(R)Uq(C)/Stabgr)u, (c) (o)

! |

V/Zae(Q) = T¢(R)/ Im Stabry (20) —— X /Zae(Q) = Q°(R)Uq(C)/ Im Stabge gy, (c) (o).

Suppose that there is an element a € T°(R) which maps into Im Stabge(r)u, (c)(z0). We denote

b :=Z(a). By construction, b lifts to some ¢ € Stabgr)v,(c)(0). Denote by b (resp. ©) the image
of b (resp. ¢) in (Q°/Ug)(R) (resp. (Q/Uq)(R)). Finally, we find an element d € T'(R) since T'
is the fiber product of T and Q/Ug over Q°/Uqg. Since €(d) = c and ¢ is injective, we see that
d € Stabpr)(wo). We now have the desired result. U

Lemma 2.3 (|Lov17, Lem. 3.1.3|). Suppose that (Q2, X2) is a mized Shimura datum, and that there
is a homomorphism f : Q1 — Qo from another connected linear algebraic group Q1 over Q to Qs.
Then f(Zae(@1)) C Zae(Q2), and f induces a homomorphism f¢: QS — QS. In particular, if there
is a morphism between the mized Shimura data f : (Q1, X1) = (Q2, X2), then f induces a morphism
between mixzed Shimura data f€: (Q1,X1)/Zac(Q1) — (Q2, X2)/Zuc(Q2).

Proof. The proof of it is essentially identical to [Lov17, Lem. 3.1.3]. To show that f(Z,.(Q1)) C
Zac(Q2), it suffices to show that the image of the connected multiplicative center Z(Q1)° in
f(@1)/f(Q1)NZae(Q2) is isogenous to a product of a Q-split torus and an R-anisotropic torus. Since
Z(Q2)/Zac(Q2) and the center of Q2/Z(Q2)Wg, are products of Q-split tori and R-anisotropic tori
by the definition of Z,.(Q2) and by [Pin90, 2.1 (viii)|, and since, for any = € Xy, adh,(i) induces
a Cartan involution of (Q2/Wp,)ad, the image of Z(Q1)° has the desired property. We have the
proof of the first statement. Other statements follow from the definitions. O

2.3. Canonical extensions and their canonical models.

2.3.1. Fix a mixed Shimura datum (@, X’). Let us recall some background materials for principal
bundles over Shi (C) := Shg(Q, X)(C) and Shg ¢ := Shg(Q, X)c. (We assume that K is neat as
usual.) The main references are [Mil90] and the summary in [DLLZ23, Sec. 5.2] for usual Shimura
data.

Define the principal Q¢(C)-bundle over Shi (Q, X)(C) to be

Eqe,x (Q, X)(C) := QIQ\X x Q(C) x Q(Ay)/K.
We have, by definition, that [(z, gc, q7)] = [(¢- 2, ¢-qc, q-qf- k)] for any z € X, ¢. € Q°(C), ¢5 €
Q(As), q € Q(Q) and k € K.

The principal bundle £ge x (@, X')(C) determines and is determined by a tensor functor WE e, K,(C(Q7 X):
Repc(Q°) — Locgy, «(C), from the category Repg(Q°) of finite dimensional complex algebraic repre-
sentations of Q¢ to the category of local systems of finite dimensional C-vector spaces over Shg (C).

Let (W, p) € Repc(Q°). Denote pWH := wi'ne o o(Q, X)(W) = Eqe.x (Q, X)(C) x O W if
W € Repp(Q°) for some subfield F' C C, pW %" descends to a local system of F-vector spaces.

Moreover, we can choose any smooth projective (complete) admissible cone decomposition of
Shx (Q, X) and there is an open embedding j : Shx (C) — Sh¥(C) := Sh%(Q, X)(C). The boundary
divisor is a normal crossings divisor. See [Pin90, Prop. 9.20].

Lemma 2.4. The monodromy action on j.pW$%* of the topological fundamental group of each
connected component along the boundary divisor is unipotent.

Proof. The proof is identical to [Har89, p.18] and [LLS13, p.34], which treated the case where (Q, X)
is a usual Shimura datum such that @) = Q°. The completion of any point at the boundary is isomor-
phic to the completion of a twisted torus embedding Ag g \Shg, (X)(C) := Ag x\Shk, (Ps, Ds, X)(C),
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where (Pg,Dg) is a rational boundary component of (@, X). Each of the connected components of
Ag,k\Shi, (X)(C) can be written as the twisted torus embedding of I'\Dg — I'\Dg with respect
to a cone decomposition 3; the map I'\Dy — I'\Dg is a torus torsor under E := A\Ug(C) for
some lattice A in a unipotent group Us(R)(—1). More precisely, the group A is (up to twisting
—1) the projection to Up(Q) of a neat congruence subgroup A of Zo(Q) x Up(Q) by [Pin90, 3.13,
4.10] (cf. Ak, in [Wu25]). Hence, the monodromy along the boundary is determined by an ac-
tion p : A = A/(Zae(Q)(Q) N A) — GL(W), which is unipotent because (Z0/Z4¢(Q))(Q) has no

nontrivial neat congruence subgroups. O

Remark 2.5. If W is a Q(C)-representation with nontrivial action of Z,.(Q)(Q), the monodromy
above is only quasi-unipotent.

By classical Riemann-Hilbert correspondence, the category Locgy,. (c) is equivalent to Vecsy, (c),
the category of finite dimensional analytic vector bundles over Shyi(C) equipped with integrable
connections. Hence, composing with this equivalence, we see that w%’?Qc’ K,(C(Q’ X) is equivalent to
a tensor functor

WiR,qe, k,c(@; X) : Repe(QF) — Vecsy (c)-

Denote (aqrW ', V') the value of W under wif oc e c(Q, &) where V" denotes the integrable
connection. There is a decreasing filtration Fil}, on W defined by the Hodge cocharacter fi, ¢ of
any = € X; these filtrations induce a decreasing filtration Fil* on pW %', and via Riemann-Hilbert
correspondence, on qgWi'c. The integrable connection V" satisfies Griffiths transversality with
respect to Fil®.

The tensor functor WaR e, K,(C(Q’ X) determines and is determined by a Qg-bundle in complex
analytic topology

£ge k.c(@, X) == QIQ\X x Q¢ x Q(Af)/K.

By [Del70, II, 5.2(d)] and [Sch73, p.235], the triple (aqrW§'c, V&, Fil*) uniquely extends to a
triple (dREE"gL, Vé"m, Fil*) on Sh%(C), where dREIE(’?Cn is an analytic vector bundle with an inte-
grable log connection V(E:’an with nilpotent residues along the boundary divisor, and the decreasing
filtration Fil® extends the one on qrW'c (and is denoted abusively by the same notation).

By [Del70], the triple (dRE?‘g, Vg"m, Fil®) algebraizes to a tuple (dRﬂ%{,@, VE, Fil*) of algebraic
vector bundle dRW%C over Sh%{,@ = Sh%(@, X)c equipped with an integrable log connection V%
with nilpotent residues along the boundary divisor and a decreasing filtration Fil®. The restriction
of (IRWET, V%, Fil*) to Shg ¢ defines an algebraization (qrW g ¢, Ve, Fil®) of (arW ', V&, Fil®).
The extension (dRE%(,@, V%, Fil*) is called the canonical extension of (4qrW ¢, V, Fil®).

By the last paragraph, wgﬁ,Qc’ K’C(Q, X)) algebraizes to a tensor functor

wdr,Qe,k,c(Q, X) : Repe(Q°) — Vecsh e,

and this tensor functor canonically extends to a tensor functor
2 .
war, Qe k(@ X) : Repe(QF) — Vecgx .

The functor war, e, x,c(Q, X) (resp. wER 0c K c(@Q, X)) determines a principal (algebraic) Q&-bundle
Eqe.k,c(Q, X) (resp. a canonical extension of principal Q&-bundle 550,1(,@ (Q,X)).

Convention 2.6. We will replace superscripts such as “X” specifying the cone decompositions with
just “can” if the underlying compactifications are clear in the context. For example, we will just
write the algebraic canonical extensions as (aRW ', V&, Fil*) when X is clear. We will also omit

the brackets (Q, X) in the symbols when it is clear in the context.
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Lemma 2.7. For a morphism between mized Shimura data f : (Q1,X1) — (Q2, X2) and neat open
compact K1 C Q1(Ay) — Ky C Q2(Ay), we have an algebraic isomorphism

Eqe r,c(Q1, X1) X Q5 = f*E0e iy c(Q2, Xa)

whose analytification is the one constructed by functoriality.

Proof. Choose compatible admissible smooth projective cone decompositions 3; and Xs. The
corresponding morphism between toroidal compactifications extending f is denoted by f**. By
the uniqueness of canonical extensions and the Tannakian formalism, Sa?’% c(Q1, &) x91 Q5 =~

ftor’*é'g)g’%; c(Q2, X2). The desired result follows from GAGA and restriction. O

2.3.2.  We now assume that (Q, X) is a Shimura datum (G, X) in the usual sense. Let us pick any
® = (Qg, X7, go) that determines a boundary component contained in Sh™(G, X)\Shx (G, X).
This defines an embedding Py — Q¢ < G of algebraic groups.
Let Ko := Po(Af) N gq>Kgqjl. Denote by Shg, := Shg,(Ps, Dg) the mixed Shimura variety
associated with ®, whose analytification is
Shiy (Po, Do) (C) := Po(Q)\Do x Po(Ay)/Ko.

Since W € Repp(G°) is lifted to Repp(Pg) by Lemma 2.3, for any W € Repp(G°) (recall that
F C C is a subfield), define

WS = Py(Q)\Do x W x Po(Af)/ Ko = Epe 1, (C) xT#© w(C).
The group Pg(Q) acts on W by viewing W as a representation p : Py — GL(W) in Repp(Pg).
Similarly, let de}%@ = ng’ Pe, K’(C(W) for 7 = an or (). We can associate a filtered integrable
connection with nilpotent residues (V& Fil®) (resp. (Vc, Fil®)) with qrW§" ¢ (vesp. (arW ,.c))
as explained before.
Let Ug be the center of the unipotent radical Wg of Pp. Then, by viewing W(C) as a Ug(C)-

representation via restriction, there is a morphism Ug (C) x W (C) — W(C) determined by p. There
is also an action of Ug(C) on Dg by conjugation. Consider the composition of maps

int(u)

u uw)~1
(z,w) € Do x W(C) 222" 0 v w) € Do x W(C) (u-z,u-w) € Dy x W(C).

