CANONICAL EXTENSIONS OF p-ADIC SHTUKAS ON TOROIDAL
COMPACTIFICATIONS OF SHIMURA VARIETIES

SHENGKAI MAO AND PEIHANG WU

ABSTRACT. We construct canonical extensions of p-adic shtukas on integral models of toroidal com-
pactifications of abelian-type Shimura varieties with quasi-parahoric levels at any prime number p.
More precisely, we define the notion of a log diamond as a wv-sheaf associated with a log scheme
over Z, and construct a p-adic log shtuka over the log diamond of an integral toroidal compact-
ification of an abelian-type Shimura variety by studying the “degeneration” of the shtuka at the
boundary. Moreover, we provide a definition of canonical integral models of toroidal and minimal
compactifications in the sense of Pappas and Rapoport, and verify it in the same generality as
above.

Applications include the canonicity and functoriality of integral toroidal compactifications, as
well as an axiomatic proof of the well-positionedness of all well-known stratifications on the special
fiber.
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INTRODUCTION

Let (G, X) be a Shimura datum with reflex field E(G, X). Denote by {Shx (G, X)}kca(a,)neat
the associated Shimura varieties. Fix a prime number p and a place v|p of E.

In [PR24], building on Scholze’s idea and theory of p-adic shtukas as substitutes for “motives”
over p-adic fields, Pappas and Rapoport developed a general theory of (p-adic) shtukas and applied
it to local and global Shimura varieties. They constructed canonical integral models over Spec O,
proving their uniqueness and functoriality, and treated Hodge-type Shimura varieties with stabilizer
parahoric level. This was extended to general parahoric levels in [DvHKZ26], and to abelian-type
Shimura varieties in [DY25] using the Kisin—Pappas—Zhou models [[KP7Z24].

Toroidal compactifications of Shimura varieties over the complex numbers were constructed in
[AMRT10], and for mixed Shimura varieties over reflex fields in [Pin90]. For a cone decomposition
3., the compactification Sh%(G, X) has boundary charts described by certain toric embeddings of
mixed Shimura varieties indexed by cusp labels [(®,0)] € Cuspy (G, X, X).

Integral versions of this picture were developed in [FC90], [Lan13], [MP19], and [Wu25]. In the
PEL-type setting, boundary strata and their gluings are described in terms of degenerations of
abelian schemes. For Shimura varieties of Hodge type and of abelian type, the strategy is different:
one first obtains candidate integral models from integral toroidal compactifications of Siegel type
via normalizations and passing to quotients, and the main technical difficulties arise in verifying
that the boundary components of these models satisfy the required structural properties.

A natural question thus arises:

Q: If one interprets the integral models constructed in the framework of [PR24]| as moduli spaces
of shtukas, then for suitably defined integral models of their toroidal compactifications, one should,
at least in principle, be able to provide a precise description of their degeneration behavior along
the boundary.

In this paper, we discuss our understanding of this question. The goals of this paper are threefold.

(1) We develop a theory of log shtukas over log diamonds over Spd Z,, extending the theory of
shtukas over diamonds in [PR24]. On the generic fiber, log shtukas correspond to certain
pro-Kummer étale local systems with Hodge—Tate period maps, while on the special fiber,
they recover the usual shtukas. We also prove the rigidity of extensions from the generic
fiber to the integral base.

(2) We construct log shtukas on toroidal compactifications of integral models of abelian-type
Shimura varieties with quasi-parahoric level (which slightly generalizes Kisin—Pappas—Zhou
models), and provide an axiomatic framework that is applicable to general Shimura vari-
eties, in which the extension of shtukas to toroidal compactifications does not rely on the
theory of abelian schemes or p-divisible groups. Hence, we expect that this picture should
also hold in general, although canonical integral models have not yet been constructed for
general parahoric groups at any p. In particular, this allows us to prove the uniqueness and
functoriality of toroidal compactifications of integral models, including compatibility with
changes of parahoric levels, generalizing results in [Wu25] and [Mao25a].



3

(3) We provide a description of how the shtukas supported on integral models degenerate
along the boundary. Along the way, we show that various stratifications on the spe-
cial fibers, including central leaves, Newton strata, Kottwitz—Rapoport (KR) strata, and
Ekedahl-Kottwitz—Oort—Rapoport (EKOR) strata defined using shtukas have good proper-
ties along the boundary. This reproves and generalizes some results in [Box15], [LS18a] and
[Mao25b].

Log shtukas on log diamonds. Let E be a local field of characteristic 0, let G be a reductive group
over Qp, let © be a minuscule cocharacter, and let G be a parahoric group scheme of G over Z,.
Recall that, in [PR24], a theory of shtukas over diamonds was developed. Given a scheme X
that is separated, of finite type over Z,, there are different ways to attach certain diamonds to X,
e.g., X0 X° and X9/ (see [AGLR22, §2.2] and [PR24, §2.1]). One can define a family of shtukas
(2, ¢) on X© (with one leg bounded by y) as a l-morphism between v-stacks X¢ — Shtg,,. For
a locally noetherian adic space X over Spa(E, Op), the authors proved that there is an equivalence
between G-shtukas over X¢ and pairs (P, H) consisting of pro-étale G(Z,)-torsors P over X and

Hodge-Tate maps H (see [PR24, Prop. 2.5.3]). An important feature is that, given 2" a separated
normal scheme of finite type over Of, a morphism of G-shtukas on the generic fiber (3&”77)<> extends
uniquely over the integral base 29 (see [PR24, Thm. 2.7.7 and Cor. 2.7.9]). In characteristic p,
shtukas are crystalline in nature (see [PR24, Thm. 2.3.8 and Ex. 2.4.9]).

To define the extension of shtukas on toroidal compactifications, we need to generalize the theory
of diamonds and shtukas to the logarithmic setting. Let (X, Mx) be a locally Noetherian fs log
adic space over Spa(Z,). Recall that in [DLLZ23a|, a log structure (Mx,ax) on X is a pair
consisting of M x, a sheaf of monoids over Xg;, together with a morphism of sheaves of monoids
ax : Mx — Ox,, such that a;(l((’))x(ét) — (O)X(ét is an isomorphism.

Recall that the diamond X9 associated with X is a v-sheaf, and we should associate a v-sheafy
diamond with the log adic space (X, Mx) while preserving the log-structure information coming
from the étale topology.

Definition A (Definition 2.13). Let S € Perf. Then (X, Mx)?(S) consists of isomorphism classes
of pairs ((S*, Mg:), f), where S* is an untilt of S, Mg is a saturated and fine perfectoid log
structure on S*, and f : (S*, Mg) — (X, Mx) is a morphism between log adic spaces.

Here the adjective “fine perfectoid” will be introduced in Definition 2.6. Roughly speaking, we
require that Mg: has local charts that are uniquely p-divisible and are “perfections” of finitely
generated monoids in an appropriate sense. We show that

Theorem A (Theorem 2.18). (X, Mx)? is a v-sheaf on Perf.

For separated schemes of finite type, one can define log diamonds (X, Mx)®, (X, Mx)°, and
(X, Mx)®/ as v-sheaves in a similar way.

Definition B (Definition 2.33). The groupoid of log G-shtukas on (X, Mx)® (with one leg bounded
by w) is defined as (see Definition A.3)

Shtg (X, M) := 2-lim Shtg.,.(S*).
g”u( ) (SﬁvMsﬁvfsﬁ)e((XvMX)o)Op g'u( )

In other words, giving a log shtuka amounts to giving a 1-morphism between v-stacks
(X, Mx)® — Shtg,,.

Let us now focus on the generic fiber. In this situation, X is a locally Noetherian fs log adic
space over SpaQ,. We consider the category of pro-Kummer-étale Zy,-local systems on X, which
is the generalization of the category of pro-étale Z,-local systems to the log case. To formulate
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an equivalence of categories, we need to restrict the notion to a so-called pro-p-Kummer-étale Z,-
local system, which requires that the associated representation from the Kummer étale fundamental
group ¢ (X, ¢) of (X, M) at each log geometric point ¢ has no contribution from the prime-to-p
part; see Definition 2.42. In particular, when the local system has unipotent monodromy along the

boundaries, it is pro-p-Kummer.

Theorem B (Theorem 2.49). Let (X, Mx) be a locally Noetherian fs log adic space over Spa(Qp, Zy),
and let (G, p) be as above. Then there exists an equivalence of categories between:

(1) log G-shtukas over (X, Mx)® — Spd E with one leg bounded by ju;
(2) pairs (P, H) where P is a pro-p-Kummer-étale G(Z,)-torsor defined over X989 and H : P —

.7-"87“,1 is a G(Zy)-equivariant map of v-sheaves over Spd E.

For a related theorem in the log prismatic theory, see [[KXY25, Thm. 7.36] and an update [[IXY 20|
by Inoue-Koshikawa-Yao. In fact, our proof is similar to the one presented there. This theorem also
tells us that (Sh)e¢ — Shtge e should not factor through Shr;éin’o, even though the Hodge-Tate
period map on Sh%ﬁ> should factor through Sh]}n(ipn’o.

Now, let (X, Mx) be an fs log scheme where X is a separated, normal, and flat scheme of finite
type over SpecZ,. There are different ways to associate a log adic space to (X, Mx) and produce
diamonds (X, Mx)?, (X, Mx)°, (X, Mx)®. The log generalization of [PR24, Thm. 2.7.7] is as
follows:

Theorem C (Theorem 2.55). The restriction functor
Res- : Shtg (2", M»)%) — Shtg (2, M)
is fully faithful.

In addition, we show that log shtukas on special fibers are non-log shtukas (see Corollary 2.58).
That is, in characteristic p, a log G-shtuka (with one leg bounded by p) on (27, M )¢ is equivalent
to an actual G-shtuka (with one leg bounded by u) on 2°°.

Canonical integral models. Let (G,X) be a Shimura datum. Fix an open compact subgroup
K C G(Ay). Choose an admissible (rational polyhedral), smooth, projective cone decomposition
¥ (without self-intersections). Denote the toroidal compactification by Sh% := Sh%(G, X) and the
minimal compactification by Sh#" := Sh¥" (G, X); they are defined over the reflex field E. There
is a proper morphism f;“ : Sh% — Sh?in that is compatible with the stratifications on the source
and the target (see [AMRT10] and [Pin90]).

Fix a prime number p and a place v of E over p. Let E = E, be the completion. Following
[LS18a, Prop. 2.1.2] and [MP19, Thm. 4.1.5], one expects that there exist normal, proper, flat
models 5”[% and Y;(mn for Sh% 5 and Shr;}f% over Op, respectively, such that a list of qualitative
properties stated in Axiom 5.1 is satisfied.

Let us explain some of the axioms. Fix a cusp label [®] = [(Qa, X7, go)] € Cuspg (G, X). We
have a tower of integral models of mixed Shimura varieties:

y[(q) — ‘Sﬂ?q, — yK@,h (:: chb (Pcp, D@) — y?(}(?cp,ﬁq,) — qu>,h(G¢,h7 D(p7h))

which are normal flat schemes of finite type over Of that extend those on the generic fiber. The
first map is also a torsor under the same split torus Ex, . The second map is proper and surjective.
There is a Ag, r-action on the whole tower that factors through a finite quotient on %, , .

Pick 0 € ¥7(®) C X.(Ek,) ® R. There is a normal subgroup Ag  91Ag i that stabilizes
o. The boundary of .#Z (resp. .2it) is stratified by Zl@,0), K = A%k \TKao (tesp. Zig) =
Ao k\T Ky ) Etale locally on .7 (G, X) at the boundary stratum Z((®,0)],K > the morphism S —
% is a toroidal embedding A\ T ke = DG\ TKs(0).



Moreover, there is a stronger strata-preserving isomorphism
o o A + o
oK = Do K (yK@(U))y; v LKeo = Yrcorest (@) T Ke,r
510

where
o} Py—

o, K *— (5/1%)2:}(, Z;L,K = UTCU,T€E+(<I>)Z[(‘I>,T)],K-
Let (G, X) be an abelian-type Shimura datum, let p be any prime, and let K = K,KP? be any neat
level. By a series of works [FC90], [Lanl6], [MP19], [Wu25], and others, there exist good toroidal
and minimal compactifications of integral models satisfying Axiom 5.1 (see Theorem 5.5).

On the other hand, in [PR24], [DvHIKZ26], and [DY25|, when K, is parahoric, a conjectural
framework of canonical integral models of the pro-system {Shy,k» (G, X)}grcqy Ap) Was also intro-
duced and constructed essentially in the abelian-type case.

In order to define and construct canonical integral models of toroidal compactifications, we com-
bine the two above-mentioned aspects and study the canonical integral models of boundary mized
Shimura varieties. For a mixed Shimura datum (P, X’), P is a non-reductive group. We generalize
the notions of local models and shtukas with one leg bounded by p to non-reductive groups, and
prove many functoriality results that are used in later sections. The definitions and propositions
are parallel to those defined using reductive groups.

o We formulate a conjectural framework 4.2 for canonical integral models of the pro-system of
mixed Shimura varieties arising from the boundary {Shg, K® (Py,Ds)} KR CPy(AD): following

[PR24, Conj. 4.2.2], [DvHKZ26, Def. 4.1.2], and [DY25, Def. 4.3]. In particular, we require
an extension of the Pg-shtuka with one leg bounded by p% from Shg, (Po, Da) to the integral
model .7, (Po, Dg). Here we use a slightly different group Pj than Pg; see Remark 4.4.
We show the uniqueness and functoriality of such canonical integral models; see Proposition
4.10 and Corollary 4.11.

e We formulate a conjectural framework for canonical integral models of the pro-system of
toroidal compactifications {.##}k» and minimal compactifications {7} x» (see Defini-
tion 5.27). We show the uniqueness and functoriality of such canonical integral models
(see Proposition 5.35). We also obtain analogous statements for integral models of minimal
compactifications.

Theorem D (Theorem 5.28 and Theorem 6.26). Let (G, X) be an abelian-type Shimura datum, p
be any prime, and K, be any quasi-parahoric level.

(1) There exist canonical integral models {x (G, X)}kr.
(2) There exist canonical integral models { S, x» (Po, D¢)}K$C%<A§> for each [®].

(8) There exist canonical integral models {5”%}1@ for a final collection of smooth projective cone
decompositions ¥, and canonical integral models {7} kr.

Such canonical integral models are unique and functorial.

Remark. We remark that, even for compact Shimura varieties, the first item already extends the
known cases in the literature (see [PR24]|, [DvHKZ26| and [DY25]) to cases allowing all primes and
all quasi-parahoric levels for all abelian-type Shimura data. In [DvHKZ26|, the authors showed the
first item of Theorem D in the Hodge-type case for any p and any quasi-parahoric K,; in [DY25],
the authors proved the result in the abelian-type case when p > 2 and K, is parahoric.

In fact, even if one just wants to generalize these results to compactifications, it is still much
more convenient to work with Bruhat-Tits stabilizer levels than parahoric levels. This fact forced us
to prove the theorem in the above generality.

Remark (See also Remark 7.25). To show the theorem above, we have to consider non-R-smooth
(cf. |KPZ24, 2.1.4] for the definition of R-smoothness) Shimura data (G, X) with parahoric levels
Ky whose intersections with Gder(Qp) are not parahoric. For this, we need to construct Hodge-type
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liftings that are accessible (see Definition 6.17) to the abelian-type ones in the quasisplit nonsplit
D type case at all primes. This calls for a certain group-theoretic refinement in the construction.

However, our construction itself cannot deduce new cases of local model diagrams, which is a more
difficult problem. When p > 2, this has been established in [KPZ24]; when p = 2, for the progress in
this direction, cf. Jie Yang’s work [Yan25]. One can show that, with inputs in [DvHIKZ26], the G2d-°-
local model diagrams in [KPZ24] are schematic local model diagrams in the sense of [PR24, Def.
4.9.1|; for this, see Proposition 7.22.

An essential feature of canonical integral models of compactifications is the existence of a log
G¢-shtuka 2" with one log bounded by g on 5’% that extends the given shtuka on .#k; that is,
for a canonical integral model .7 E, there is a morphism

(LF)°8¢ — Shtge .

Our method here provides a description of these extensions at boundaries, which will be given below
in more detail; and an important advantage is that the extension step only uses (log) G°-shtukas,
which makes it possible to be applied to cases beyond abelian-type Shimura varieties (see Theorem
5.19 and Lemma 5.15).

Shtukas at the boundary. From this subsection onward, fix any Shimura datum (G, X), and let
K, be a quasi-parahoric level subgroup. We work with canonical integral models {5’%} xr and
{S f?in} kv, and we prove many results without the use of abelian schemes and p-divisible groups'.
This framework allows us to work with more general types of Shimura varieties once certain axioms
can be verified.

Let 20 = Spf(R, I) C X¢, be an affine open formal subscheme. We can consider the flat morphisms
W = SpecR — %% and W — A \ Tk (o). Let W% C W be the common open subscheme

associated with ./ C 7% and A ;\ Tk, C AG \TKe(0).
Proposition (Proposition 5.34). We have the following important diagram:

yK(G, )()<> — WO — A%’K\y](q)(P@,D(y)o E— A%K\y}(@’h(Ggh,D@,h)o

(0.1) l . l l

Shtgc7uc75:1 Shtp&;’u;,(g:l > Shtg;wug,h75:1.

This tells us how shtukas degenerate along the boundary. One should compare this result with
the degeneration of abelian schemes with extra structures introduced in [FC90] and [Lan13].

On the other hand, we can extend the shtukas over the boundary. Constructing log shtukas on
(7K4(0), M7 () is more approachable than constructing log shtukas on (S5, /\/ly%), since we
can work with an actual torsor under a split torus. By gluing log shtukas on (%%, (o), Mqu) (U))

for [(®,0)] € Cuspy (G, X, X), we get a log shtuka on (YE,MyE):

Theorem E (Corollary 5.20, Theorem 5.29).

(1) For each [(®,0)] € Cuspg (G, X, ), there is a unique log Pg-shtuka on AG 1 \Src, (o) with
one leg bounded by py extending the one on the generic fiber, i.e., there exists a morphism
qu, (U)IOgO/ — Shtp$7u$75:1.

(2) There exists a unique log G¢-shtuka on y% with one leg bounded by ¢ extending the one on
the generic fiber, i.e., there evists a morphism (Z3)1%89/ — Shtge e 5-1.

ln fact, our method works in a more general context; see the discussion in §5.4; indeed, we only need a weaker
assumption 5.26.
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Since .7% (G, X) is proper, we have (Y[%,MyI%)O/ = (Y%,M%%)O = (LVI%,M%%)O. Weiestrict
it to the special fiber and obtain a morphism (YI%g,MyI% )¢ — Shtge e, where § = SpecF),. Let

Shtgﬁwc be the Witt vector G-shtuka with one leg bounded by ¢ introduced in [XZ17] (cf. [SYZ21];
see [DvHEKZ24, Rmk. 3.1.8] for the sign convention). Combining with Corollary 2.58, we obtain:

Corollary A (Corollary 5.30). We have a G¢-shtuka with one leg bounded by u¢ on the special fiber
of %(G, X), i.e., a morphism /% (G, X)gerf% Shtg/c,#c,(;:l.

Corollary B (Corollary 5.31). We have a G-shtuka with one leg bounded by u® on the big diamond
Ix(G,X)9, i.e., a morphism S (G, X)® — Shtge e 5-1.

Neither Corollary A nor Corollary B appears previously in the literature, even in cases such as
modular curves. For cases with good moduli interpretations, we expect that these results could be
proved using log p-divisible groups.

Well-positioned subschemes. Using the Witt vector shtuka yK(G,X)Eerf — Shtgﬁ’ucﬁ:l, and fol-
lowing [PR24], we can construct Newton strata, central leaves, KR strata, and EKOR strata on
Ik (G, X)s.

In [Box15] and [LS18a], the authors formulate the notion of well-positioned subschemes. Well-
positioned strata have good (partial) toroidal and minimal compactifications along the boundary,
with many good qualitative properties described in Axiom 5.1, as if they were Shimura varieties
in characteristic 0. It was proved in [LLS18a] that, for PEL-type Shimura varieties, Newton strata,
central leaves, KR strata, and EKOR strata are well positioned. These results were generalized to
the Hodge-type case in [Mao25b], where it was shown that their partial minimal compactifications
are again of the same type of strata (e.g., the boundary of the partial minimal compactification of a
Newton stratum is stratified by Newton strata on the boundary). The proofs in [LLS18a| essentially
used the degeneration of p-divisible groups along the boundary. Under the degeneration diagram
(0.1) (cf. Proposition 5.34), and since the shtukas in characteristic p are crystalline in nature,
we find that the well-positioned property of all these strata can be naturally explained using the
degeneration of shtukas.

Assume there exist canonical integral models {.#5}k» and {8} k» in the sense of Definition
5.27 (for example, in the setting of Theorem D).

Theorem F.

(1) Newton strata (resp. central leaves, KR strata, and EKOR strata), their connected com-
ponents, and their closures are well positioned locally closed subschemes in the sense of
Definition 7.1.

(2) The boundary of the partial minimal compactifications of Newton strata (resp. central leaves,
KR strata) is stratified by Newton strata (resp. central leaves, KR strata) on the boundary;
see Proposition 7.7, 7.12, and 7.19 for details.

Besides generalizing the well-positioned property and the boundary descriptions of partial min-
imal compactifications from the Hodge-type case to a more general framework (at least to the
abelian-type case), we also provide a new description of partial toroidal compactifications of these
strata.

Proposition (Proposition 7.13, 7.14, 7.21, 7.26). The partial toroidal compactifications of Newton
strata (resp. central leaves, KR strata, and EKOR strata) coincide with the Newton strata (resp.

central leaves, KR strata, and EKOR strata) defined using Y%(G,X)?erf — Shtgi’#c’(;:l.

Remark. In a recent paper [Ino25|, Kentaro Inoue constructed a log prismatic realization in the
Hodge-type case for smooth integral models of toroidal compactifications by developing a log prismatic
Dieudonné theory using log p-divisible groups. Combining with it, the method provided here can be
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extended to the log prismatic context for more general (G, X), and may also give the log prismatic
realizations finer boundary descriptions. In fact, we can construct a realization functor from log
prismatic F-crystals to log shtukas that is compatible with the étale realization functor. Together
with Inoue, we plan to explore this direction.