This induces an isomorphism [u] : 51%2, Ka.C = int(u)*é’j‘ég’ Kq.C- 0 other words, there is a map

an an
Us(C) x qui,Kq>,(C - qui,Kq>,(C

covering the left action of Ug(C) on Shg, (C).
Write Sh, (C) = Pp(Q)+\Dj % Po(As)/Kg. For any p € Pp(Ay), the morphism Shg, (C) —

Shk, (C) is a torsor under A,\Ug(C) for A, some subgroup of the projection to Ug(Q) of /NXp =
(Ze - Us)°(Q) NpKap~ 't N Pp(Q)4 (see [Wu25, Lem. 1.14]). If u € A,, we have

1

[(uw- 2, u-w,p)] = [(z,w,u”" - p)] = [(z, w,p)]

3 an
for points on £ < K, C
In summary,

Lemma 2.8. There is a commutative diagram of complex manifolds
Ek,(C) xc 5(12,1(@,@ - 5%2,1(4),@

(2.3) l l
EKq)(C) Xc ShK(I)((C) E— Sth)(C)

induced by the action Ug(C) x El%qu)’C — ECLQK%C above.
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Lemma 2.9. The commutative diagram (2.3) algebraizes to a commutative diagram of complex
algebraic varieties

Exe,c XC €pg ke, — EPg Ko C

(2.4) l l

EK@,(C Xc Sth)’(c — Sth»C'

Proof. We only need to check the algebracity. The Eg,-torsor structure of Shg, — ﬁKq, induces
a canonical algebraic isomorphism Ef, ¢ X¢ Shr,,c = Shig,c Xgp, . Shi,,c given by (e,z) —
&>

(z,e-x). Then the bottom arrow is given by
[a¥) p
EK¢,(C XC ShK¢7(C = Sth)’(c XSTIKCI) c ShK¢7(C —2> ShK@(c,

the second morphism above is the projection to the second factor, which is algebraic by [Pin90, Prop.
9.24] and the page following it.
Similarly, Eg, (C) x Pe K C =

(Po(Q) xp,(q) Pe(@Q)\(De xp, Do) x Py X (Po(Ar) xp, ) Po(Ar))/ (Ko Xz, Ko)

given by (e, (x,¢,p)) — [((z,€- x),ec, (p,p))] for any lifting of e € Eg,(C) to € € Up(C). This is
the analytification of an algebraic isomorphism

Us,cxXcEkg,c Ex
D,

(Us,c xc Ekq,c XC EPg Ky.C) X c=

_ Us,cXcEkg,c
(SP Ko,C Sth)CgP Kp,C) X *¢ Eg, c.

Thus, the top arrow is induced by this algebraic isomorphism composed with the projection of the
last displayed expression to the second factor Epg k¢ in the bracket, which is algebraic by Lemma

2.7. U
Fix a cusp label with cones T = [(®,0)]. Define

(2.5) arWic, c(0) == p1(0)“(Prxar Wi, c)*<®).

and

(2.6) Eps ko,c(0) == P1(0)* (P14EPs Ky 0)*5).

In the definition, p; is the first projection in (2.1) over C, pi(o) is the projection Shg,(o)c —
Shg, c, and ? = an or (. The Ek,-invariance makes sense by (2.4) above.
In addition, note that inclusion Py — G induces a map Pg — G°.

Theorem 2.10 (Harris, see [Har89]). Let ¥ be an admissible projective cone decomposition of
Shi ¢ := Shi (G, X)c (which might not be smooth). Denote by Sh¥ x.c the toroidal compactification
associated with .

There is a unique extension of arW i ¢ from a locally free sheaf Shx c to a locally free sheaf
dRE?(,(C on Sh%c. The sheaf dRE%{,(C is uniquely characterized by the following property:

For any cusp label with cones T = [(®, )|, the pullback of the analytification of qRW ¢ to the
open analytic neighborhood V (Zy k) of Zy ik (C) is isomorphic to the pullback of the analytification
of arW g, c(0) to the open analytic neighborhood V(®,0) of Ag (\Shi,,o(C) such that V(Zy k) =
V(®,0) in the analytic construction of toroidal compactification (see [Pin90, Ch, 6] and §2.1 (13)).

When ¥ is smooth, it coincides with the canonical extension defined by [Del70]. In particular,
the integrable connection V¢ of arW i ¢ uniquely extends to a log connection VE" with nilpotent
residues along irreducible components of the boundary divisor.

Moreover, let X' be a refinement of . This refinement determines a proper morphism sy s, ¢ :

>/ ) ) ~ >/ o~ )
ShK,(C — ShK,(c- Then ng’gngEK@ = dREK’(C and WE/,Z,(C,*dREKVC = dRﬂK,(c-
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Proof. All proofs can be found in [Har89, Sec. 4.2-4.3|. Note that all these proofs work without the
assumptions (1.1.3) and (1.1.4) there. We can also sketch a direct proof as follows. Consider the
morphism f : (G, X) — (G, X) = (G, X)/Za(G). Choose any special pair (T,{h}) — (G, X).
By Lemma 2.1, we see that (G¢ X¢) satisfies those assumptions in loc. cit. Choose neat open
compact subgroups K C G(Ay) and K¢ C G°(Ay) such that f(K) C K¢ Also, choose any pair
of compatible admissible cone decompositions (3, ¥¢) for (G, X, K) and (G¢, X¢, K¢), respectively.
The pullback of dRE}E{cg’C under ftr : Sh%c — Sh%cc’(c satisfies the property that uniquely char-
acterizes the canonical extension in the statement. The compatibility in the second paragraph is
checked using this characterization. Finally, when 3 is smooth, since the log connections associated
with qrW g, (o) has nilpotent residues by the proof of Lemma 2.4, this construction of canonical
extensions coincides with that of [Del70)]. O

Corollary 2.11. The theorem above also gives a characterization of Eg{‘}K,(C(G,X):
The pullback of the analytification of Ege k4 c(0) = Epg Kq,c(0) xFe G¢ to V(®, 0) is isomorphic
to the pullback of the analytification of E&y ¢ to V(Zy k).

Proof. This follows from Theorem 2.10 and the Tannakian formalism. U

Note that the principal bundle Ege i c and the vector bundle deK7@ constructed above are
compatible with pulling back through the transition map 7x+ i ¢ : Shgr ¢ — Shg ¢ for any K’ C K.
Let Egec = @K Ege, k¢ be the principal Gg-bundle over She := Sh(G, X)c; there is an equivariant
G(Ay)-action on Egec and gqr W covering the right G(Af)-action on She.

We can also define qrWE™ and £’ by pulling back the corresponding objects to Sh((z: =
@K Sh%c for a fixed 3. Note that there might not be G(Af)-actions on those pullbacks in general.

2.3.3. For mixed Shimura data, the definition of canonical models of the principal bundles is
determined by the torus case and functoriality.

Let (T,Y) be a pure Shimura datum of a torus 7. There is a natural morphism (7,)) —
(T°,h(Y)€). By Lemma 2.1, we can apply Milne and Harris-Zucker’s theory of canonical models
of principal bundles to (7 h())¢). The principal T-bundle Epe ¢ over Sh(T°, Y¢)c descends to a
T¢(Ay)-equivariant principal T°-bundle Epe over Sh(T¢, V), which is called the canonical model of
Ere c; such a Epe is determined by the actions of o € Aut(C/E(T*, h())¢)) on the canonical point of
the period torsor. (See [Mil90, II1.] and [HZ01, 1.2.A].) Define the canonical model of the principal
bundle Ere(T,Y)c on Sh(T,Y)c as the pullback of Ere along Sh(T', ) — Sh(T°, h(Y)¢). We denote
it by Ere(T,Y) but we will omit the bracket if the mixed Shimura datum is clear in the context.

Proposition 2.12 ([HZ01, Prop. 1.2.4 and 1.2.8]). Let (Q,X) be a mized Shimura datum. The
principal bundle Ege c on Sh(Q, X)c admits a canonical model Ege(Q, X) on Sh(Q, X), which is
equipped with an equivariant Q(Ay)-action. The canonical model Ege(Q, X) is uniquely characterized
by the following properties:

For any embedding (T,Y) — (Q,X) with T a torus, the morphism Epec — Eqgec descends to
a (T = Q%)-equivariant and (T'(Af) — Q(Af))-equivariant morphism Epe(T,Y) — Eq(Q, X),
where E := E(T,)) is the reflex field of (T,)).

Let f: (Q1,X1) — (Q2,X2) be a morphism between mixed Shimura data. For any pair of open
compact subgroups K1 and Ko of Qi1(Ay) and Q2(Ay), respectively, such that Ky C Ks, there
is a morphism over E(Q1,X1), f : Eq:(Q1, X1)/ K1 — Eq5(Q2, X2) p(q,,x,)/ K2, descent from the
morphism over C given by the functoriality.

Proof. Set (Q°, X€) := (Q,X)/Za(Q). Again, since (Q°, X'¢) satisfies the assumptions in loc. cit.
by Lemma 2.1, we can define the canonical model of the principal Q-bundle on Sh(Q, X')c to be the
pullback to Sh(Q, X) of the canonical model Ege(Q°, X¢) of Ege(Q°, X°)c defined over Sh(Q¢, X°).
We denote this pullback by £g¢(Q, X). In fact, this pullback satisfies the condition in the proposition
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because we can verify the condition by applying [HZ01, Prop. 1.2.4] after assuming that T is Q-
maximal and reducing to the case of (7¢, Y¢) — (Q¢, X¢), thanks to Lemma 2.2 and Lemma 2.3.
The uniqueness follows from a standard argument by [Pin90, Lem. 11.6 and Lem. 11.7], reducedness
of Sh(Q, X) and separatedness of Q°. O

Define £ge i (Q, X) := Ege(Q, X)/K, and call it the canonical model of Ege k. c(Q, X).
2.3.4.  We now come back to the case where (Q,X') = (G, X) is a usual Shimura datum.

Corollary 2.13. The commutative diagram (2.4) descends to a commutative diagram of algebraic
varieties over E = E(G, X)

Erxy.B XSpec B EPg Ko — EPg Ky

(2.7) l l

EK@E XSpeCE Sth) E— Sth).

Proof. This is again based on the argument in Lemma 2.9, [Pin90, Thm. 11.18] and Proposition
2.12. Note that the reflex field of Shg, is equal to E by [Pin90, Prop. 12.1]. O

Lemma 2.14. The bundles Epg i,,c and 5p$?Kq>7(c(O'), together with the isomorphism

P1((P1,+Epg Ka,0)7K0) = Epg Ko
all descend to E(G, X).

Proof. By Proposition 2.12 and Corollary 2.13 above, the morphism in the statement exists over
E(G,X). The rest of the lemma is clear. O

Theorem 2.15 ([Har89, Thm. 4.2 (iii)|). Let (G, X) be a Shimura datum. Let ¥ be an admissible
progective cone decomposition for (G, X, K), where K is neat open compact in G(Ays). Set Sh% :=
Sh%(G, X).

For any W € Repg(G€), the canonical extension aqrW e of arW i ¢ over Sh*(G, X)c descends
to a locally free sheaf qrWE" over Shlz(. When X is smooth, the log connection VE" also descends
to a log connection V", and the residues of V" along irreducible components of the boundary
divisor are nilpotent.

The principal G°-bundle EEy  uniquely descends to a principal G°-bundle EEE"y over Sh%
extending Eqe k- o

Proof. The proof can be found in [Har89, p. 20]. O

Proposition 2.16. Let f : (G1,X1) — (G2, X2) be a morphism between Shimura data. Fiz K; C
G1(Af) and Ky C Ga(Ay) such that f(K1) C Ka. Fiz admissible projective cone decompositions
¥y and g for (G1, X1, K1) and (Ga, Xo, K3), respectively, such that 31 and 3o are compatible (see
[Wu25, Def. 1.18(3)]). Then there is a (G — G$)-equivariant morphism f : Egel, = €6, over
E(Gh1,X1) covering the morphism fx, 5, Shill(Gl,Xl) — Sh%2 (Ga, X2) given by the functoriality
between the toroidal compactifications and extending the one given by Proposition 2.12.