Structure of the article. Section 1 can be viewed as a preliminary section of this paper, where we
start by generalizing the definition of some objects in [SW20] to non-reductive groups and proving
basic properties. In Section 2, we define and study log diamonds and shtukas, generalizing and
modifying the previous work [PR24| and [KY25]. Some results analogous to [PR24, Sec. 2| will be
shown in the log setting. In Section 3, we study the p-adic local systems on mixed Shimura varieties.
In Section 4, we define canonical integral models for boundary mixed Shimura varieties. Some basic
properties of these canonical integral models will be proved. In Section 5, we show the existence
of canonical extensions of shtukas (or rather, log shtukas) in an axiomatic setup. We also define
canonical integral models for toroidal /minimal compactifications. In Section 6, we demonstrate that
canonical integral models for compactifications exist for all abelian-type Shimura data, all primes,
and all quasi-parahoric levels. In particular, the canonical integral models for (boundary mixed)
Shimura varieties also exist in the same generality. In Section 7, we prove the well-positionedness
of all well-known stratifications of special fibers of Shimura varieties under the axioms in Section 5.
Here is a workflow diagram:

> [85] — [¢7]

pa
[§1] —— [83] — [§4] — [56]
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Notation and conventions. Fix a prime number p > 0. All monoids are commutative. All rings have
identities. For the conventions in p-adic geometry (and perfectoid geometry), we follow [SW20] and
[Sch26]. For the definition of an adic space being locally Noetherian, we follow |DLLZ23a, p.4].
For conventions on (mixed) Shimura varieties and compactifications, we mainly follow [Wu25| (we
refer readers to the latest version here, which will be updated on arXiv in the future). For the
conventions in log geometry, we mainly follow [Kat89], [Ogul8|, and [DLLZ23a]. A constant sheaf
of monoids on X with values in P is denoted by Py instead of P to avoid awkward conventions
such as “P?. Log structures are written multiplicatively, but charts are written additively. For a
Shimura datum (G, X), G is a reductive group over Q. We also write G ®g Q) as G when it is clear
in the context. There are several “FE” in different fonts: In general, “IE” denotes global fields; “E”
denotes local fields; “E” denotes tori. For a smooth affine group scheme G over Z,, we usually denote

K, = G(Z,) and K, = Q(Zp). Here (;) means the set of Zp—points. Let Perf denote the category
of perfectoid spaces of characteristic p, and Perfd denote the category of all perfectoid spaces. Let
PCAIlg®P denote the category of affine perfect schemes. Some Galois groups: I' = Gal(@p\Qp),
I = Gal(@p|@]’)7 Yo = <0> = Gal(@p|@p)

The group-theoretic conventions in §1 and a few lemmas and definitions in §3 and §4 are slightly
different from other places in the article. In §1, G usually denotes the Levi quotient of a linear
algebraic group P, while an embedding of P into a reductive group is denoted by P < G’. In other
places, G usually denotes the group that P (or rather, Pg) maps into.
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1. SHTUKAS FOR NON-REDUCTIVE GROUPS

To understand the geometry of toroidal compactifications of Shimura varieties, we study mixed
Shimura varieties. As a first step, we discuss local models and shtukas for non-reductive groups in
detail. Many properties are analogous to those for reductive groups; consequently, we present only
the properties needed in later sections.

1.1. The B;;R-afﬁne Grassmannian.
1.1.1. Setup. Let P be a smooth affine group scheme over Z,,.

Definition/Proposition 1.1 ([SW20, §19, 20]). Recall that the By -affine Grassmannian Grp —
Spd Zy is a v-sheaf on Perf admitting the following equivalent descriptions.
(1) It is the étale sheafification of the presheaf quotient LP/LYP. Recall that the loop group
functor LP and the positive loop group subfunctor LTP are defined on SpdZ,: Given S =
Spa(R, Rt) € Perf equipped with an untilt S* = Spa(R¥, R*) over Spa(Zy), we have

LP : (R*, R*™) s P(Bar(R%), L*TP: (R, R*™)— P(BL(RY)).

(2) It is a functor whose S = Spa(R, RT)-points parametrize untilts S* = Spa(R?, R™) over
Spa(Z,) together with a P-torsor € on Spec Bis (R*) and a trivialization of it over Spec Bar (R¥).

(3) It is a functor whose S = Spa(R, Rt)-points parametrize untilts S* = Spa(RF, RIT) over
Spa(Z,) together with a P-torsor & on SxZ, and a trivialization of &lgxz,\s¢ that is mero-
morphic along S.

Proof. The equivalence of the second and third descriptions is proved using Beauville-Laszlo gluing,
which is compatible with the Tannakian formalism; see, for example, [Ans22, Lem. 7.2]. The
equivalence of the first and second descriptions is given by [SW20, Prop. 19.1.2, 19.5.3|. The proofs
do not need the group to be reductive. ([

We recall some simple facts.

Lemma 1.2 ([PRO8, Thm. 1.4]). Let P1 — Pa be a morphism of smooth affine group schemes.
Assume that Py is the smoothing of the closure of Py in Po. If Po/P1 is affine, then Grp, — Grp,
1s a closed embedding.

Proof. This is essentially [PRO8, Thm. 1.4] (cf. [SW20, Lem. 19.1.5|, where we only need the input
that Pa/P; is affine). Note that the proof in [SW20, Lem. 19.1.5] does not require that P; — Ps is
a closed embedding; it only requires that, for any Spa(R, RT) € Perf with an untilt Spa(Rf, R#),
we have Pi(BIz (R¥)) = Pi(Bar(R*)) N Pa(Biz (RY)). This is always true under our assumption;
see [PR24, Lem. 4.6.1]. O

Lemma 1.3. Let X be an affine scheme of finite type over Z,, and let X — A" be a closed
embedding. Then the natural inclusion functor LYX — LTA", as well as LX — LA™, is a closed
embedding. Moreover, L*X — LX is a closed embedding.

Proof. We show that LX — LA™ is a closed embedding. In the equal-characteristic case over
geometric points, see the descriptions in [PRO8, §1]. In the mixed-characteristic case, see |[Zhul7,
Prop. 1.1]. In general, given an S = Spa(R, R")-point z € LA"(R, R") = Bar(R'")", we need to
prove that the locus where this point lies in the image of LX is closed. The result follows from the
proof of [SW20, Lem. 19.1.4]: by induction, assume € By (R¥")" /B, (R*F)™; then x lies in the
image of LX if and only if its reduction modulo £ lies in the image of X'. Similarly, LTX — LTA"
is a closed embedding, and therefore L™ X — LX is a closed embedding. O

Also, let us introduce a useful lemma. Given a positive integer IV, recall that we have a notion
of congruence quotient group LSNP = L*P/L} P, where LY, P := ker(L™P — P(Biz/¢N)).
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Lemma 1.4. Let X C Grp be a quasi-compact and quasi-separated sub-sheaf, then the natural action
ax : LTP x X — Grp factors through ax n : LENP x X — Grp for some large N. Moreover, ax,N
1S proper.

Proof. Let us show the first statement. Fix a faithful representation p : P — GL,, such that GL,, /P
is quasi-affine (such an embedding exists; see [PRO8, Prop. 1.3]; see also [Ric19, Cor. 3.8] for a
more general statement), and then apply the arguments in [SW20, Lem. 19.1.5] (cf. [Zhul7, Prop.
1.20]) to show that Grp — Grar,, is a locally closed embedding. The image of X in Grgr,, is quasi-
compact and quasi-separated, and L}, NP = L"”POL+ GL,,. It suffices to work with P = GL,,, where
the result is well-known. Now, ax n is quasi-compact since both L=NP and X are quasi-compact,
is partially proper since LSNP, X and Grp are partially proper by construction. In particular,
ax,n is proper by [SW20, Cor. 17.4.8]. 0

1.1.2. Diamond functors. For a scheme X over Z,, there are three different notions of diamonds
associated with X. See [AGLR22, §2.2] and [PR24, §2.1].
e “big diamond” X©: A v-sheaf X¢ sending any affinoid perfectoid S € ObPerf to the iso-
morphism classes of tuples (S%, ¢, f), where (S 1) is an untilt and (f : S — X) € X (S%).
e “small diamond” X°: A wv-sheaf X° sending any affinoid perfectoid S = Spa(4,A") €
Ob Perf to the isomorphism classes of tuples (S* = Spa(A*, A%T), 1, f), where (S*,1) is an
untilt and f € X (AHT).
e “slashed diamond” X9/ := X° HXQXSdepSdep (Xq,)®.
If X is proper over Z,, the three notions above are the same by the valuative criterion of proper-
ness.
For a pre-adic space X over Z,, the similarly-defined functor X0 sending S € ObPerf to (S%,¢, f :
S* — X) is also a v-sheaf over Perf by [SW20, Lem. 18.1.1].

1.1.3. Reduction. Recall the reduction functor introduced in [Gle25]. Let SchPerf denote the topos
on PCAIg®P, endowed with the v-topology. Let Perf denote the topos on Perf equlpped with the
v-topology. Then (o,red) form a pair of adjoint functors between the topoi (SchPerf Perf) Given
Spec A € SchPerf and a v-sheaf F, we denote F™4(A) = Hom(Spd A, F). The reduction functor
red commutes with finite limits.

Let F be a v-sheaf over Spd Zy,, let Fy, := Fspar, — Spd F, be the base change of 7 — Spd Z,.
We say that Fp, is the special fiber of . Note that (Spd Zp)red is represented by SpecF,. We say
that F is formally p-adic (in the sense of [C‘l(?) Def 3.20]), if Fspaw, = (F79)°.

Recall the Witt affine Grassmannian Gr defined in [Zhul7].

Definition 1.5. The Witt affine Grassmannian Grp is the functor defined over PCAlg®P, send-
ing Spec R € PCAIg®P to the set of P-torsors on Spec W (R) together with a trivialization over

Spec W (R)[1/p].

It follows from definition that Grp g, = (Grjy )°, Gr}y is the reduction of Grp. Gr}y is the étale
sheafification of Ly, P/ LI'F:P, where Ly, P and LI'F:P are the Witt loop group functor and the Witt

positive loop group functor respectively. By [BS17, Cor. 9.6], Gr%/ is represented by an increasing
union of perfections of quasi-projective schemes over I, along closed immersions. Here we only need
GL,, /P to be quasi-affine for some faithful embedding P — GL,, over Z,.

1.1.4. Over C. From now on, let P be a linear algebraic group over Q, with a Levi decomposition
P =U x G, where U = R, P and G is the reductive quotient. Let G be a smooth affine model of
G over Zjp, and let U be a smooth affine model of U over Z, such that the conjugation action of
G(Z,) stabilizes U(7Z,). By [BT84, 1.7.3 and Prop. 1.7.6], we can associate a smooth affine model
P :=U %G to P over Z,. Throughout this article, we work with such P.
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Let C be a perfectoid field of characteristic 0. We write the base changes of Grp and Grg as
Grpc and Grg,c, respectively. Let p : Gy, — P be a cocharacter over @p. We define Grp,, C Grpc
as the L P-orbit of p : LGy, — LP, i.e., the v-sheaf-theoretic image of LT P x p — Grpc, and
define Grp<,, as the v-sheaf-theoretic closure of Grp, in Grpc.

Remark 1.6. Recall that Grg,, (resp. Grg,.<,) has two definitions: one uses such orbital image
(resp. and its closure) as in [AGLR22, §4|, and the other uses the pointwise boundedness condition
as in [SW20, §19|. These two definitions coincide; see [AGLR22, Cor. 4.6].

Lemma 1.7. Fiz a section G — P such that pu lifts to G. We then have a closed embedding
Grg,c — Grpco, and Grp (<), C Grpc is the LT P-orbit of Grg <)u C Grgo, i.e., the v-sheaf-
theoretic image of LTP x Grg, <) = Grpo. As a result, Grpy, (resp. Grp<,) agrees with the
subfunctor of all maps S — Grpc such that, for every geometric point x : Spa(D, D) — S, we have
v € P(Bfy(D)EHP(Bfy (DY) P(BIy (DY) (resp. o € P(Bly(DH)E P(By(DY)/P(By(D)
for some ! < ). Here we identify Bar(D?) = D((€)).