Proof. Let W € Rep(G$). Assume that ¥; is smooth and projective. Applying Theorem 2.15 and
Proposition 2.12, we see that the pullback f3; y, Ecagl}KQ x 2 W is uniquely characterized by Deligne’s
existence theorem and extends (Egs K, xGT GS) x% W. So J3 5,668 K, xG3 W = EGe e, xGT W

over C, and this isomorphism descend to F again by Deligne’s existence theorem.
When ¥ is not smooth, choose a smooth (projective) refinement ¥}. We then have £y, EQECZP& x G
1 )

W =E C%{?Kl x @1 by the paragraph above. We then take fz/l 5, .« on both sides of the isomorphism.

c
2
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By the projection formula, we are reduced to showing fle 20 s = (’)Shzl , and this follows from
K1

Shy!
[KKMSD73, Ch. I]. O

The following result is also recorded for later use.

Proposition 2.17. Let (G1,X1, K1,%1) be as in Proposition 2.16 above. Let g € G1(Q) and
g € Gi(Ayf). Let X9 be the cone decomposition such that ¥ is induced by X9 via the morphism

lg] : Sh?1 — Shgzélg,l as in [Pin90, 6.7(a)|. Then,

can

(1) There is a G§-equivariant morphism & K, Sé?’lg K, extending Egs Kk, — SGi 1 given

,9K197
by Proposition 2.12 and covering [g].

(2) There is a G{ — gGg ™ -equivariant morphism defined by 5“5‘{7‘[{1 — Eca{"Kl xGT gGsg™!.

Proof. The first part follows from exactly the same argument as in Proposition 2.16. The second
part is self-explanatory. ]

2.4. Induction for torsors. In this subsection, we generalize the construction in [Del79] and
[Mil&88] to deal with the principal bundles on mixed Shimura varieties. Note that our exposition
will also use the theorems on canonical models of principal bundles on mixed Shimura varieties as
known facts, while these theorems were proved by reducing to the pure Shimura data case. Hence,
recording such results is still necessary for later use.

2.4.1. Fix a base scheme O. Let I' and I be locally profinite groups. Suppose that I' acts on
a profinite set 7 continuously and transitively. Suppose that there is a continuous homomorphism
f: T — I” such that I is surjectively mapped to I',, the stabilizer in I of some element e € 7, with
a compact kernel.

Consider the inverse system { Sy }3 consisting of quasi-projective schemes Sy over O indexed by
a cofinal collection of open compact subgroups H in I'. Suppose that there is a continuous right
P-action on S :=lim, S3. See [Del79, 2.7.1].

Then, by [Del79, 2.7.2],

Lemma 2.18 ([Del79, Lem. 2.7.3]). If we fix f : T — I', TV — Aut® and e € T as above, then
there is a functor Indll:/ from the category of schemes S as above to the category of (S',¢) consisting
of O-schemes S’ = leK S with {Sh Yk an inverse system of quasi-projective O-schemes indexed
by open compact subgroups of I, and continuous morphisms c : S’ — T equipped with continuous
equivariant I'-actions. The functor is defined as

S IndF S := (S x I')/T,

called an induction functor.
Moreover, when the kernel of f : T — T, < T is trivial, this is an equivalence of categories.

Proof. The functor in the first paragraph makes sense because the kernel of f is compact, and
therefore, for each open compact K C I, [S x (IY/K)]/T is a finite disjoint union of a finite
quotient of Sy for sufficiently small H (see [Wu25, 4.1.2] for a computation). Moreover, if f is
injective, the inverse is given by S" — S, := S’ x .z e. O

2.4.2. Let G and G’ be linear algebraic groups over O with a homomorphism g : G — G’. Fix
f:T =TI, TV — Autw and e € 7 as above.

We fix an extension I'C of I by G, that is, an extension 1 - G — I' — T' — 1 viewed as
group functors over ©. Assume further that there is an extension IS of I by G’ that fits into the
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following commutative diagram

1 G r¢é .7 1
lg Lg“ lf
1 el N RCALEEN, o y 1.

For any subgroup H C T" (resp. H' C I"), denote by F% (resp. I'%,) the pullback of TG (resp. I'¢")
along H — T (resp. H — T").
Consider the category of G-torsors & — S with continuous equivariant (I'¢ — I')-actions:
The objects consist of inverse systems in the form of {3 — Sy} such that {Sy }x is equipped
with a continuous right I'-action. Furthermore, we require that
(1) Each &y is a G-torsor over Sy;, and the morphism &y — Sy is (I'¢ g, I')-equivariant.
(2) The restriction to G of the action of F% on &y induces the G-action on &y given by the
torsor structure.
(3) For any normal open compact subgroup H' C H, there is an isomorphism between G-torsors
Ew /(TS /TS,) = &y compatible with the isomorphism Sy /(H/H') = Sy and determines
the transition map &y — & in the inverse system.

Write & := I&HH &3 . Define an induction functor
Indhg € := & x T )TC.

Lemma 2.19. If ker(I'¢ x¢ G’ — FG/) acts on 1&17{ Ey — @’H Sy freely and equivariantly, then
the quotient & x T'C /TS exists as a G'-torsor £ over S = Indll:/S with continuous equivariant
(TS — TV)-action.

If we further assume that f is injective and G = G’, the functor IndIEg s an equivalence from
the category of G-torsors & — S with continuous equivariant (TG — T')-actions to the category of
(&' = §',¢) consisting of G-torsors & — S with continuous equivariant (IS¢ — T)-actions, and
morphisms ¢ : S' — T equipped with continuous equivariant I -actions.

Proof. Let H” be an open compact subgroup of I’. Then & xI¢ Te/r$,) = € x %16 ¢
G/)X<chf0’>(;G’ JTS,) 22 (EXCG)xTIXCE)N (PG TG, Asin [Wu25, 4.1.2], let J := f(D)\I"/H" =
Gg(T\IY /T, and choose a complete collection of representatives j € I of this finite double coset.
GGy ’ ’ ~
We have (€ x& G) x> (P& )1¢,) =
[T = &)/ ker(TC xC &' — 1% /1%, ).
jed
The kernel in the last expression is isomorphic to
ker(I' — IV/§H"571).
Let Ho be any open compact subgroup of I' contained in K := ker(I' — I'"/jH"j~!) as a (finite
index) normal subgroup. The quotient of &, x“ G’ by the finite group (I'§ x¢ &) /(T x¢ &)
with free action exists as a G’-torsor.

The second paragraph follows again from the construction of the inverse functor as (&' — S’,¢) —
(&l =& x,ze—S)). O

2.4.3. Let (G,X) be a Shimura datum. Choose a cusp label representative ®. Let Y3 be a
connected normal subgroup of Q¢ such that Py C Yo C ZPp := (Zg - Pp)°. Then Y§ — G°. Let
Go be either Yg or G¢. Then Gy is stable under the conjugation action of Ygd (O)
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Define (cf. [Mil88, p. 106] and [Wu25, 4.1.4])
Yo(Af)

Go o7 (Yg) := (Go X 77 (o)
®.ac

) *vp (@), Yot (Q)F,

and

Y3 (Q) a
Z%ic(d;) *yp(Q), Yal(Q)F

where Ygd =Ys/(ZcNYsp) and Z}iac = (Zg N Y3)ae. The middle factors Yo (Q)4+ multiply to the
left factors on the right.
Note that for a multiplicative group Z over Q, Z,.(Q)~Z(Q) = Z(Q)~. Then there is an extension

1— Gy — %o (Vo) = o (Ys) = 1
for ©0.7(Yy), and an extension
1= Gy — “0w°(Yp) = °(Ya) — 1

“0°(Q) = (Go x

for G0.o7°(Ys).

We only treat the case where Go = Yg because the other follows immediately by a contraction
product xY¢G¢. Then Yo.o7(Ys) acts on Shy, (C) := @K}QCY@ Y3(Q)\Ys(Q)Dg x
YE(C) x Yo(Ay)/KY by a right action

[(8.9.77 ] (2, b)) = [(yar ™ vhgy ™ yygr ™),
where g, h € Y£(C), g,y € Yo(Ay), 77! € Y24(Q)* and = € Y$(Q)Dg. Note that Y24(Q)* acts on
Y3 by a left conjugation, but we write it as a right action by writing ~~ ! instead of ~.
This action algebraizes and descends to an action of Yé.o7(Ye) on &y, = lim KY Ey,, kY since, by

(Ay) neat open compact

Proposition 2.12, the formation of canonical models of principal bundles satisfies functoriality, and
is Yo(Ay)- and Yg-equivariant.
One can check again on complex points that the stabilizer of Y#.e7(Y3) on a connected component

8;/;7@ =&y, 5 Xshy, 5 Sh;},@ is Yo.07°(Yp). By Lemma 2.19, we have an Y¢.o7(Ys)-equivariant
isomorphism

~ ot YE YE o
(2.8) Eypin =&y, g % (2 (Ya)) /(T2 °(Ya)).

We care mainly about the following situation.

Let 7 : (Go, Xo) — (G, X) be a morphism between Shimura data. Suppose that ker(7 : Gy — G)
is contained in the center of G, so 7 : GI* — G is an isogeny.

Let @y be a cusp label representative of CLR (G, Xo) which maps to ® € CLR(G, X). There is
a morphism between mixed Shimura data 7 : (Ps,, Do,) = (Yo, Ys(Q)Dg). By Proposition 2.12,
there is a (Po,(Af) — Yo (Ay))- and (Pg, — Yg)-equivariant morphism between principal bundles

gP‘I’o — qu) .

By checking on C-points, this morphism is in fact equivariant under oo op (Py,) — Yo/ (V).

Fix a connected component 5; ] cé& Ps. 0" It can be checked again on complex points that
G 0’

+ ot + _
£ Pog @ maps surjectively to a connected component qu,,@ C SY%Q. Define

€y = Epy 5 % (8 (V) (Ph007°(Pay)).

Then the map £ Ps.0 5Y¢ 0 factors through a Y# .27 (Yg)-equivariant morphism between Yg-torsors
0 b K

over Shy. 5 between 5;,%@ and €y 5. So we have a Yé of (Yo )-equivariant isomorphism

! ~ _
&y, 0= v
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Since the Y#.o7 (Y3 )-action on Ey,, the Pa, </ (Pg,)-action on 5]3(1)0 and the morphism EP% — &y,
are defined over E(Pg,, Dg,), we see that
Lemma 2.20. The morphism Ep,, — Ev,, over E(Pa,, Da,) is (P‘go o (Py,) — Yoo/ (Yg))-equivariant.

It factors through a quotient (Ep,, x P Yg)/ ker((F*0./ (Py,)) x P Y§ — Yoo/ (Ys)), which embeds
into Eyy.