Proof. This follows mainly from Remark 1.6. Only need to show that the image of LTP x Grg,,
in Grpc is GTM, here @ means the closure under the v-topology. Since Grg <, is proper, thus
quasi-compact and quasi-separated, by [SW20, Prop. 20.2.3|, the action a : L™ P x Grg <, — Grpc
factors through ay : LSV P x Grg,<u — Grpc for some large N and ay is proper (see Lemma 1.4).

We then apply Lemma 1.8. O

Lemma 1.8. Let f: X1 — Xo be a universally closed morphism of small v-stacks, and let Y1 and
Y5 be sub-v-stacks of X1 and Xa, respectively. Assume that fl|y, factors through Ya and f : Y1 — Yo
is surjective. Then f : Yfl — YQCI is surjective, where YiCl 18 the v-closure of Y; in X;.

Proof. By [AGLR22, Prop. 2.8], Y = |Vj|"9¢ x|y, X;, where |Y;|* is the weakly generalizing
closure of |Y;| C | X;|. Since Y7 — Y3 is surjective, |Y1| — |Ya| is surjective (see [Sch26, Prop. 12.9]).
By [AGLR22, Lem. 2.4], since f is universally closed, |Y2|"9¢ C |f](|Y1]%9¢), and f : Y — Y5 is
surjective. ]

Proposition 1.9 ([SW20, Prop. 19.2.3|). Fiz a mazimal torus and a Borel T C B C G. Fiz a
dominant cocharacter u € X.(T)". Then Grp<u C Grpce s a closed subfunctor, and Grp, C

Grp<, 1s an open subfunctor. Moreover, Grp<, is a locally spatial diamond.

Proof. Let Grjp’gu C Grpc be the pullback of Grg <, C Grg, ¢ under the projection Grpc — Grg,c.
Then we have [ : Grp<, AN Gr'Péu. Since Grg,<; C Grg,c is closed by [SW20, Prop. 19.2.3], it
suffices to show that f is closed.

We take a strictly totally disconnected perfectoid cover X of the small v-sheaf Grg <, and claim
that fx is closed. Note that closedness of a morphism descends along a v-cover ([Sch26, Prop.
10.11]). Take a v-cover | | w<p X — X, where X is a strictly totally disconnected perfectoid space
that is a v-cover of X X Gy ., Grg . Fixapoint z € X/, and let U = Spd(R, RT) — X,/ be an étale
neighborhood of z such that Grg,c(U) = G(Bar(R*))/G(Biz(R*)). Since every étale covering of
X, splits, U is again a strictly totally disconnected space. Since the v-sheaves involved are partially
proper, for simplicity we work with rank-1 points and assume RT = R°. Set 0= B:{R(Rﬁ) and
F = Bgr(R"). By Lemma 1.10 below, the fiber fi; is isomorphic to

U(O)/U(0)nEXU(O)™ = U(F) /6" U(0)E ",
It is a closed embedding since U(O) < U(F) is a closed embedding by Lemma 1.3.
To prove the last statement, we take a faithful representation p : P — GL, such that GL,, /P

is quasi-affine. Then Grp — Grgr, is a locally closed embedding. Since Grp<, C Grp and
Grar,,<p(u) C Grar, are closed, it follows that Grp<, — Grgr, <, is locally closed. Since
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Grgr,,,<p(u) 18 a spatial diamond by [SW20, Thm. 19.2.4], we conclude that Grp<, is a locally
spatial diamond (see [Sch26, Cor. 11.28]). O

Lemma 1.10. Let S = Spa(R, R°) be a strictly totally disconnected perfectoid space. Let x be an
S-point of Grg,, — Spd(C,O¢), associated with the untilt St = Spa(R*, R*). Up to replacing S
with an open subspace, we have

r = g&"G(BR(R"))/G(Bp (RY)
for some g € G(BIR(Rﬁ))'

Proof. Let LTG(p) := ker(LTG — Grg,) be the stabilizer subgroup. Then LTG — Grg,, is
an LTG(p)-torsor. It suffices to show that the orbit map LTG — Grg,, has a section over S
after replacing S with an open subspace. Consider the reduction map red : LG — G, g — @,
modulo ¢. Let L'G(u) be the kernel of the restriction of red to LTG(p), and let G, C G be
the image of LYG(u). We have an exact sequence 1 — L'G(n) — LTG(p) — G, — 1. To
show that H!(S,LTG(u)) = 0 after replacing S with an open subspace, it suffices to show that
H(S,L'G(r)) = 0 and H}(S,G,) = 0 after replacing S with an open subspace.

(1) HL(S,G,) = 0: Note that G, is a parabolic subgroup of G' determined by ; in particular, it
is smooth. A G,-torsor on a perfectoid space S for the v-topology is a torsor for the étale topology.
A general result for rigid groups can be found in [Heu26]. Since every étale covering of S splits,
after replacing S with an open subspace, we have H}(S, G,) =0.

(2) HY(S,L'G(1)) = 0: Recall that G is split over C, and L'G(u) is a subgroup of the pro-
unipotent kernel ker(L*G — G). More precisely, L'G(u) admits a descending filtration L*G(u)
such that L"G(u)/ L™ G () is isomorphic to some vector group g™ @£ /¢, where gtV ¢ g® ¢
---g = LieG is an increasing filtration. Since H} (S, Biz/(§)) = H}(9,0g) = 0, and the transition
morphisms in the inverse system of vector groups {L'G(11)/L"G(p)}, are surjective, we conclude
that HL(S, L*G(u)) = 0. O

1.1.5. Over Q,. Let {u} be the conjugacy class of p in P, and E be the defining field of {u}.
Note that the defining field of {u} in P is the same as the one of {u} in G, since we can fix a
section G — P such that p lifts to G. Since Grg,, and Grg <, are descended to Spd E' (which we
again denote by Grg , and Grg <, respectively), Grp,, and Grp<, are descended to Spd E (which
we again denote by Grp,, and Grp<, respectively), by the descriptions in Lemma 1.7. Moreover,
Grp, — Grp<, is open and Grp<,, C Grppg is closed. There is a section Grg <, — Grp<, to the
projection Grp<, — Grg,<y-

1.1.6. Represented by rigid analytic spaces. Let

1 1

Pui=A{g e P| lim p(t)gu(t)”" exists}, G :={gec G| lim pu(t)gu(t)”" evists}.

Let Flp, := P/P, and Flg, = G/G,. Note that Flg , is the usual flag variety. The space Flp,
can be also viewed as a smooth quasi-projective scheme over E.

Definition 1.11.

(1) We say p is quotient-minuscule in P if j is minuscule in the reductive quotient G.
(2) We say p is minuscule in P if the weights of p on Lie P are {—1,0,1}.

It follows from the definition that p is minuscule implies that p is quotient-minuscule.

Lemma 1.12 ([SW20, Prop. 19.4.2]). There is a Bialynicki-Birula map Grp, — fl?;u, which is
an isomorphism when p is minuscule in P.
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Proof. Consider the commutative diagram

Grp,, — FI},

|

GI“G“u —_— flg“,

where the horizontal maps are defined using the Tannakian formalism and [SW20, Prop. 19.4.2],
and the bottom map is an isomorphism. Since F. l% u and Grp,, are diamonds, to check the qcqgs
map Grp, — F l% 4 is an isomorphism, it suffices to check the bijectivity on geometric points by
[Sch26, Lem. 11.11, Prop. 11.15]. In particular, we check the bijectivity of the fibers at every
geometric point of Grg = ‘Hg,u' Let Spa(C,CT) be a geometric point of characteristic 0, denote
O := B};(C) = C[[¢]] and F = Byr(C) = C((£)). We have identifications:

Grp,(C,CT) = P(O)E*P(0)/P(0) = P(0)/P(0O) N EFP(O)EH.
The natural morphism Grp,,(C,C*) — F. l% ,(C,C7) is induced by the reduction map
P(O)— P(C), g+ q@ modE&.
Let g € G(C), the fiber of Grp, — Grg,, at g (more explicity, over g¢*G(O)) is
(1.1) U(0)/(U(O) N g€tUu(0)E g™ = U(0)/(U(O) N €U (O)E™).
and the fiber of fl%u — ng at g is
U(C)/gUu(C)g™" = U(C)/UL(C),
where Lie U, consists of u-weight spaces of Lie U of weights < 0. By the minuscule condition on g,
the reduction map gives the bijection
U(0)/(U(0)Ng"U(0)E™) = U(C)/UL(C).
0

Definition 1.13. We say that (P, ;1) comes from the boundary if there exists a reductive Q-
group G" with a parabolic Q,-subgroup Q C G such that

(1) p: Gy 5 P — G is a minuscule cocharacter in G’ defined over a field extension of E,
(2) {Us| {p,a) >0, € '} C Q, where @ is the absolute root datum of G'.
(8) P is a normal subgroup of Q with R,P = R,Q.

In this case, we denote the Levi quotient of Q) by L.

Lemma 1.14. Let (G', X') be a pure Shimura datum and let (P, D) be a rational boundary compo-
nent. Let x' € D, and let u, be the Hodge cocharacter associated with x'. Then (Pa,» Hy 9] ) comes
1p

from the boundary in the sense of Definition 1.13.

Proof. The groups involved are defined over Q, we work over the base field C in place of @p.
Let Hp be the reference group defined in [Pin90, §4.3]. It is defined over R and equipped with two
homomorphisms hg : S = Hg and ho : S¢ — S¢ x Hop c. Let @ be an admissible parabolic subgroup
of G'. For any x = h, € X’ that determines a point 2’ = h,s € D in the sense of [Pin90, §4.11], one
can find a morphism from the reference group, w, : Hy — Gg, such that hy = wyo0hy : S — G
and h,s = wy 0 heo = S¢ — Fc; see [Pin90, Prop. 4.6].

Let w: Gy — S and p : (Gp)c — Sc be the weight and Hodge homomorphisms, respectively.
Let ptz = hy o p and pzr = hy o o be the Hodge cocharacters associated with z € X’ and 2/ € D,
respectively. Then pu, and p, are conjugate under G’ (indeed, they are already conjugate in Hp);
see [Pin90, Prop. 12.1, Lem. 12.2|. In particular, p, is minuscule.
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Since the Hodge structure on Lie G’ induced by h, is pure of type {(—1, 1), (0,0), (1, —1)}, [Pin90,
Lem. 4.4] implies that the Hodge structure induced by h, is mixed, with types

(1.2) {(1,1),(1,0),(0,1),(1,-1),(0,0),(-1,1),(0,-1),(—1,0), (-1, —1)}.

The adjoint action of j, : Gyy — Pc — G{: on Lie U, is given by multiplication by t{#a:) - Thus
LieU, C F°LieG’ (F° is the Hodge filtration induced by h,) if and only if (u,,a) < 0 (see
conventions in [Pin90, §1.3]). In particular, if (., @) > 0, then the weight of Lie U, under h, o w
has to be at least 0 by (1.2). Hence LieU, C (Lie@)c, since (Lie@)c is the direct sum of all
nonnegative weight spaces in (Lie G’)¢ under the adjoint action of hy o w; see [Pin90, 4.1 and Prop.
46). 0

Lemma 1.15. If (P, ) comes from the boundary, then the immersions Flp, — Flg, — Flar
are open immersions; in particular, they have the same dimension.

Proof. This follows from a calculation of the tangent spaces at the identity. Since the construction
of Fl is compatible with base change, we base change everything to an algebraically closed field.
We take a maximal torus 7" inside @,

Lie G/ Lie G, = @aea,(u,0)>0 Lie Uy = Lie Q/ Lie Q.

Let us denote W := R, P = R,Q, G}, := P/W, L := Q/W, and G| := Q/P. We have an exact
sequence of reductive groups 1 — G — L — G; — 1, and the root data of G and Gj are
orthogonal. In particular, Lie L/ Lie L,, = Lie G}, / Lie G}, ,,; thus Lie @/ Lie Q, = Lie P/ Lie P,. [

Remark 1.16. Under the setting of Lemma 1.1}, let us give a more geometric explanation of
Lemma 1.15. Consider the map 7 : X — mo(X) x Hom(Sc, Pc) that sends x to ([z],wz 0 hoo). Let
(P, D) be a rational boundary component. Recall that D C mo(X) x Hom(S¢, Pc) is a P(R)U(C)-
orbit containing T(x) for some x € X. Let ¢ : D — ¢(D) C Hom(Sc, Pc) be the natural projection
with finite fibers. Fixz h € ¢(D), let C(h) be the centralizer of h in P(R)W (C). Let M be a faithful
representation of P. By the proof of [Pin90, Prop. 1.7|, we have

¢(D) = P(R)W(C)/C(h) — P(C)/exp(F°(Lie P)c) = P(C)/P,(C) — Grass(M)(C),

where the first morphism is an open embedding, and the last morphism is the closed embedding given
by the Hodge filtration associated with the Hodge cocharacter p determined by h. In particular, the
dimension of D agrees with that of Flp, as complex manifolds. This is analogous to the Borel
embedding X' — X' = G’/GL, = Flgr v, which also shows that the dimension of X' equals that of
Fler . Let X! C X be the preimage of D under T, which is a union of connected components of
X. Then X' — D is an open embedding; see [Pin90, Prop. 4.15(a)]. Thus X' and D have the same
dimension. Finally, since p and pi' are conjugate in G', we conclude that Flp,, and Flg , have the
same dimension.

Lemma 1.17. If (P,p) comes from the boundary, then Grp, — ]-'l%u and Grg, — }—l%u are
isomorphisms. In particular, Grp, and Grq,, are represented by rigid analytic spaces over Spd E.
Moreover, Grp,, = Grg,, and Flp, = Flg .-

Proof. The first two statements follow from Lemma 1.12. Let us show the last statement. Given
any ¢ € Q(O), we can factor ¢ = p[[, ua with p € P(O) and us € Uy(O), where o runs over
roots in @ \ P. Since p factors through P, we have (a,pu) = 0 for all such «. In particular,
Ua(0) C Q(O) N EHQ(O)E™H, and hence Grp,(C,CT) = Grg,(C,CT), Grp, = Grg,. Since
Flpy, and Flg,,, are smooth, and the ¢ functor is fully faithful on seminormal rigid analytic spaces
([SW20, Prop. 10.2.3]), Flp, — Flgp- O
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1.1.7. Over Spd Z,. We move on to the integral base and recall the definition of v-sheaf theoretical
local models.

Definition 1.18. We say that P is a stabilizer quasi-parahoric group scheme (resp. quasi-
parahoric group scheme, parahoric group scheme) of P if P = U x G, G is a stabilizer
quasi-parahoric group scheme (resp. quasi-parahoric group scheme, parahoric group scheme) of
G and U is a smooth affine group scheme over Z, with connected fibers. In these cases, denote

Pe=UxG°.

Let Q C G’ be a parabolic subgroup, and let T' C @ be a maximal @p—split torus of G’ defined
over Q,. Let U = R,Q, and let L be the standard Levi subgroup of ) containing 7.

Let F C A(G',T) be a facet in the reduced apartment. Under the natural projection A(G',T) —
A(L,T), there is a unique facet 7, C A(L,T) containing F. Let Lr, (resp. G%) be the parahoric
group scheme of L (resp. G') with respect to Fy, (resp. F). Then L, (Z,) = L(Q,) N g;f(Zp); see
[HR10, Lem. 4.1.1]. Moreover, Lr, — G’ is a closed embedding. To see this, let L be the closure
of L in G%. Then Lz, — LF is the smoothing; i.e., L7, is the unique smooth affine group scheme
of L such that L7, (Zp) = EJ:(ZP). Since L contains the open big cell of L, , we have L, = L.
Let Ur be the closure of U in G%; it is a smooth affine group scheme with connected fibers, since
its special fiber is a product of root groups U, inside the linear algebraic group g}’Fp. The closure

of @ in G% is Qr :=Ur x Lr, and QF is parahoric.

Definition 1.19. We say that an embedding of parahoric group schemes Q@ C G’ is a parabolic
embedding if there exists a facet F C A(G',T) for some mazimal Qp-split torus T' of G’ contained
in Q such that Q = QF and G’ = G-.

Let Grgr <, be the closure of Grgr <, in Grgr; it is proper and is represented by a spatial diamond
(see [SW20, Prop. 20.3.6]).

Lemma 1.20. Let Q C G’ be a parabolic embedding of parahoric group schemes, and let y be a
cocharacter of G' factoring through Q. Then Gro,<, — Grgr <, is a locally closed embedding, where
Gro <, is the closure of the closed subfunctor Grg <, C Grg (see Proposition 1.9) in Grg o,, and
E is the defining field of {u}.

Proof. Denote G’ by G. We apply the arguments in [AGLR22, §5.1]. Let T'C @ C G be a maximal
Q,-split torus defined over Q, such that F C A(G,T). Let 7° be the connected Néron model of
T, and let A : G, — 7° be a cocharacter defined over Z, such that Q = G and L = G N G -1.
As in the proof of [HR21, Lem. 4.5], A defines @ = G, and £ = G, N Gy-1. Choose an embedding
G — GLyz, such that GL,z, /G is quasi-affine. Let 77 C G’ := GL,, be a maximal Qp—split torus

defined over Q, that contains T', and let Q" := G, where X’ is the composition of Gy, Ao .
Then Q' = U’ x L' extends to Q" = U’ x L' where Q' is again a parahoric group scheme. As in the
arguments in the proof of [AGLR22, Thm. 5.2|, @'/Q is quasi-affine; thus Grg — Gro is a locally
closed immersion. By the discussion above Lemma 1.20, it suffices to work with @' € G’. To save
notation, we denote by (Q',G’, 1) = (Q,G, ). Now Q =U x L, and £ and G are reductive schemes
over Zj since T is a split maximal torus. Let T7, be the cocenter of L, and let v be the image of 4
under L — T7. We use results from [['S21, Prop. II1.3.6] (the proof there works over the integral
base, since [FS21, Lem. VI.3.2, VI.3.3] do.) Recall that we have a locally constant Kottwitz map
Grg — m1(L). Let Grz C Grg be the corresponding open and closed sub-sheaf, and let Gry C Grg
be the preimage of Gry C Grg. By [FS21, Prop. VI.3.1], Grg C Grg is locally closed. Since
Gre <y C Gry, Grg<, C Grg and Grg <, C Grg are closed embeddings, Grg <, — Grg <, is
locally closed. ]

Let Gj, C L be a normal subgroup with quotient GG;. Then G}, and G are reductive. Moreover,
L is an almost product of G and G}, where G} — G is an isogeny. Recall that we have a
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Gh(Q,) x G1(Qp)-o-equivariant bijection between reduced Bruhat-Tits buildings that preserves the
polysimplicial structure:

(1.3) Bred(Ghy Qp) X Broa(G1, Qp) = Brea(L, Qp),  (Fiy Fi) & Fr,  (xn,21) > 1.

In particular, Gy, 5, (Zp) = G1(Qp) N Ly, (Z,). However, the parahoric group schemes Gy, 7, and
Lr, might not satisfy G, 7, (Zp) = Gr(Qp) N Lx, (Zy); see [Mao25a, §2.4.3] (especially [Mao25a,
Example 2.61]) for detailed discussions. Moreover, the closure of G}, in £, might not be smooth.
It is smooth if there exists a maximal @p—split torus of G}, that is R-smooth; see [Mao25a, Lem.
2.717].

V\]/e make the following definition, which will be used when considering mixed Shimura varieties
at the boundary.

Definition 1.21. Assume that (P, ) comes from the boundary, with P — Q — G’ as usual. Let
P — Q — G’ be quasi-parahoric group schemes of P — Q — G'. We say that (P, ) comes from
the boundary associated with P — Q — G if

(1) Q (resp. P) is the smoothing of the closure of Q (resp. P) in G'.
(2) P° — Q° — G’ is of the form Pr, — Qr, — G, with facets Fy, Fr, F related in the way
discussed above.

1.1.8. Pass to parahoric levels. In the remainder of this section, we always assume that P =U x G
is a quasi-parahoric group scheme.

Lemma 1.22.
Grpo — 5 G G Qv
I'po Spd 7, I'P Spd Z, rpo — Grp
G — G Grl, —— G
I'ge Spd Zy, I'G,Spd Zy> I'Go rg -

are Cartesian diagrams.

Proof. The commutativity of both diagrams follows from the fact that the sheafification functor
commutes with fiber products, and the diagram of presheaves is clearly Cartesian (since P — G is
surjective). O

Lemma 1.23. The fibers of Gr}/;v — Grg/ are connected. Moreover, Gr%v — Grgv mduces a
bijection mo(Gry ) — mo(Gry ).

Proof. Recall that LU/ = LU is connected as an ind-scheme by fixing some U = A", and LU is also

connected when U is connected. Hence, GrZZV is connected as an ind-scheme. Let z = Specl — Grg/

be a geometric point, and write x = gG(W (1))/G(W (1)). Then the fiber of Grjy — Grg/ at x is

UW(1)[1/p])/gU(W (1)[1/p])g~", which is conjugate to Gr}j . Moreover, fixing a section G — P,

since the action LU x Grg/ — Gr¥ is surjective, Griy — Grg/ induces a bijection m(Gryy) —
w

mo(Grg ). O

Corollary 1.24 ([Zhul7, Prop. 1.21]). Grip. — Gryy is a P/P°-torsor that maps connected com-
ponents isomorphically onto connected components.

Proof. This statement is true when P = G; see [Zhul7, Prop. 1.21] (cf. [SW20, Prop. 21.1.4|). In
general, Gr%/o — Gr;év is a P/P°-torsor since Grgﬁ — Grg/ is a G/G°-torsor and P/P° = G/G° by
Lemma 1.22. The last statement then follows from Lemma 1.23. O
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1.2. Local models. In the remainder of this section, we always assume that u is quotient-
minuscule in the sense of Definition 1.11. We define

(1.4) Mp , C Grpspaoy = Grp spaz, Xspdz, Spd Of

as the closure of Grp,. The closed embedding Grg — Grp induces Mg , — Mp ,, which gives a
section of the projection Mz u Mg, M, thus M, ., Projects onto Mg 4

Lemma 1.25 ([SW20, Prop. 21.4.3]). The natural morphism Mp. , — Mp  is an isomorphism.

Proof. This statement is true when P = G; see [SW20, Prop. 21.4.3]. In general, we use Lemma
1.22. Since Grge spaz, — Grg spdz, is proper, Grpo spaz, — Grp spaz, is also proper. In particular,
M”PO’M — M%,u is proper. Applying the arguments in the proof of [SW20, Prop. 21.4.3], and using
Corollary 1.24, it suffices to show that the reduction of Mjp. , (see Lemma 1.29) is completely
contained in one connected component of Gr;/;vo. Again, this follows from Corollary 1.24 and the
fact that Mz, ,, projects onto Mg. . O

Proposition 1.26. Assume (P, u) comes from the boundary with P — Q — G’ (see Definition
1.21); then the natural embedding Mz, 5 Mg, — Mg u s a locally closed embedding.