Proof. The first sentence follows from the paragraphs above. It suffices to check the second sentence

over Q.
Since . .
Epuy@ = Efy g X (10 (Pag))/ (0 (Pay))
and

Evon = & g x (her () (Tor® (o))

the morphism Ep, — Ey, Is written as
x (et (Vo)) /(0. (Pay)).

+ —
Pgy,Q

PC PC o
&1, g% (st (P, )/ (o™ (Pa)) > €
The last expression factors through
PC PC PC o ~ PC
(&5, o) % (Fost (Pay) x "0 Y5) /(P00 (Poy)) = £y, x50 Y.
Then the kernel of the natural morphism from the last expression above to

&) 5% (et (¥a))/ ("o et (Pay))
is ker((F20.o7 (Pg,)) x %0 Y& — Yoo (Vg)). O

3. CANONICAL EXTENSIONS ON TOROIDAL COMPACTIFICATIONS OF INTEGRAL CANONICAL
MODELS

3.1. Integral models of toroidal compactifications. Let us review the conventions in [Wu25,
Sec. 4.2| in the hyperspecial case.

Fix a prime number p > 0. Let (G2, X2) be an abelian-type Shimura datum. From now on, we
assume that Ga g, is (quasi-split and) unramified. We fix a smooth reductive model GQ’Z(p) over
Z(p) such that Gaz,, (Zp) = Ka, is a hyperspecial subgroup of G2(Q,). We make the following
choices:

e By [Kisl0, Lem. 3.4.13|, there is a Hodge-type Shimura datum (Gp, X) such that there is a
central isogeny G3® — G4 and an isomorphism between adjoint Shimura data (G394, X34) =
(G54, X39), and such that Gg g, is unramified.

e We choose intermediate Shimura data (G, X,) and (G, X3). We first choose G such that
Gder = Gger and there is an embedding 7 : Gy — G and a map ©* : Gy — G with
a finite kernel contained in ZGSer. The center of G can be chosen to be quasi-split and
unramified at p. Hence, G, is also unramified. Let (G, X,) (resp. (G, X3)) be the Shimura
datum determined by (G2, X5) and 7% : G2 — G (resp. (Go, Xo) and 7° : Gy — G). The
choice of G makes G(R)-homogeneous spaces X, and X; homeomorphic to X34 = Xad. See
[Wu25, §1.4.4].

e We choose reductive models according to the last two items (see [Wu25, §4.2 (HS)|). Let
Ig Gy, K = Stabg(q) (Xo0)m*(Go(Af))\G(A)/K. For the case we are considering, we can
choose a complete collection of representatives of Ig/q, x in G(AI}). For a € Ig/qy.K,
denote by g, € G (A?) a representative of a. We can choose a smooth reductive model Gz,
of G over Z;, such that there is an embedding G2z, < Gz,. Let K}, := Gz, (Zy). We choose
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a smooth reductive model Gy z, := G§ z, of Go, which is independent of «, such that there
is a finite map Go,z, — Gz, with kernel in the center of Ggf’zrp and Kop = Goz,(Zp).

Set Ey := E(Go, Xo), Ey := E(G2,X3) and E’ := Ej - F5. We can and will choose (G, X() such
that the resulting £’ is unramified over Fy at places over p.

Fix a place va|p of s that lifts to a place v'|vy of E’. Let v|p be a place of Ey such that v'|v.
Define O := Opr () = O ®0g, Oy, v) and Oz := OF, (,,). Most of the constructions are done
over O or E’ unless otherwise noted. Let O := Op/»p ®op, OFy,(v), Where E'’P is the union of all

finite field extensions of E’ that are unramified at places of E’ over p.
We outline some key steps in the construction of toroidal compactifications of integral canonical
models of abelian-type Shimura varieties. See [Wu25, Sec. 1.4, Sec. 4.2-4.3] for details.

(1) Choosing cone decompositions and levels. Let 32 be an admissible cone decomposition of
(G2, X2, Ky := Ky ,Kb). There are neat open compact subgroups K5 C GQ(A’}), KP C
G(A?), and K37 C Go(Afc) such that K} C K? via 7% and K§ maps to “K := 9K via 7.
Note that we use “K to denote left conjugation g, K g, * for simplicity. Write K, = K7, K%,
where ? = §, 0 or 5. There are also admissible cone decompositions X5, ¥, and 3§ for
(G2, X9, K3), both (G, X,, K) and (G, X3, K), and (G, Xo, K§'), respectively. We can and
will require that they are all projective, that ¥ and ¥ are smooth, that X§ is induced by
¥, and that 3, is induced by X. (In fact, the smoothness assumption can be dropped in the
construction of this paper.)

From this point to the end of this paper, we write X} as Xy for simplicity.

One can choose a Hodge embedding between Shimura data ¢ : (Go, Xo, Kop) — (G}, X1, Kg),
where (Gi,Xi,Kg) is a Siegel Shimura datum (GSp(V,), X*) with Kg (resp. Kop) the
stabilizer in G¥(Qp) (resp. Go(Qp)) of a self-dual Zy-lattice Vz, C Vg,. By [Kis10, Lem.
2.3.1 and Lem. 1.3.2] and the remark in [KMP16, Lem. 4.7] and by Zarhin’s trick, we can
choose a self-dual Z-lattice Vz C V such that there is a reductive Z(p)—model GO’Z(p) with a

closed embedding Goz,, — GL(VZ(p)) and such that Goz, is the pointwise stabilizer of a

collection of tensors {s)}rea C (Vz ® Z(p))®, where A is a finite index set.
From G()’Z(p), we extend Gz, and Gaz, to reductive Z(p)—models GZ(p) and GZZ(p) such

that Goz, — Gz, extends to Go,z<p) — Gz<p) with finite kernel in the center of Gg%(m, and
such that the closed embedding Go 7, < Gz, also extends to vaz(m — GZ(p>-
Choose neat open compact subgroups K+®? ¢ G* (AZ}) compatible with K", and denote
Khe .= KJ Ko,
(2) Constructing the quotients. We construct the integral model Sy of the toroidal compactifica-
tion Sh% (G, X3) first. The compactification Sy is constructed as HaEIG/GO,K Sﬁ% /Aai (G, G),
where Aag (G, G) = ker(o/(Gp) — /(G)/*K). One can also construct the stratification

on Sz. For any ZP-cusp with cone [ZP°(®,0)] as in [Wu25, Def. 1.28], one constructs the
corresponding integral model of mixed Shimura variety S Ry 35 8 disjoint union

1T 11 T Sks/Asson(Po, ZPs),
a€le/Go,x (9§ )ar~g® [0§]€l0] 2P
where Agag,, - (Po, ZPo) = ker(/ (Py) — o/ (ZPs)/Z Py (Ay) N9%92K). See Proposition 3.18
for detailed meanings of symbols.
(3) Descent and pullback. Fixing K¥, one can make finer choices in step (1) so that 7% :

Sh%2 — Shx (G, X,) is an open and closed embedding over Spec E’. From step (2), one can
construct S (G, X,) over O by descending from Sy .- by a descent datum whose generic
fiber is that of Shi (G, Xy)grer from E"* to E'. We construct SIE(i o as the normalization
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in Sh%2 of S¥(G, X,). In particular, Sk (G, Xy)ouw = Sk (G, Xp)ouw and S3(G, X,)our
SI%(G, Xp)our. Finally, we could show that the towers of integral models of mixed Shimura
varieties in the boundary components of S]Eé o satisfy the extension property. So the descent
datum of Sh%2 g associated with the faithfully flat base change E’/FE; extends to that of

S%vOE’,(v’) associated with the faithfully flat base change Ogr (,v)/Opy (vs)-

Write IG/GO = IG/GO,K7 A% = AaK(Go,G) and Ag(Ol =A (Po,G)

gggaK

3.2. Canonical extensions on Hodge-type compactifications. In this subsection, we mainly
review the works of Lovering [Lov17] and Madapusi [MP19] on the definition and existence of
integral models of standard principal bundles and their (sub-)canonical extensions. An ingredient
added to the theory here is that we prove an integral (and algebraic) version of Theorem 2.10.

3.2.1. Let V* be the first de Rham homology of the pullback of the universal abelian scheme over
Skt to Skg. The scheme Skt.o denotes the Siegel moduli scheme defined by (Vz, 1|y, Kg, Kheop)
as in, e.g., [Wu25, §2.1]. The tensors s canonically induce Betti tensors s§ ; on Betti local systems,
which in turn canonically induce parallel tensors si"gg € V% qn «a(C) by classical Riemann-Hilbert,
’ 0
and algebraize to tensors s§ 4 ¢ In V®‘thg,c by [Del70]. Moreover, s%.ar,c descend to tensors s 4
3 ® e s a el : o,&
inVy \Sth by [Kis10, Cor. 2.2.2]. By [Kis10, Cor. 2.3.9], s{ jg extend to tensors s jg in V4.
Define a sheaf on (Skg) rpps

(31) éC)GO’Z(p)’KOa = ]:Sﬂ{s/\®1’_>g?\¢YdR}(VZ(p) ®Z(p) OSKS‘ s Va)

Theorem 3.1 ([Lov17, Prop. 4.5.6] and [MP19, 4.3.1 and Prop. 4.3.7]). For each «, the following
statements are true:
(1) The fppf sheaf &g, 7y K is a Go g, -torsor (in the étale topology). It determines and is
(p
determined by a tensor functor

ery . K§ ot Rep(GO’Z(p)) — VeCSKg

()

from the category of Gojz(p)—representations to the category of vector bundles on Skg with

integrable connections. The torsor &g, 2y 8 1s the integral canonical model of the torsor
(P

Eao, kg (Go, Xo) as in §2.3.5 in the sense of [Lov17, §4.4.5]. (We will recall the definition of
integral canonical models of principal bundles later in §3.2.3)

(2) V* canonically extends to a vector bundle V4" with log integrable connection on 82‘2:. For

each cusp label representative with cone (®f,0(), there is a vector bundle with integrable
connection V@g on Sk 4. associated with the 1-motive Q@g on it constructed by its covariant
0

de Rham realization. Moreover, Vg admits an extension Vog (o) to SKq)% (08), which is

the vector bundle with integrable log connection associated with the log 1-motive extending

Qoo The vector bundle Vog with weight filtration and integrable log connection extends the

vector bundle aqrV g, c(of) together with its weight filtration and integrable log connection.
@

Over
28 A ~ o AN
(’SI((‘)l )Z[(q%ygg)]’ng - (SK<1>84 (UO ))SK<1>8‘ o8’

the two vector bundles with additional structures, V*" and Vo (0f), coincide. This com-
patibility is compatible with the analytic one in Theorem 2.10.
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~ Eﬂt
« <o,can a,can,® 0
(3) The tensors SN.dR extend to Sy, dR ey on S o The torsor @“’GO’Z@) Kg extends to a

Go,z,,, -torsor Scan Ko over S5 defined by
()’ 0 0

can . o ,can
éDGO 20 )7Ka = Isom{sk®l,_>§<§ (ciéxl}(VZ(p) ®Z(p) @) 2 , Vo )

0

. G .
(4) For any representation Wz, € Rep(Gorz,,, ), aRWke 7 = EGog, Ky X 0-%(p) Wz, is a
locally free sheaf with an integrable connection VZ(p)' This locally free sheaf extends to a

s DI Go,z oy .
locally free sheaf dREKQ Ly = é"GO 20y S x e Wy, over S K& with extended integrable
Ot /

log connection. Pulling back the sheaf to SK% for any smooth refinement ZO‘/ of ¥, the log
connection has nilpotent residues along the boundary

Again, we will omit the cone decompositions and just write “can/tor” for the superscripts in the
symbols of those extensions, if the underlying toroidal compactifications are clear.