Proof. Lemma 1.17 says that Grp, — Grg, is an isomorphism. Since Q°/P° is affine, Grpo —
Grge is a closed embedding, see Lemma 1.2. In particular, M”Po = MUQOM By Lemma 1.25,

we have I\\/JI}’)# = MUQM By Lemma 1.20 and Lemma 1.25, I\\/JIQ# — ME,M is a locally closed
embedding. O

1.2.1. Orbital descriptions.

Lemma 1.27 (JAGLR22, Prop. 4.13]). The local model Mp, |, is stable under L*P-action. More-
over, M%,u is the Lt P-orbit of M&u under the fized closed embedding Grg C Grp.

Proof. Choosing a faithful embedding p : P — GL,, such that GL, /P is quasi-affine, we have a
locally closed embedding Grp — Grgr,,,. Let X C Grar, 0, be a quasi-compact and quasi-separated
closed subsheaf that contains M , (for example, take X = Grqr,, <p(u),05)- Since Mp | — X is a
monomorphism, as in Lemma 1.4, a : LJ(BEPXM%M — Grp o, factors through ay : L(SQJEVPXM%# —
Grp o, for some large N, where NN is determined by X. Let X; = X N Grpo, — Grpo,,
it is a closed sub-sheaf, LJ(gEP acts on X7 and factors through L(%JI:P. Since ng? — Spd Op
is partially proper and open, by [AGLR22, Cor. 2.9] (which says that taking closure commutes
with base change along partially proper and open morphisms), base change along the projection
L(%gp XSpd O X — ,Xrl7 we have

LENP xspaop Mb , = (LEVP xspap Grpy,)®,

as a closed subsheaf of L@E P Xspd oy X1 Since LE P Xspd £ Grp,, — X1 g factors through Grp,
by construction, combining with the equality displayed, we see that L(SQJLYP Xspdopy Mp , = X3
factors through Mjp, |

Let us show the second statement. Since Mg e M " Mp u s stable under L1 P-action implies
that the morphism a’ L+E73 XSpd O MQ,M — Grp spd 0, factors through M%,u' We need to show it
is surjectlve Since Mg 1s quasi-compact and quasi-separated, apply Lemma 1.4, a’ factors through
some a'y for large N. Apply [AGLR22, Cor. 2.9] again. Note that Grg,, C Grpy,, as well as Mg
MP,W is a closed embedding. Base-changing along the projection LOE P Xspdog MP,# — MP,M’ we
have

L P Xspd 0y Mg, (L Np Xspd 2 Gra )%,
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as a closed subsheaf of L(%gp XSpd O M”P#. Since L(%]EVP Xspd E Grg,, surjects onto Grp, by
construction, we apply Lemma 1.8 to the action ay. U

1.2.2. Over SpdF,. Let G be parahoric. Let Méoz C Grgka be the reduction of Mg , C Grgo,.

We have Mg’l‘i =Ag, C Grg»[ka (see [AGLR22, Thm. 1.5]). Here Ag, is the p-admissible locus in
the sense of Kottwitz—Rapoport, which is the kg descent of

w
Ag,u,k = U Grg,w,ka

UJEAde({N_l})g(ip)

where k = kg, Grgfwyk is the usual Schubert cell, it is the perfection of a quasi-projective scheme.

Let P be parahoric and W be the Iwahori-Weyl group of G. For any w € /VI\;, let Gr%/’ w C Gr%f k
be the orbit of LﬁP of Grgfw — Gr‘é"/k — Gr%vy - By calculating the stabilizer of the orbit of LZP
at w, we see that Gr}’,‘{ w 18 locally perfectly of finite type. Let us define the p-admissible locus
Ap . C Grng as the kp-descent of

(1.5) Ap k= U Gl";/av,w, Ade({M_l})p(zp) = Ade({M_l})g(Zp)'
wEAdmp({ufl})P@p)

Let K = G(Z,), and let I“(Wf( C W be the index set introduced in [Ric13] (cf. [SYZ21, §1.2.6]).
Lemma 1.28. Given w € ka, let Gr}/)v,w be the closure of Grgw - Grygv’k, then

Grgw = Gr%VKw = U Gr},/gv,w, .
w’gw,w’Ef(Wf(
In particular, Ap,, C Gr%{kE is a closed subfunctor.

Proof. Since the closure of Grgfw in Gr‘év is Grgfgw, the usual affine Schubert variety. Use the orbit

map LzP X Grgfk — Grg/’k, we see that Grggw - Gr%{w. On the other hand, by Lemma 1.4,
the action a : L:P X Grggw — Gr%{k factors through ay for some large N, and ay is proper. In

particular, L:P X Grgféw has closed image in Grp that contains Grp ,,, thus Grg w C Gr%/, <w U

Lemma 1.29. Let M}SZ C Gr%ka be the reduction of Mp , C Grp,o,. Then M%SZ C Gr},/‘;{kE is

representable and closed.

Proof. We need to show that Mz 8 w-adic formal (i.e. the structure morphism to Spd Op is
formally adic in the sense of [Gle25, Def. 3.20]); then M%S‘L C Gr}’;‘f K, represents the base change of
M”p# C Grp,0, along SpdF; — Spd Op. To show the claim, we follow the proof in [AGLR22, Prop.
4.14]: We need to show that the special fiber of Mz L 18 represented by a perfect scheme. This follows
from Lemma 1.27 and in particular (1.5). O

By checking the set of k-points of these two closed functors, we have
Corollary 1.30. Let P be parahoric. Then M};’C” =Ap .

Remark 1.31. Recall that, I\\/Jllg”# s a proper topologically normal rich kimberlite, due to results
in [Gle25], [AGLR22|, [GL24]. One might expect that M , is also a topologically normal rich
kimberlite, though not necessarily proper. Most arguments in the cited papers work here, except for
one crucial ingredient, the purity of G-torsor proved in [Ans22|. This purity result simply fails for
non-reductive group, in particular, Grp might not be v-formalizing, thus might not be pre-kimberlite.



19

Let Gy be the special fiber of G. The L?E G-action on Méoz factors through Gy (see [PR24, §4.9.1]).

In particular, we have \QO\M&}CL = Admg({u_l})g(zp). Similarly, let Py be the special fiber of P.
Assume (P, p) comes from the boundary, associated with P — Q — G’. Use the monomorphisms
P — G’ and M%,u — Mg, o We have

Corollary 1.32. Assume (P,u) comes from the boundary. Then the LgEP—action on M}SZ factors

through Py. In particular, |730\M71§7m = Admp({ufl})P(Zp).

1.2.3. Functoriality.

Definition 1.33. Let P, = Uy X Gy, Po = Us x Gy. We say P1 — P» is compatible with Uy x G —
Us x Gy if PL — Py induces Uy — Ua, Gy — Go, and there exist sections G1 — Py and Go — P
such that Gy — P1 — P» factors through Gs.

Remark 1.34.

o In this case, P, — Py is uniquely determined by the maps Uy — Uy and G1 — Gs.
o When Py — P induces Uy — Uz, G1 — G, then one can always find such a pair of sections
G1 — Py and Go — Py in characteristic 0.

Let P, — P, be compatible with U; x G; — Uy x G9, and let P; — Py be a morphism of
quasi-parahoric group schemes that extends P, — P,; then P; — Py induces Uy — Us and G1 — Go.

Definition 1.35. We say P1 — Ps is compatible with Gi — Gs if there exist sections G1 — P1,
Go — Psy such that G — P1 — Po factors through Gs.

In this subsection, we consider the following case. Let P} = U xG1 — P> = U x (G2 be compatible

with U x G4 (id—’>f) U x Gy. Let Py =U x Gy and Py = U x Gy be parahoric group schemes of Py

and Ps, respectively, such that P; — P, induces P; — Py compatible with G; — Go.
Recall that the sheafification functor commutes with fiber products. Since Py — G5 is surjective
with a section Go — Po, we have:

Lemma 1.36. The following diagrams are Cartesian:

Grpy —— Grp, Grp, —— Grp, Gr}/y1 —_— Gr7V>V2
Grg, — Grg,, Grg, — Grg,, Grgi — Grgg.

Assume that the cocharacter u of P; is quotient-minuscule in both P; and Ps.

Lemma 1.37. We have a Cartesian diagram:

Grp,y — Grp, Spd By

! |

Gra, > GIGy,Spd By -

In particular, Grp, ;, — Grp, spd £, @S proper.
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Proof. For i = 1,2, let Gr'p, , soqp, C Grp, spam, be the base change of Grg, spd gy 4 C Gr6, spd By -
Consider the commutative diagram with vertical diagrams being Cartesian:

/ /
Grpl g GrPQ,Spd E1,1
\\ —
Grp, spdE; — Grp,Spd B
GrG1,u l l > GrG%Spd Ei,p
™~ —

Grg, spdEy > Gra, spd B, -

Both Grg, , and Grg, spd g, are proper over Spd Eq, thus Grg, ;, — Grg, spd £, is proper. By
Proposition 1.9, Grp, spdE,,u — Gr};ﬁSPd By, are closed embeddings for + = 1,2. In particular,
Grp, , — Grp, spd E,,u 1s proper. In order to show the proper morphism between diamonds

(1.6) Grpyu = Grp,Spd B1 X Gray Spd By .u Gra, u

is an isomorphism it suffices to check it is an isomorphism over any Spa(C,C™)-point in Grg, .-
Let O = Bi(C*%), F = Bar(C*), g¢"G(0) € Grg, ,(C,CT), with g € G1(0). Since g normalizes
U(O)xG; ((’)) then the fibers of both sides of (1.6) over g¢*G(O) are given by the same set (1.1). O

Lemma 1.38. We have cartesian diagrams:

1 1
Mp{, / M?%C,u,kEl Mz, ,, — Mjp, |, Xspdog, Spd Of,
(1.7) l l J l
loc ; loc v v
MQLM Mgz,u,kEl’ G 7 Mgz,# X8pd O, Spd Op, .

Proof. Apply similar arguments appeared in the proof of Lemma 1.37, Mp, = Mp, , Xspdog,
Spd Op, is proper. In particular, to show the proper morphism

v v v
Pru Mpmlhspd Og, XMZQ,u,spd op, Mghﬂ

is an isomorphism, it suffices to check over geometric points (see [SW20, Cor. 17.4.8]). Over generic
fiber, this is Lemma 1.37. Over special fiber, this is the proper morphism
loc loc loc
]\47):l m — M XM]QOQCH, kE Mgluu
induced by the left diagram in (1.7). We apply the same arguments as in the proof of Lemma 1.37

and compute the fibers of both sides over Mé‘fu, with the help of Corollary 1.30 (cf. Lemma 1.27)
and Lemma 1.25. O

1.2.4. Deuvissage. Let P—Phbea surjective morphism with kernel a central multiplicative group
Z C P. Let G be the Levi quotient of P. Note that Z maps isomorphically into a central multi-
plicative group in G. Let P =U x g (resp. P =U % G) be a quasi-parahoric group scheme of P
(resp. P). Assume P — P induces P — P and U = U.

Lemma 1.39 ([SW20, Prop. 21.5.2|). Let i be a quotient-minuscule cocharacter ofﬁ and [ be its
projection in P defined over E C E, then the natural morphisms are isomorphisms:
Mg 5 Mgu ®spdog OF, M%ﬁ 5 Mvp# ®Rspd 0y Op-

7l1‘

Proof. See [SW20, Prop. 21.5.2|, Lemma 1.38 and 1.25. O
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1.3. Shtukas with one leg bounded by u. Let P be a quasi-parahoric group scheme, and
e Gm@ — P@ be a quotient-minuscule cocharacter.
»<p P

Definition 1.40 ([PR24, Def. 2.4.3]). Let S be a perfectoid space over k = F,, and let S* be an
untilt of S over Op. A P-shtuka over S with one leg at St is a pair (P,¢5), where

(1) P is a P-torsor over the adic space S X Zy,
(2) ¢ is a P-torsor isomorphism

¢z Frob§(P)|g 5 a8t — Pl sz, s

which is meromorphic along the closed Cartier divisor S* C S x L.

We say (2, ¢) is bounded by p if the relative position ¢z (Frobs(2)) and P at S* is bounded by
M, , (1.4).
S

Definition 1.41 ([PR24, Def. 2.4.8]). Given a v-sheaf F, a P-shtuka over F (resp. with one leg
bounded by 1) is a section of the v-stack (|[SW20, Prop. 19.5.3]) given by the groupoid of P-shtukas
with one leg (resp. with one leg bounded by p) over F.

1.3.1. Punctoriality. Let P, — P be a morphism, P, P2 be quasi-parahoric models of P, P,
respectively, such that P; — P» induces a morphism P; — Ps. Let 1 be a cocharacter of P; with
reflex field 1, and let ps be the composition of p; with P; — Ps, with reflex field Es. Assume puq
and p are quotient-minuscule in P; and P respectively. Then the natural functor Grp, — Grp,
induces

Grp, iy — Grp, Spd By o M%h/ﬂ — M%z,uz XSpd O, Spd Op, .
We also have
Shtp, — Shtp,, Shtp, ,, — Shtp, 4,
which come from pushing out the P;-torsor to a Pa-torsor and naturally extending the isomorphism
of Pi-torsors ¢p, to an isomorphism of Pa-torsors ¢p,.

The projection Shtp , — Shtg , has a section Shtg , — Shtp ,. The substack Shtp , C Shtp is
contained in the preimage of Shtg , C Shtg, but they are not equal.

1.3.2. Trwial cocharacter.

Definition 1.42. We say (2, ¢ ) is a trivial P-shtuka over F if for each perfectoid space S — F,
Ps is a trivial P-torsor over S x Z,, and ¢z is the isomorphism induced by the Frobenius on the

base S.

In the following, we assume that X is a normal scheme, flat and of finite type over Op. By
[PR24, Cor. 2.7.10], a P-shtuka over X 9/ is uniquely determined by its generic fiber over X,<,>. In

particular, a P-shtuka over X%/ is trivial if it is trivial over X,? .
Let 1 - P, — P, — P35 — 1 be an exact sequence of linear algebraic groups which induces exact
sequences

12U —->Uy;—=>Us—1, 1—>G —>Gy—G3—1.

Let 1 = P1 — P2 — P3 — 1 be an exact sequence of quasi-parahoric group schemes extending the
generic fiber which induces

1—-U U — U3 — 1, 1 =G =Gy — Gy — 1.

In other words, in the decomposition P; = U; XG;, we assume there exist compatible sections G; — P;.
Let 4 be a quotient-minuscule cocharacter of Py, then it is automatically quotient-minuscule in Ps.
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Proposition 1.43. In the above setting, let (P2, ¢2,) be a Pa-shtuka over X0/ (resp. with one
leg bounded by ). Assume that its base change over Xg reduces to a Pi-shtuka (1, (bgzlw) over

XT? (resp. with one leg bounded by 11). Then (P2, pp,) reduces uniquely to a Pi-shtuka (21, pp,)
(resp. with one leg bounded by pu) over X°/ whose base change over X7<7> is (P, 02,,)-

Proof. Consider the pushout X%/ — Shtp, — Shtp,. The pushout Ps-shtuka (s, ¢5,) is trivial

over X,<7>, and thus is itself trivial over X/. In other words, given any perfectoid space S — X o/,

the Po-torsor Py over S x Zy, reduces to a Pi-torsor &1, and the isomorphism
P, s : Frobg Pasls sz st = 2,515 5 7,\5¢
reduces to an isomorphism of P;-torsor:
P, ¢ : Frobg WI,S’SXZP\Sﬁ = @1,S|szp\sﬁ-
Let us check the boundedness condition.

(1) When Ps is a reductive group, equivalently, we have that U; = Us. By [SW20, Prop.
21.5.1], MZI:N = MELM ® Spd O, is a canonical isomorphism. Lemma 1.38 gives MUPI:/J« =

M3, , ® Spd Op, . Hence, (P1,¢2,) is bounded by p.

(2) When P; is a unipotent group, equivalently, we have that G; = G2, we claim that the fol-

lowing commutative diagram of v-sheaves is Cartesian. In particular, (#1, ¢»,) is bounded
by u.

v v
MPLH —_— MPQ,,u XSdeE2 Spd OEl

| |

Grp, Spd 0y, — GIp, ,Spd0p, -

The bottom morphism is a closed embedding since P2/P; = U is affine; then the top
morphism is a closed embedding by construction. Then the induced morphism

(1.8) Upl,u - M%Q,N,Spd Op, ><G1f7>2,spdoE1 GrPLSPd Og,
is also closed. To show that it is an isomorphism, it suffices to check the surjectivity on
fibers over the Spa(C, C")-points in Grg gpq Op, -
Over the generic fiber, (1.8) becomes
(1.9) Grp,u — Grp, spd B1,u X Grpy,spd By Grp, spd B, -
Let O = B (C*%), F = Baqr(C*), fix a point g¢*G(0) € Gig,,(C,CF), where g € G(O), let
h = g&#, the fiber of the right hand side of (1.9) over h is
U2(0)/(U2(O) N EHUL(O)E) Xuy(p) jernva(0)e—n Ur(F) /EFUL(O)EH,
as subset of Uy (F)/£#UL(O)E™H, equals the fiber of the left hand side of (1.9) over h:
U1(0)/(U1(0) NE*UL(O)E7F),

since U1 (F) C Ua(F) (resp. U1(Or) C Ua(OpF)) is stabilized by the conjugation of P;(F')
(resp. P1(OF)). Over the special fiber, the isomorphism can be checked similarly, with the
help of Corollary 1.30 (cf. Lemma 1.27) and Lemma 1.25.

(3) In general, we can insert an auxiliary P’ into

Pr=UxG =P =Us x G — P2 =Uz x Go,

where Gy acts on Uy through G; — G, and apply the above two steps successively.
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1.3.3. Bunp and P-Isoc. Recall that P-Isoc is a stack on PCAlIg®P that maps S = Spec R to the
groupoid of pairings (€, 3), where £ is a P-torsor over Spec W(R)[1/p], and § : 0*€ — &£ is an
isomorphism of P-torsors. By [GI23, Thm 7.14, Prop. 4.7, Prop. 6.3], P-Isoc is a v-stack, and
P-Isoc & Bunfgd, the proof of this part does not need P to be reductive. By definition there is a
bijection of the underlying topological spaces |P-Isoc| = B(P).

Let p be a quotient-minuscule cocharacter of P, also denote by g its projection on G. Recall that
one defines G-Isoc, C G-Isoc as the closed substack corresponding to B(G, ) C B(G), following
the main result in [RR96]. Since the natural projection B(P) — B(G) is a bijection ([Kot97, §3.6]),
we let P-Isoc, C P-Isoc be the pullback of G-Isoc, C G-Isoc, which is again a closed substack.

Let Sht}/;v be the functor sending any perfect algebra R to the groupoid of (&, ), where & is
a P-torsor on SpecW(R) and (3 : ¢*& --» £ a modification. By [PR24, Thm. 2.3.8] and the
Tannakian formalism, there is a natural isomorphism Sht%d = Sht;/;.v ; cf. [DvHKZ24, Lem. 3.1.5].
When P is parahoric, one can define Sht%f , by requiring the relative position to be controlled by
Grj . Then, under Shtjs? = Shty, we have Sht}sS, = Shty, by [DvHKZ24, Lem. 3.1.7] (with
the help of Corollary 1.30). When P is quasi-parahoric, we let Sht%/: u C Sht}/;v be the reduction of
Shtp , C Shtp; this is compatible with the parahoric case.

Recall that the natural projection Sht}y — P-Isoc defined by (&, §) (Elw )[1/p)s B) 18 av-cover.
By construction, Sht%v — P-Isoc — G-Isoc factors through Shtgv. By [DvHKZ24, §3.2.2|, the
projection Shtg,/u — G-TIsoc factors through G-Isoc,,-1 when G is parahoric, then Shtgﬂ — P-TIsoc
factors through P-Isoc,-1 when P is parahoric.

Recall that one has the Beauville-Laszlo morphism BL : Shtp — Bunp as follows: let (£, ¢»)
be a P-shtuka on S with one leg at S*. Restrict (2, ¢5) to Vir,00) (S) for sufficiently large r so that
it excludes the leg at S?, and descend it to XFrr,s; we obtain a P-torsor £(Z,¢») on Xpr,s. By

taking the reduction, we have a morphism BL™ : Shtgped — Bunﬁgd. This is compatible with the

projection Sht;’;v — P-Isoc together with the identification P-Isoc Bun}”_—?d.

On the other hand, we have a functor P-Isoc — Bunp, defined by composing the exact ®-functor
Repg, P — Isoc with the exact ®-functor Isoc — Bun (see [['521, §IIL.2], [Ans19]). By results in
[Far20] and [Ans19], when P = G is a reductive group, such a functor induces a bijection on the
underlying topological spaces (and moreover a homeomorphism when B(G) is endowed with the

topology induced by the Bruhat order reversed from [RR96]; see [Vie24]). In general, we also have
Lemma 1.44. The functor P-Isoc — Bunp induces a bijection B(P) — Bunp(C)/ =.

Proof. Since B(P) — B(G) and B(G) — Bung(C)/ = are bijections, it suffices to show that
H 1(pr,c, U) = 0. In characteristic 0, the unipotent group U is split and is a successive extension
of Ga. Since H'(Xpp,0,Ga) = H'(Xpr,c, Oxpp o) = 0 (see [FS21, Prop. I12.5(ii)]), we have
H'(Xpr,c,U) = 0. =

1.3.4. Shtukas and local systems. Using the Tannakian formalism and Beauville-Laszlo gluing, and
following the proofs of [SW20, Prop. 12.4.6] and [PR24, Prop. 2.5.1] ([SW20, Thm. 22.5.2, Prop.
22.6.1] works for any smooth affine model P with connected fibers), we have the following:

Proposition 1.45 (|[PR24, Prop. 2.5.1]). Let P be parahoric. The construction
(1.10) (#,9) — (P,DRT(2))

gives an equivalence of categories between

(1) P-shtukas over S/ Spd E (resp. with one leg bounded by ),
(2) pairs (P, D), where P is a pro-étale P(Zy)-torsor over S and D : P — Grpspap (resp.
D :P— Grp,-1) is a P(Zy)-equivariant morphism over Spd E.

This result can be generalized to the case where the base S/ Spd E is replaced by a v-sheaf F.
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Finally, as in [PR24, §2.6], using the Tannakian formalism, given a de-Rham pro-étale torsor P
under P(Z,) over X 0/Spd E (resp. we moreover assume that for all classical points 2 € X, the

filtration Fil®* Dgr (L, z) has constant conjugacy class), then [P is equipped with a canonical Hodge-
Tate period map D : P — Grpgpa g (resp. D : P — Grp,-1), and one can attach to it a P-shtuka
(2, ¢5) over X°/Spd E (resp. with one leg bounded by ).