Proof. All statements, except for the last item, can be directly found in the references mentioned
above. We note that the extension of vector bundle described in [\IPI() 2.1.21] coincides with that

2.5). For the last item, note that the assertions hold over Sh L US K of codimension > 2; see
K¢

the summary in §2.3.1. Now, all but the nilpotence of residues follow from §2.3.1 and the first three
items. For the nilpotence of residues, since the irreducible components of the boundary divisor are

all flat over O, (4,), it suffices to check over Shiia, and this follows from §2.3.1 again. U

On each Sth)a = Sth)a (Rpa Dcpa) denote by Qog 1= Qqﬂ’Sth (Pag,Dag) the pullback of Qag
in the theorem above to Sh Kaog - To be compatible with the notation in the last section, the pullback
of Vog (resp. Voo (o)) to Sth)a (resp. Sth)a (0g)) is denoted by dRKchg (resp. dRKK%" (8))-

The same argument as at the beglnnlng of §3 2.1 works for Sh, o More precisely, by [MP19, Sec.
3.1], the tensors sy induce tensors s) B in BV ® , tensors 3/\ ®9,dR in dRVK 8O’ and tensors
$),88 dR,C in dRKKpg - Tensors $\,®¢ dR,C also desczznd to tensors s og dr in dRK Kog by [MP19,
Prop. 3.1.2|.

By [MP19, Prop. 3.1.6], the two tensors sidR and sy ¢g dr coincide on the open dense strata

g o :
Uof (Shh)z. o wi o = (Shiy. (08))8, ., under the canonical isomorphism between qrV x|
0 [(q)o i) )]’KO 0 Kq:.g EEl)

and dRKKq)g lu.

3.2.2. Tensors and principal bundles at the boundary.

Lemma 3.2. There is a natural Eg g, -action on Veg extending the one in Corollary 2.15 taking
0
the value at V.

Proof. Suppose that ®f maps to a cusp label representative ®t ¢ CLR(G* X1). The scheme
SK@ — SK«pi is an EKq)I—torsor and there is an (EK%Y — EKq)i)—equivariant map SK@g — 8Kq>i
The 1-motive Q@g is pulled back from the universal family Qg; on S Ky

There is an action of Ex_, on the (covariant) de Rham realization Hqr(Qg:) of Qg:. Let us
explain this. Fix any Z,-algebra R and write S := Spec R. Let x1,z2 € SKq)i (S) mapping to the
same point T € SK@i (S). Then e 1 = x9 for some e € EKq):c (S). Fori=1,2, let Q; be the pullback
of Qg via x;. Since 1 and x3 map to the same point Z, by the moduli interpretation of SK¢17 we

have canonical identifications Qth = QEQQ and g“QY = th\z/ (see [Wu25, §2.2.1] for conventions). Then,
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from the very construction of Hyr (Qg:), we obtain a canonical identification Hyg(Q1) = Hgr(Q2).
Indeed, Hyr (Q;) is the Lie algebra of the pushout

0—— Liegéi —— B(Gh) —— G5 —— 0,

(3.2) l
Lie”
G5,

which depends only on QHQ and g”’v See |Ber09, §2.2] or [BVS98, §1.4]. Here, E(—) denotes
universal vector extensions. Therefore there is an E Kag™ -action on the pullback.

Let us now check its compatibility with Corollary 2 13. It suffices to check when S = SpecC.
Suppose that e lifts to u € Ugi(C). The action of u on BVcy s explained above Lemma 2.8, is
e

given by the following diagram
(o2
Ve — BV o

(3.3) j |

Qzy
VC ) BEKq)i ’IQ

Here, we fix an identification of vector spaces oy, : Vo — Vi . |y, which gives rise to the mixed

Hodge structure at 1. The right vertical arrow is a canonical identification following from the same
reason as the last paragraph that the Betti realization depends only on Z. See [Del74, Lem. 10.1.3.2

(¢)]. The compatibility follows from the Betti-de Rham comparison [Del74, 10.1.8]. O
Lemma 3.3. We have isomorphisms
E [e3
(3.4) Vag = pi(p1-Vag) 8
and
a\ ~v Q) k EK@“
(3.5) Voa(og) = p1(0g) (P1xVag) 0.

Proof. In fact, V@g descends to a vector bundle V@g on qu)a: Indeed, this statement follows from

the fpqc descent of quasi-coherent modules and [Sta24, Lem. 05B2]. The descent datum is given
by Lemma 3.2.

Egk
¢8 p—

Now p’l‘v%x = OSK@& ®0< ch(c)x = Vgg. By projection formula, one has (pL*V@g)
0

Kga
5

Exga > - . .
(p*Oqu)a) i ®og Voo = Vog. We then deduce (3.4). If we know this, the second assertion
0 Kpo
is true because the two sides of (3.5) are isomorphic over a locus of codimension > 2.

O

Lemma 3.4. (1) The tensors Sxeg.dr extend uniquely to tensors g)\@g,dR m Vgg‘ and tensors
Sxag.dr(06) in Vag (0§)%.
(2) The tensors Sx,@5.dr and EA,¢37dR(03) are Ef . -invariant.
0
Proof. The plan of the proof is the following: We assume that off is a smooth cone first. We then

show both of the assertions under this assumption. Finally, we drop this assumption.
The uniqueness is clear, and it is enough to construct tensors g)\@g’dR(O’S‘).

By Lemma 3.3, Vaa (o) is the pullback to SKq)a (o) of a vector bundle V@a on qu)a Let {U, }w
be a Zariski cover of SKCDQ such that Ve is trivial over U,. Denote by {V,, := U, XS, SKW (0§)}a
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Zariski cover of S Ko (04). Let {D;};_; be the irreducible components of the boundary of S Ko (0d).

Write V,, := Spec R,,. Write the ideal sheaf of the pullback of D; to V,, by I; = (s;). Let R; :=

(R [3]71] i#i)7, - The following diagram commutes:

Shicp «—— W2, 1= Spec (Ru[p!, 57 007, [s7'

(2

| |

] —— W3 =Spec Rulp~". 57 Jjoy — Shug,,

PPN o
Shi Shic, (08)
5g _ o
Splh Wiy, = Spec (Ru[s; 400} Skug (08).

By [MP19, Prop. 3.1.6], the pullback of the tensors s) ea ar to W3 and to Wy, is identical to
the pullback of s\ar to Wi, By the left-half of the diagram above and by Theorem 3.1(3), the
pullback of s§ 4 to W7, is identical to the pullback of E‘;\‘ﬁ%{n to W7,

We now have a tensor S’iﬁ?{l in V®\WW and a tensor s \,89,dR in V®]W£ for each A such that
they coincide on W7, Since (R, [5;1])2 N Ru[p~t, 5]71};:1 = R, [s;l]#i, we have a tensor s, ;
in V®(R[s;1]#i) for each i. Moreover, since the tensor s) . ; extends sy ga ar on Wg, there is a
tensor Sy, in VO(NI_, R;) = V¥(R,,) extending Sy, ;. Finally, the tensors 5\, on varying V,, glue
to a tensor §>\7¢87dR(08) in V@g(ag‘)@) since they all extend the tensor sy g2 ar. Now we have (1)
under the assumption.

To check (2), it suffices to check the generic fiber Shg,,, and pass to C-points. Under the
0
Betti-de Rham comparison, it suffices to check that S\,88,B is Exga (C)-invariant, and this is the
0

consequence of the construction in §2.3.2, the fact that sy is Up(C)-invariant and the action of
u € Ug(C) explained in (3.3). The part (2) follows.

We now consider the case in general. We choose a smooth projective refinement 28"1 of ¥§ and
choose any 7§ in the refined cone decomposition that is contained in |of|. The argument above

gives us Ex . -invariant tensors §>\,(pg7dR in V®8' Then these tensors descend to V%. We then pull
them back to Sk, (0() to get desired tensors with desired properties. O
0

Definition 3.5. Define fppf sheaves
(3.6) gGo,Z(pchpg = Isﬂ{%@l'—@x,@g,m}(vz(p) Bz, OSKq)Sz Vag);
and

(B7) e,

Let us summarize our main results in the Hodge-type case.

Koo (05) = ISﬂ{SA(@ng)\,@g,dR(ag)}(VZ(P) ®zy) OSK<1>8¢ Crok Vag (05))-

Proposition 3.6. The following statements are true:
(1) The sheaves é?GM@) Kaug and 5’@0’2(?)7;(@8 (o) are (étale) Go g, -torsors.
(2) There are natural Bk, -actions on both &g, 2y Kog and &g, %) Kng (0f) extending the one
0 (p 0 (p 0
in Corollary 2.13.
(8) We have isomorphisms

~ Egx ot
(3.8) EGozy Ky = PLPLACGY s Fag)

and

~ EK [e%
(3.9) gGO,Z(p) Kog (0g) = pl(ag)*(pl,*gGo,Z(p) ,Kég) K
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(4) Owver
28 A ~ o AN
(SKg)Z[(¢8’°8)17K3 - (SK<1>8 (UO ))SK<I>8‘1‘73 )

the torsors 653" Kg and é"GO,Z(p) Kag (of) coincide.

“(p)’
Proof. By Theorem 3.1 (2) and (3), and by the proof of Lemma 3.4, we obtain Part (4). Since
Go,z,, is smooth and &g, 2 Kog (0§) fpqc locally admits a section and is a torsor by Part (4), we
p 0
know that &g, 7y g (of) and its restriction &g, 2y g are representable and are étale torsors.
p 0 e 0
Parts (2) and (3) are derived directly from Lemma 3.3 and Lemma 3.4. O

Remark 3.7. In [Lanl6, Prop. 5.6], Lan showed that the principal bundles under M, (whose
definition will be given in §3.4) satisfy a property similar to Proposition 3.6 in the PEL-type case.

3.2.3. Integral canonical models of principal bundles in the sense of Lovering. This appendix sup-
plements §3.2. In what follows, we recall Lovering’s main theorem of integral canonical models of
principal bundles. We will only briefly recall the definition since it is not heavily used here.

Definition 3.8 (Lovering; see [Lov17, §4.4|). Let (G, X) be a Shimura datum of abelian type. Let
R = Op ) be the localization at a place v|p of E := E(G,X). Let Gz, be a connected reductive
model of G such that Gz, (Zy) = Kp. Let {Sk kv with K = K,KP? be the inverse system of smooth
integral models over R defined in [Kis10] and [KMP16] when p = 2.

Let G%(p) be the cuspidal quotient of GZ<p). Let {&x}rr be an inverse limit of G%(p)-bundles
on {Sk}kr compatible with G(A?)—action, We say that {&x } kv is an integral canonical model of
Ex, = {€qe,xk (G, x)} kv if the generic fiber is Ex, and if, for any closed point x € Sk (k) in the
special fiber and a lifting © € Shxg = Sk[1/p|(L) of x for L = FracW (k), the following two tensor
functors coincide:

e For any G%(p) -representation V, one assigns an Op-lattice by specializing &k xGZ(p) V to the
Op-point of Sk determined by (T, x).

e Forany G%(p) -representation V', one assigns an O -lattice by specializing to Or, the &-module
associated with the (crystalline) Galois representation at T obtained from the IMM-functor in
[Kis10, §1.2].

Note that the two lattices above are compared under a canonical de Rham structure of Ex (cf.
[Lov17, 4.4.4]). One can use [DLLZ23, Thm. 5.3.1| to get such canonical de Rham structures for
general Shimura varieties.

Theorem 3.9 ([Lov17]|). Let (G2, X2) be an abelian-type Shimura datum. Assume that G is quasi-
split and unramified at p. With the conventions above, set Ko, = GQ’Z(p) (Zp) and Ky = szng.
Then:

(1) The principal bundle Egg 1, over Shi, admits an integral canonical model 8gg , i, over the
(p)

integral canonical model Sy, of Shi,. Moreover, the integrable connection on Egg Kk, extends
to &g, K,- The construction is compatible with prime-to-p Hecke action of GQ(A?).
(P

(2) Let f : (G1,X1) = (Ga2,X2) be a morphism from another abelian-type Shimura datum
(G1,X1) to (Ga, X2), such that G is also quasi-split and unramified at p. Choose a smooth
reductive model Gl’z(p) of G such that the image of K1 5 := Gl,Z(p) (Zp) under f is contained

GC
m K27p and Kf C Kg Then f*@("GgZ Koy = & K, X LZ(p) Gg Ziy The pullback of the
(p) AP

G¢ ,

LZ(p) o

connection for égs i, under [ also coincides with the connection for ége Kk, X L2 (p)
“(p) “(p)

GS., .
2,2 (p)
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Proof. The first statement is the main theorem [Lov17, Thm. 4.7.1], and the extension of integrable
connections is checked in Section 4.7 of loc. cit. Note that the assumption in [Lov17| that Z¢ splits
over a CM field extension is not necessary, because one can define the integral canonical model of
the principal bundle on an integral model Sk (G, X) as the pullback of that on Sg<(G¢, X¢) and G°¢
satisfies the assumption by Lemma 2.1.

The isomorphism in the second statement follows from [Lov17, Prop. 4.4.8], and it is checked in
[Lov17, 4.4.4 and Prop. 4.7.4] that the source and the target of f : (G1,X1) — (G2, X2) both have
all the crystalline points and compatible de Rham structures. The compatibility of connections can
be checked over generic fiber over complex points. [l

3.3. Canonical extensions on abelian-type compactifications.

3.3.1. Statement of main theorem. Our aim is to show:

Theorem 3.10. There is a principal Gg’Z(p)—bundle G g, 0N SI% which extends the canonical

22 (p)
ertension Scagn K, O Sh%2 (cf. Theorem 2.15), and the integral canonical model of standard

principal bundle (5’G5 , Ky ON Sk, -
(p)

The exact tensor functor corresponding to &5a™
GQ’Z(P)
can

. C
RCERE Rep(Gaz,)) — Vecszs

7K27

is from the category of G§ Z(p)—representatz’ons over Zy to the category of vector bundles on SI%
with integrable log conmections.

The theorem will be proved in this subsection.

3.3.2. Recall that we have SK(G, Xa)ou'r = SK(G,Xb)Our and S%(G,X,ﬁour = S[Z(J(G, Xb)Our.
Set SK}(QuT = SK(G,Xb)(’)uT and SI%,O“T = SI%(G’ Xb)Our.

s DI . DI )
Recall that Sz = Haela/co SK%/A“ is a scheme over O. We denote the map from S % to S

by mq : SIE((EQ — Sy
Define Age := ker(%0/ (Go) x % G° — &/ (G) /%2 K).
Lemma 3.11. The group Ag. is profinite, and its projection to A® is an isomorphism.

Proof. There is a commutative diagram

1 y G° Gog/ (Go) xG0 G¢ ——— o/ (Gy) ——— 1
1 y G¢ y O (Q) )99 K —— o(G))9K —— 1
where the horizontal arrows are exact. Then this follows from diagram chasing and [Wu25, Lem.
4.15]. O
Construction 3.12. We construct a natural action of Ag. on E&pa = &  Ka xGo Ge. Let
g 0,8¢

(g,9,7"") € A%.. Then, by construction, there is an element ¢ € G(Q)y such that (¢,¢,1) ~
(1,1,771) in “.o7(G) and such that (g, g,7~') ~ (gt,gt,1) € (1,9 KZ(Q)~/Z(Q)~,1) in 7/ (G).
This implies that gt = 1 and gt € 92K Z(Q)~/Z(Q)~.
By Proposition 2.16 and Proposition 2.17, we have an action
—1

can ‘8, ccan G¢ _—1mc, ‘9. ecan G° —1 e Y
8 C,K(C)x —>8GC7K(C)X X g Gg—> Gc,gflKgch (g Gg)—>

can G°© c.—1 yGey~1 —1ve,—1\ __ ccan G ~c __ ecan
Geryg~1Kggy—1 X YGyT X (g™ Ggy )_gGC,Kg‘X G =¢, c Kg
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The last line is computed using the first paragraph.
For an element (g, g,7~!) ~ (1,1,1) in ¥“.o7(Gy), we check over elements (z, g9, go) € Go(Q)\ X x
G(C) x Go(Ay)/K§ = Ege kg (C): The action

. c c . c _ c AL
Eae kg (C) =5 Eerg(C) x g 1Gg % Egeg-1Kgg x% (g7'Gg)(C) X—

Epe X yGey T X9 (g7 Gy T)(C) = Ege kg XY G(C) = Ege kg (C)

is computed as

9TLKS gy

. ) A1
(x, 80, 90) & (%, 808, 90) 2 (x, 208, 909) oy

(vzy~ ', vgogy ', 9097 ") = (Y2, 780, 790) = (2, 80, 9o)-

The last line is due to the facts that v is an element in Go(Q)+ and is equal to g, and that the image
of v in G¢(Q) is equal to g. These facts are obtained from the equivalence (g, g,7~ ') ~ (1,1,1). So
the map is an identity map. It is also an identity map on SC%?KSX by density. We then have obtained
a well-defined action of A¢. on ng*cr"Kg. O

ey . . Goz .
[e% can [ can i ( ) C
Proposition 3.13. There is an action of A¢. on Gs, KE (g}Go,Z(p) K X P GZ@) extending

the action on Ege kg = Gy Kg xGo G described in Construction 3.12. In particular, the action of
A%. factors through a finite group A&./K§ since it is so on SG%(p) K-

. Ta .
Proof. 1t suffices to construct the actions on &ge Kg over S kg, and on SC%an on Sh% that coincide
b Pl 0

on Ege kg By [Kisl0, Lem. 2.2.6], we can adjust an element in Go(Q)+ to (g,9,771) so that the

p-component gy of g is in K§, = Goz,,, (Zp). Write g = gpgP, where gP € GO(AZ}). Then there is an

action of ¢gP on @K‘”’ éGe kg by Theorem 3.9 (1), and the right action of g, € K¢, is trivial. Then
e :

the action of (g, g,7™!) on &ge, kg follows from Theorem 3.9 (1) and (2). Now we can conclude by
combining this with Construction 3.12. By Lemma 3.11 and Construction 3.12, the action of Ag.
factors through A%./K§ and the latter group is finite. O

Remark 3.14. We must consider the contracted product

GC
@@ a X O’Z(p) GC
G2,y KO Zp)

02 (p)

first to let the action of Ag extend on the level of torsors. In other words, there is no A or
A.c-action on &ge . ke. One way to see it is that one cannot make sense of “gt” in Go(Ay) for

g € Go(Ay) but t € G(Q)4. Another way to see this is that if there were such an action, there
would be a principal G(),Z(m-bundle on Sk (G, Xp), and we have a contradiction with the theory in
characteristic zero.

Construction 3.15. By Proposition 3.13, the action of A® extends to a Ag.-action on &5" K

yA
(p)
. . g . . . .
covering the A%-action on SK%. Since m, is finite and A%, acts on éaC%n Kg through a finite
@’
roup A%./KY (the finiteness follows from Lemma 3.11), let &<2&* = &R a/A%.. This
group /K§ ( ), G, 90 » 7K0/ G
. Ta . L .
is a scheme over §;, := K%/ A%, Taking the disjoint union over Ig/q,, we define 5‘3%‘: K =
H éacan P
OCEIG/GO G%(p) 79a7K'

Lemma 3.16. Over Sh(G, X) g, the restriction S Klsps  is the canonical extension EE
Zioy? K,E! )

)
defined in Theorem 2.15. ’
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Proof. By Proposition 2.16, we have SéanKa xGo ge = gb T EG . Then, since Ag. acts on EGLy
tr1v1ally by Lemma 2.20, E&Fpa X7 GC/M = whrEEN L [ AGe = EE kIsh,,, , where Shy, =
Kg, /A% O

Now the key point is to see that

Theorem 3.17. The scheme é"é%? 90 K (resp. é"é%? )’K) s a G’%(p)—torsor over S,, (resp. Six).
p p

3.3.3. Proof of Theorem 3.17. We show Theorem 3.17 in the whole §3.3.3.

Choose any ® € CLR(G, Xp). Let [ZP(®,0)] be a ZP-cusp with a cone ¢ defined in [Wu25,
Prop. 1.33]. In [Wu25, Const. 4.20], we constructed a normal flat scheme Z;py(g oy x Whose
generic fiber is H[(@’,a’)}fvzp[(@,a)] Z((3,01),Kk» & disjoint union of strata defined by cusp labels with
cones that are equivalent to [(®,0)] under a weaker equivalence relation (see [Wu25, Def. 1.28]).

Let Qo := ©» 1(Qe) be an admissible Q-parabolic subgroup. Let Py be the canonical subgroup
associated with Qo (see §2.1 (8)).

Proposition 3.18 ([Wu25]). Let ZPg be the identity component of the group generated by Zg and
Ps. Then

(1) There is an integral model S, of the mized Shimura variety Shf(q)(ZRp, ZP3(Q)Dg) as-

sociated with the mized Shimura datum (ZPyp, ZPp(Q)Dg) and the level Kg := ZPs(Af)N

99 K9y
(2) The tower

Shg, (ZPs, ZPs(Q)De) — Sh= (ZPs,ZP3(Q)De) — Sh  (ZPsn, ZPs(Q) Do )
3] yh

as in §2.1 (7) has an integral model

where the first map is a torsor under a splzt torus E - and the second map is a torsor
under an abelian scheme over Sg on” It makes sense to define the affine torus embedding

Sk, (0) and its o-stratum Sg_ associated with o € (D).

)

(8) There is an isomorphism

(3.10) (SK)2 = (Sg,(0))s,

(ZPb(®,0)].K Rowo
It is computed as follows:"*
THA
(SK)Z[ZPb(<I>,o-)],K
s
I 1II [T (Aek(Go, G) S5 g oayy sea )/ Dok (G, G)
a€lgay m(g§)ar~g® [oG]€lolzp

11 11 IT (Aex(Go, G)(Skag (U?))@Kq)g,ag)/AaK(Gov G)

ae[G/GO ﬂ'b(gg)awgb [U&}E[O’]Zp

I1 I1 T Sxpa6)s, . v/ Bsoa g (Po, ZPo)

a€lg gy wt(gf)a~gb [0§]€lolzp

= (S, ()5,

1

12

(3.11)

I

lwe apologize to the readers that there is an error in the current version of [Wu25, Prop. 4.32] on arXiv. A
corrected version has been updated at https://peihang-wu.github.io/.
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The cusp label representatives ®f are the tuples (QO,XJ,gg“) for fixed Qqy and XJ. The
images of [(®F, o§)] in Cuspy (G, Xp, X) are ~zp to [(P,0)]. The above disjoint union runs
over (a subset of all) such [(®f, )]

Proof. Part 1 follows from [Wu25, Const. 4.23|. Part 2 is [Wu25, Prop. 4.30 and Const. 4.31|. Part
3 follows from [Wu25, Prop. 4.32]. Note that the fourth line in (3.11) follows from the fact that
the stabilizer of both Skg(of) and SK‘I’S‘"’(? is A? (Py,G) = A (Py, ZPg) by [Wu25, Lem.

98‘904 K gg‘gaK

4.25 (1)]. O

From the proposition above and Proposition 3.6 (4), we see that it suffices to consider the quo-
: o L Go,z
tient by A% = Agaq, (P, ZPg) of the torsor é"(;%(p) (of) = gGo,z(p),Kpg (of) x @ G%(p) over
Ska(0d))s .
( K§ (6 ))SK<1>3"’8‘

More precisely, define

A% = ker(%oe (Py) x%0 G¢ — o/ (ZPy) /(ZPy(Af) N 99 K)).

Lemma 3.19 (cf. Lemma 3.11). The group Ag"t is profinite, and its projection to A% is an
1somorphism.

Proof. In fact, as Lemma 3.11, there is a commutative diagram

1 > G°¢ GOJZ/(PQ) XGO G° > &Z{(Po) 1

| |

1 » G° » O (ZPy)|ZPy(Af) N 969K —— o (ZPp)/ZPp(Ay) N%9K — 1

where the horizontal arrows are exact. We conclude by replacing [Wu25, Lem. 4.15] with [Wu25,
Lem. 4.22]. O

«
Construction 3.20. There is a natural action of Ag)c on €ge Koo = £Go,Kepa xGo Ge — Shic o
0 0 0

and Ege(08) 1= Eco,kpe (0§) X0 G¢ — Sh,, (0§) that factors through A%, /Kag, which is finite
0 0
by Lemma 3.19. We repeat the arguments in Construction 3.12 with some changes.

Let (g,p,7 ') € Aé?c. Then, from the definition of Ag)c, there is an element ¢t € ZPs(Q)4 =
Staprcb(Q)(Dg) such that (t,¢,1) ~ (1,1,771) in ““.&7(ZPp) (see [Wu25, §4.1.4]) and such that
(g,p,7 ) ~ (gt,pt,1) € (1,%9°KZ(Q)/Z(Q),1) in ¥/ (ZPp). This implies that gt = 1 and
gt € ZPy(Af) N969KZ(Q)/Z(Q).

By Proposition 2.12, we have an action

-1
‘g G° -1 ‘g G¢ (,—1 Y
gGC,Kq,a — EGC,Kq)a X g Gcg — SGC,pflK ap X (g Gcg) e
0 0 20

G°© c.—1 Gey—1 —1 v -1 G¢ e
SGC,W*lK@gm*X VG XTI (vgT Gogy ):5GC,K<I>3 x" G :5GC,K¢8-

For an element (g, p, 7~ !) ~ (1,1, 1) in %o/ (Py), we check over elements (x, go, po) € Po(Q)\Dg, X
G(C) x Py(Ay)/ Koy = SGC,KCDS (C): The action

. c _ c . c _ c A1
Eae Ky (C) & Ege,Kyq (C) <% g lGg % 5Gc,p71K¢8p x% (g7'Gg)(C) 1—

ch ) XGC ’)/Gc’)/il X'YGC'Y_l (f}/gichg’yil)(C) = gGCvKég‘ XGC GC((C) - gGC,Kég‘ ((c)

P Kgapy™
is computed as

. . . _1
(z,80,10) = (z,808,P0) — (2, 8og, pop) ——

(vey~', vgogy ™' vpopy ) = (v, ¥80, Yp0) = (2. 8o, Po)-



28 PEIHANG WU

The last line is due to the facts that « is an element in Py(Q)+ and is equal to p, and that the image
of v in G¢(Q) is equal to g. This map is an identity map, so we have obtained a well-defined action

of Ag’l on £ge Kyq- The functoriality with respect to the affine torus embeddings and (2.6) then
0
induce an action of (g,p,7~!) on Ege(a) that is trivial when (g,p, v~ 1) ~ (1,1,1) in & .o/ (Py).
By Lemma 2.20, the quotient Ege pq / Ag’c is an open and closed subscheme of the G°-torsor
0

gng)’[(q) XZP‘f’ G*©. O

Clearly, there is a natural morphism from A% (resp. AgG((i) to A® (resp. Ag.), which defines an
action of A%?C on 35%“ K by pulling back the action defined in Proposition 3.13.
®’

Proposition 3.21. There is an action ongG‘i on &gy (o) covering the action of A% on Sk, (0§).
(p) 0

The pullback of gg%( )(08‘) and this A‘g"i—action to (SKg(Jg))gK coincide with the pullback of
P o507

i}
&G kg and the Ag‘i-action on it defined in Proposition 3.13 to (Ske(o())s

SK o’
Z(p) 2590

Proof. By Construction 3.20, there is an action of Aégc on Ege(of) over Shr,, (of). We shall check
0

that this action is compatible with the action of Aégc on 5@2@) (of )\(sKéx (@§)) defined by

‘/S\K@g"’g
pulling back the action on éaé%“ K¢ via Proposition 3.6 (4). If we have this compatibility, there is
P
a desired action on the entire &g¢ (o) by gluing morphisms.
(p)

It is enough to check the compatibility over the open analytic subspace V(®f) as in §2.1 (13).
Let us now recall some details about this V(®§) (see [Pin90, 6.10] and [MP19, 2.1.13]). In fact,
there is an open subspace U(®§) := Pag (Q)1\X{ X Paog(Ay)/Kas — Poa(Q)4\Usg (C)7(X{) x
Peg (Ay)/Kgg. There is also a morphism,

U(®5) — Go(Q)+\Xg x Go(Ay) /g6 K& (96) ™"
which is locally an isomorphism. The open subspace V (®§) C U(®f) is taken so that the displayed
morphism is an isomorphism on it. Hence, it suffices to check explicitly on U(®f).
We compute the action of (g,p,7 ') € A%g; on gGC’Kq’S |U(q>3) according to Construction 3.12 and
Construction 3.20, and they are both given by

[(z,80,P0)] — (7,808, p0) — (, 808, pop) — (voy~ 1, v8ogy ™, Ypopy ™).

This finishes the verification of the claim on the compatibility, so the proposition follows. O
Now we need to see that

Proposition 3.22. The quotient &g (08‘)/A5§0 is a G%(p)—torsor.
(»)

Proof. This is a special case of Lemma 3.23. We formulate a general lemma below to lighten the
heavy notation.
Let us explain why Lemma 3.23 is applicable. By (3.8), we let &ge  kyq (0F) be the &(og) below
(») 0

and (ply*é&Go,Z(m ,K@S)Ef%g be the &y below. The group Agch acts through the quotient Ag’t/K@g,
which is finite by Lemma 3.19. The other symbols are clear in our context. Condition (1) is verified
in [Wu25, Lem. 4.25].

Let us now verify the last sentence in Condition (2). Recall that Ag’t is isomorphic to AgG((i C
</ (Py) by Lemma 3.19. A subgroup of &7 (Fp) acts on ShK@g trivially if and only if it is contained
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in the kernel of &/ (Py) — o/ (Pyg)/Kag if and only if it is contained in
K= (ZO,ac(Q)iUO(Af)K}DS/ZO,ac(Q)i) X {1}
(cf. [Wu25, Lem. 4.2]). Here, we denote by Uy the center of unipotent radical of Py, by Py
the quotient Py/Uy and by Zy the center of Go. If (p,1) € A% N K, p will lie in (%99 K N
ZPy(Af)/Wa(Ay)) upon adjusting Z¢(Q), so we have that p € Z¢(Q)(%9% K N ZPg(Ay)). Write
p=z-k=2zy-u-ko

for 2 € Zg(Q), 20 € Zo,ac(Q), u € Up(Ay), ko € Kog and k € 99K N ZPy(Ay). Then z - 25" €
Zc(Q)N (%92 K N ZPg(As)/We(Ay)). Since 969« K NZPg(Ay)/Wa(Ay) is neat, z- 25" € Zgac(Q).
Then this implies that z € Zg 4.(Q).

Now if (p,p,1) € A‘g)i projects to (p,1) € A% N K, then adjusting z trivializes p, but z is trivial
in G¢. So p is trivial. This verifies (2) in Lemma 3.23. O

Lemma 3.23. Let Xo, Yo, X and Y be quasi-projective schemes over Z,. Let Eg and E be split
tori with an isogeny BEg — E. Suppose that pg : Xo — Yy and p : X — Y are torsors under Eg and
E, respectively. The setup is:

(1) Suppose that there is an (Eg — E)-equivariant morphism between torsors

X, 2 v,
(3.12) l/A l/A
X 2.y

We assume that:

(a) There is an equivariant action of a finite group A on Xo — Yy such that the action
of A factors through finite groups A1 and Ay on Xy and Yy, respectively. This action
commutes with Eg-action on Xy as a torsor.

(b) The action of Ay and Ag on Xy and Yy are free.

(c) The second torsor X — 'Y in the diagram (3.12) is obtained by the quotient of Xo — Yo
by A.

Let o be a rational polyhedral cone of the cocharacter group X, Er = (X, Eg)r, and let og be

its pullback to (X Eq)r. Hence, there is an E(o)-torsor p(o) : X (o) = Y given by the affine

torus embedding with respect to o. Similarly, there is a Ey(oq)-torsor po(oo) : Xo(oo) — Yo.
(2) Let HZ(p> be an affine smooth reductive group over Zy, and let & be an HZ<p)—t07"sor over

Yy. Denote by &(oo) the pullback of &g to Xo(og) under po(og). Suppose that & — Yy

has an equivariant As-action and HZ(p)—torsor structure commutes with this action.

Under all the assumptions above, we have an isomorphism
&0(00)/A = p(0)*(E0/A).
Moreover, &y(00)/A is an Hy,, -torsor.

Proof. We have

o (00) = (Ox, ®oy, OEO)A

= (Ox, @0y, (Oy, ®oy OXO/A»A

The first-to-second-line isomorphism holds and &g/A is again an Hy,, -torsor because the action of
the finite group As on Yj is free. O



30 PEIHANG WU

Proof of Theorem 3.17. Now, one can combine Proposition 3.22 and Proposition 3.21 to conclude

that the quotient of é"“%n Kg by Agi on each (Skp (08‘))@}( . isa G%( -torsor. By the fourth line
@)’ *§70 P

: : a can ; c _ A
to the first line of (3.11), the quotient by Ag. of G, K is a GZ(p> torsor at each (SK)Z[zpb(cp,g)],K'

Choose a cover of S[% by finitely many affine open subschemes U;. We then form an fpqc covering
of S by taking the spectrum of the completion of U; at every Z(2pb(0,0)),K- Since G%(p) is smooth, it
suffices to check gciz“(lp) K being a torsor over this fpqc cover. So we are done by the last paragraph.

O
3.3.4. Proof of main theorem.

Construction 3.24. Let us now construct a principal G%( )—bundle on S[Zé (Recall that Gg,z(p) —
P
GZ(p) with derived groups an isomorphism. We have G;Z(p) — G%(p).)

Recall that there is an isomorphism s : S(G, Xg)ouwr = SE(G, Xp)ouwr and there is an open

and closed embedding 7% : S[Eé — SE(G, X,). We pullback the G%(p)—bundle éa(c;%?py K,Our OVer

SIZ((G, Xp)our to S[Eé via so 7. We denote this pullback by CC;%“ Kyour- Thisisa G%(p)—bundle,

and we claim the bundle obtained by reduction of structure group and Galois descent is what we
need. g

Proof of Theorem 3.10. By Lemma 3.16, the generic fiber of Cf%n) is E68 (G, Xp). Over E'P, the

(p
pullback of EGV (G, Xp) via s is g (G, Xq) by (2.8) (from which we see that Ege k (G, Xo)prr =
Eqe,k (G, Xp)prw) and by Deligne’s existence theorem (which uniquely characterizes the canonical

extensions).
By Theorem 3.9 (2) and by the proof of Lemma 3.16, the bundle é%n K extends &ge g (G, Xp)
>7

(»
over Sk (G, Xyp). After pulling back along s, s*ége k (G, Xp)our descends to &ge i (G, Xq) by [Lov17,
Lem. 4.4.9]. Now we have shown the claims when (G2, X2) = (G, X,).
Then the descent data for EGy v, from EP to E', and for 6gg (G, Xa)our from O to O de-
T (p)

termines a descent datum for é"%r(l KO Consequently, we obtain a G%{p)—bundle 5%1(1 . 1 (G, X,)
p P

over S£(G, X,)o extending 5@2( )J((G,Xa) and E& (G, X,).
p b I
We pull é%n x (G, X,) back to 8[% along m*. We denote this pullback by CC%“ K, We check
®’ P’

(p)
that:
can

. >
1) &8L» has a reduction of structure group to a G¢ -torsor &2 over 872
( ) o K2 g p 2,Z<p) 2.2(p) Ko Ky

GC
2) &Lan extends £ x 2 GE and
@) Z(p) K2 G5, K2, B! Zpy’

GC
3) E£5an extends & x e GS .
( ) Z(p)7K2 GSZQD)’KZ’O Z(P)

The claim (2) follows from Proposition 2.16, and the claim (3) follows from Theorem 3.9. For
(1), it suffices to see it has a reduction of structure group over a locus of codimension at least 2.
Then (1) follows from (2) and (3). From this, it follows that £52" . extends both G Ko B and

2.2 (p)

EGe ., K»,0-
27Z(p) N2,
can

Now we consider the descent datum from Op () to Oz. Again, the Gf Z(p)—bundle G
’ Z(p)’

can P : . . o
descends to éaGg,Z K2,0, OVEr S o) since one can check this on the union of Sk, and Shy? 4.

K>

Again, all propertziﬂes in the second paragraph of Theorem 3.10 also hold over O,. (|
The following corollary is a consequence of Theorem 3.9 (2) and Proposition 2.16.
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Corollary 3.25. Let f : (Gl,Xl,GLZ(p)) — (GQ,XQ,GQ’Z(I}>) be a morphism between abelian-type

Shimura data with a map between smooth reductive models. Let Ky ), = GLZ@) (Zp) and Ko p =

GQ’Z(p) (Zy). Suppose that there is an inclusion between neat prime-to-p levels KY C KE. For a

fized pair of compatible admissible projective cone decompositions (X1,%2) for (Gi,X1, K1) and
. . !

(Ga, X9, K3), there is a pair of refinements (X,%5) such that é?lz(p)»Kl — Sk, and 5%2@) Ky,

S[% are defined.

Then the pullback of (éaC%nZ K, under the map f : S% — S% 1s canonically isomorphic to
SON
can

X
¢ 7K1
)

G? Z c
“ GZZ(@) ‘

3.4. Other principal bundles and properties.

3.4.1. Fix a Shimura datum (G, X). Let {u} be the associated conjugacy class of Hodge cochar-
acters; this conjugacy class is defined over F := E(G,X). Let H be a finite Galois extension
of E such that, for one place v of H unramified over a place v|p of E, there is a cocharacter
o Gm,0p.m — Gop i whose base change to C is in {p}. There is such a cocharacter by
[Lov17, Prop. 3.2.3].

Let P, be the parabolic subgroup of GOH,(;) whose Lie algebra is spanned by all non-negative
weight spaces in Lie GOH,@) under the adjoint action of 1>~ 1; the group of C-points of P, is defined
by

Py(C) = {g € G(O)| lim (1) g4 (1) exists}.

Let Pg, be the quotient Py, /Zac(Gz,) )0y o), and let My, (resp. M) be the Levi quotient of

Py (vesp. Pf). Then Mg = My /Zq(Gz,) Denote by /¢ the composition of p’ with

GOH@) — G%H@). Then Pﬁ, = Pyre.
Denote Gryre == Goy ) /Py = %va

smooth scheme GR e over O (,,y by [Lov17, Prop. 3.2.6].
For any étale algebra R over O (), GRe(R) =

Ow,)

/Pye. Then Gry canonically descends to a proper

{P/ Spec R parabolic subgroup of G| P étale locally conjugates to Py, }.

It is independent of the choice of H, i/ and v above.

3.4.2. Reduction of structure group. We come back to the setup in §3.1. Let L be a finite extension
of By := E(G2, X3). Let w|vs be a place of L unramified over ve. Suppose that there is a cocharacter
over Or, ()

!
Ko - GWOL,W) - GOL,(w)

whose base change to C is in the conjugacy class of Hodge cocharacters {2} associated with Xo.
Let 15° denote the composition of yf, with G20, (0 — Gg,OL’(w).

can

Proposition 3.26. With the conventions above, the canonical extension 52 K, admits a canon-
2,Z ’
(p)

ical reduction of structure group to a Plf, -torsor.
2
Proof. First, we show this over Sg,. By [Lov17, Thm. 4.8.1], there is a diagram

T T
SK2 — (a(dgg 7, ),K2 E— gRug
H(p
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such that the right arrow is G Ziy) -equivariant. We take the fiber product

Epe, Ky ~TTTTTTTI L P
(3.13) | l(m’M)

idxx
Sk, ®(9(v2) OL,(w) ——F— Sk, XO(uy) gRMS‘

The map x : Spec Or, () = GR g is the point determined by P e This is indeed a PC -torsor: For
any étale cover U of 8 K, that trivializes égg K, the dlagram (3.13) is isomorphic to
(p)

C C
-
U X0, Pugc U X0,y G50, ()

| foro

idxx
U &0, Or,w) U X0(uy) GRus-
Next, we show this over Sh?é. By |[HZ94, Lem. 4.4.2], there is a diagram

Shiz g s GR 1,

Again, there is a reduction of EC‘ZHK by pulling back through the point ¥ : Spec L — GR ¢ g,
determined by PM' ¢ By i.e., the fiber product

Ko
(3-14) l J(&,Ez)
ShyZ | — L Shg, X B, GRus 5,

Since (3.13) and (3.14) are compatible on Shg, 1, we see that @“anz K200 (0 admits a reduction of
N ( ) ’ )

structure group on Sh oL USk,.0, ) Then there is a reduction of structure group to a PC -torsor
on S% Or.(w) since Sh oL Y Sk, OL (w) has codimension at least 2. O

Definition 3.27. We denote the canonical reduction of structure group by 5" " Ko We call it a
2

principal PC -bundle. Denote &35 Kz = Epel g, X “'2 Mﬁ,. We call it a principal Mﬁ, -bundle.
H’Q’ 2 2

Corollary 3.28. The maps mo and & above uniquely extend to a G§ 7, )—equz’vam'ant map w5
" (p

can
G5z, 2 = GRys

Proof. We work over an étale base change to Op (). Let R be an étale Op (,-algebra. For

any W € RepR(G;Z(m) there is a filtration defined by G, r LN GSr — GL(W) on W :=
GS P,
é‘gnz K2.0y ) ¥ POLw) W = é"p:é’KQ x #2 W. The last equality follows from Proposition 3.26,

and the filtration on W induces a filtration on W because the structure group Pﬁ/ stabilizes the
2

filtration on W.
It is clear that its restrictions to Sh%2 1 and Sk, 0, () are compatible with the filtrations defined

by & and mp above. This is equivalent to having a map 75" : o@ Gt g, = GRyg by [Lov17, Lem.

3.3.1]. This map is G§ 7., "€quivariant since it is so on Eas, K2 = QR ¢ by [Lo\ 17]. O
’ Z(p)
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3.4.3. Subcanonical extensions.

G’C
Definition 3.29. Let R be a Zy)-algebra. Let W € RepR(G%Z(m). We call W@ = 6§ g, x @)

22(p)’

W the canonical extension of qrW g, := @@Gﬁ,z(p) Ky ng*Z(m W. We call deﬁg’ = de}?;(—D) =
arRW g, ® OS% (—=D) the subcanonical extension of qRW ., where D = (S% \SK; )red-

Fiz Or, () and ph as above. Let R be an O (w)-algebra. Let W € RepR(P/fé). We can also
define W3 1= 652 1. x5 W and WP = W (~D). When W € Rep(MS,), we lift W to a
representation of PE,Q. So the corresponding W and w?(‘zb are also defined.

Remark 3.30. As explained in [Lov17, Thm. 4.8.1] (cf. [Mil90, III. Prop. 3.5]), once we have the
diagram

Slz(:z gR;ﬁ
such that 75" is G%Z(p)—equivariant obtained from Corollary 3.28, one can define canonical ex-

tensions of automorphic vector bundles more generally beyond qrW 3. Indeed, given any vector
can,*

bundle J over gRug with equivariant G§ z( )—action, the pullback 7, " J is a vector bundle over
i (p

et , with equivariant G z, )—action. By descent, there is a vector bundle 7" over S[% whose
(P

22(p)’

pullback to é"cgnz K, 18 Tt T
(p)
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