1.3.5. Quasi-parahoric group schemes.

Lemma 1.46. Let P = U %G be a quasi-parahoric group scheme. Then the following 2-commutative
diagrams are 2-Cartesian:

Shtpe —— Shtp Shtpo ,, — Shtp ,
Shtgo —— Shtg, Shtgow  — Shtg#.

Proof. Over SxZ,, it is easy to show that the groupoid of P°-torsors is isomorphic to the groupoid of
P-torsors whose reduction to G-torsors comes from G°-torsors. To check the boundedness condition,
we use Lemma 1.25. O

Consider the Kottwitz map k¢ : |Bung | — m1(G)r, where I' = Gal(Q,|Q,) and 71(G) is the
algebraic fundamental group of G. Then ¢ is locally constant and maps Bung ,-1 to — u?. Let G be

W C Shtg , be the open and closed substack that
maps to —uf under the composition of the Beauville-Laszlo map BL® : Shtg , — Bung with kg. The
map BL® does not factor through Bung ,-1; nevertheless, the restriction BL® : Shtgj;” h — Bung
does factor through Bung ,,-1; see [DvHKZ26, Prop. 3.1.10].

Recall that we have a short exact sequence
1 — G°(Z,) — G(Z,) — m0(G)? — 1.

In [DvHKZ26, §3.2], there is an action of m(G)? on Shtge ,,, and the pushout € +— G x9° € naturally
induces an open and closed substack [Shtge ,/m0(G)?] — Shtg ,; see [DvHKZ26, Thm. 3.3.5]. Let
Shtg ,,.5—1 be the image of Shtge ,. Then Shtgo ,, — Shtg , 5—1 is a torsor under the finite abelian
group mo(G)?.

Let P =U % G be a quasi-parahoric group scheme. We define

a quasi-parahoric group scheme of G, and let Shtg:“

—_ b [
Shtp,y-1 C Shtpy " C Shtp,, (resp. Shty, 5y C Sht}" =" C Shty )
as the open and closed substacks that are the pullbacks of

—_ b S
Shtg -1 C Shtg, " C Shtg,, (resp. Shty, 5, C Shtg =~ " C Sht,)

L —uh
under the natural projection Shtp , — Shtg , (resp. Sht%/# — Sht‘é‘fu). Then Sht;;v’g " — P-Tsoc
factors through P-Isoc,-1.
Also, we have a short exact sequence

(1.11) 1 — P°(Zy) — P(Zp) = mo(P)? — 1.
We define an action of mo(P)? on Shtpe ,, as in [DvHKZ26, §3.2], and the pushout functor naturally
induces [Shtpe ,/m(P)?] — Shtp .

Corollary 1.47 (cf. [DvHKZ26, Cor. 3.3.8, 3.3.9, Rmk. 4.1.5]). (1) [Shtpe /70 (P)?] is open
and closed in Shtp ,, with image Shtp , s—1. In particular, Shtpo , — Shtp , s—1 is a torsor
under the finite abelian group mo(P)?.
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(2) There is a natural isomorphism
Sht’phu,(;:l XSpd Op Spd E = [Gl"p#—l /P(Zp)]

(3) Let X be a normal scheme of finite type and flat over Z,. Assume that we have X0 —
Shtp#, and X7<7> — Shtfp”u’spdE factors through ShtP,;L,é:l,SpdE- Then X9/ — Shtpﬁ factors
through Shtp ,, s—1.

Proof. (1) By definition, mo(G) = mo(P). This corollary directly follows from Lemma 1.46.

(2) For parahoric subgroups, this follows from [Zha26, Prop. 11.16]; note that [SW20, Thm.
22.5.2, Prop. 22.6.1] works for any smooth affine model P with connected fibers. For
quasi-parahoric subgroups, apply the results in Part (1).

(3) See [DvHKZ26, Rmk. 4.1.5].

O

Lemma 1.48. Let P, = U X Gy, P, = U x Gy, PL — P5 be a morphism compatible with U x G (ld D
U x G in the sense of 1.85. Let P; = U x G; be parahoric group schemes of P;. Assume P, — P2
induces P1 — Po that is compatible with G1 — Go in the sense of 1.35. Assume the cocharacter
w of Py is quotient-minuscule in both Py and Ps. Then the following 2-commutative diagrams are
2-Cartesian:

Shtp, —— Shtp, Shtphu — Shtfp%u
Shtg, —— Shtg,, Shtghu —_— Shtg%u.

Proof. The left diagram is Cartesian; see [DY25, Cor. 2.17|. Note that P; = G xg, P2 by assump-
tion. The right diagram is Cartesian by Lemma 1.38. U

Corollary 1.49. Keep the notation and assumptions from Lemma 1.48, with the word parahoric
replaced by quasi-parahoric. Then the following 2-commutative diagram is 2-Cartesian:

Shtp, y5=1 — Shtp, 4 5=1

(1.12) l l

Shtgh%gzl e Shtg%‘u’g:l.

Proof. First, assume G; = G2 and G; — G induces G7 = G5. By [DvHKZ26, Cor. 3.3.11] and the
first part of Corollary 1.47, the diagram (1.12) is 2-Cartesian, where both horizontal morphisms are
torsors under finite abelian groups

m0(P2)? /m0(P1)? = 70(Ga)? /70(G1)°.

In general, given a morphism of quasi-parahoric group schemeb G1 — Go, then G7 — G — G factors

through G5, this can be seen by the equation QO( p) = QZ( p) N ker kg, where Rg, : (Qp)
m1(G;)1 is the functorial Kottwitz map. Consider the diagram

Sht’pf,u > Sht’pg "

™~ ™~

Shtp, ,6=1 Shtp, p5=1

Shtge ‘ Shtgs

~ | ~,

Shtg, =1 ————————— Shtg, ,0=1"
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Since the left, right and the back diagrams are 2-Cartesian by above discussions and Lemma 1.48,
and since Shtge , — Shtg, ,, 5=1 is a surjection of v-stacks, the front diagram (1.12) is 2-Cartesian.
O

2. LOG DIAMONDS AND LOG SHTUKAS

We discuss some theorems in [PR24, Sec. 2] in the log setting. To start with, we also introduce
some basic results about log diamonds defined in the v-topology for log adic spaces, schemes and
formal schemes. Since we will deal with many slightly different cases simultaneously, the readers
will be frequently reminded about the cases under consideration before seeing the results.

2.1. Log diamonds associated with log schemes. Our goal is to develop results on log diamonds
associated with fs log schemes over Z,. This may be viewed as a common generalization of some
definitions and propositions in [SW20, §18| and [KY25, §7].

2.1.1. Let X be a scheme locally of finite type over Z,. We write X2 a5 the adic space that
represents the fiber product
X XSpecz, SpaZyp.

Let X be the formal scheme defined by the p-adic completion of X and Xad the adic space associated
with it. We can also define X2¢ similarly when X is of finite type over Qp-

When X is separated and of finite type, there is an open embedding Xad <y Xad Now let X be
a separated scheme of finite type over Op, where F is a finite field extension of Q,. We list some
easy facts that will be used later:

(1) Let X,, be the generic fiber of X, we can also define (X)) = X, Xspec £ Spa(FE, Og) in the
sense of [Hub94, Proposition 3.8], then

(2.1) (X)™ = (X Xspec 0 SPAOE) Xspa 0y, SPa(E, Op) = (X*),,.

(2) Let X — Y < Z be schemes separated locally of finite type over E, then X2 yad zad
are Tate. In particular, X2 — Yad < 724 gre adic, the fiber product exists. Checking the
functoriality in [Hub94, Proposition 3.8], we have

(2.2) (X xy 2)* = X2 xy.q 224

(3) Let X be a smooth variety over F, then X2! is a sousperfectoid analytic adic space.

(4) Let X — Y < Z be formal schemes separated locally of finite type over Op, then (2.2) also
holds:

(2.3) (X xp 2)™ = X2 x5, 279,
(5) The functor X© (resp. X°) can be constructed via taking the diamond functor for adic spaces
for X2 (resp. X24); both (—)® and (—)° commute with fiber products in the category of

separated schemes of finite type over O, and are compatible with (2.2) and (2.3) under
(2.1).

2.1.2. Let us recall some terminology in log geometry. For details, we refer the readers to [Kat89)],
[Ogul8], [DLLZ23a] and [KY25].

Let P be a monoid. One can associate a group P®P with a natural homomorphism between
monoids gpp : P — P&P; in fact, P +— P®&P is the left adjoint functor of the natural inclusion of the
category of groups into the category of monoids.

We say that P is integral if gpp is injective, say that P is saturated, if P is integral and any
x € P8P such that nx € P for some n € Z~ is in P, and say that P is fine if P is integral and finitely
generated. We say that P is fs if P is both fine and saturated. Denote P := P/P*.

We say an adic space X is étale sheafy if X¢; is a site and if Ox,, is a sheaf. This is satisfied, for
example, when X is analytic stably sheafy or is Noetherian affinoid (cf. [DLLZ23a, Cor. A.11]).
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Definition 2.1 (|[DLLZ23a, Def. 2.2.2]). Let X be an étale sheafy adic space. A prelog structure on
X is a pair (Mx,a), where Mx is a sheaf of monoids over X¢ and o : Mx — Ox,, is a morphism
of sheaves of monoids, and such a pair is a log structure if the induced morphism ofl((’))xcét) — (’))X{ét
18 an isomorphism.

A log adic space is a triple (X, Mx,a) consisting of an étale sheafy adic space X and a log
structure (Mx, a) as above.

A morphism f : (X, Mx,ax) — (Y, My,ay) of log adic spaces is a morphism f: X =Y of
underlying adic spaces X and Y with a morphism of sheaves of monoids f*: f~*My — Mx such
that the diagram

#
My —L 5 My

(2.4) l l

-1
f OYét » Ox ét
commutes.

We call such a log structure (Mx, a) a log structure on X (or simply on X). We omit « if it
is not important or is clear in the context.

Definition 2.2. (1) Let M be a log structure on Xg. We say Mx is integral (resp. saturated)
if it is a sheaf of integral (resp. saturated) monoids. Let f: X — 'Y be a morphism of adic
spaces. The inverse image f*My of a log structure My of Y is defined to be the log
structure associated with the prelog structure on X given by f~ 1My — f~1Oy,, — Ox,,
(cf. [Kat89, (1.4)]).

(2) For a sheaf of monoids M on Xg, denote by M* its sheaf of invertible elements. Denote
by MP its tilt @xHN M. Following [KY25, Def. 2.19|, we say a sheaf of monoids M on

X is perfectoid if MP := ./\/ll’//\/lb’X — M/M* =: M is an isomorphism. In particular,
M is uniquely p-divisible if M is perfectoid (cf. [KY25, Rmk. 2.23]).

Definition 2.3 ([DLLZ23a, Def. 2.3.1|). Let P be a monoid. A chart of (X, Mx) modeled on P
is @ morphism 0 : Px — Mx of étale sheaves of monoids such that oo @ factors through (’)}ét and

the associated log structure of oo 8 is canonically isomorphic to that of a. We say the chart is fs if
P is fs.

A log adic space X is fs (resp. fine) if X étale locally admits fs (resp. fine) charts. Following the
conventions in [Kat89], for a prelog ring/space (A, P), one can associate a log ring/space denoted
by (A4,P)% (see also [DLLZ23a, Def. 2.2.2(6)]); the functor (—)® is the left adjoint of the natural
inclusion of the category of log adic spaces into the category of prelog adic spaces.

2.1.3. The cases we consider. From now on, the pair (X, Mx) can be the following cases:

(1) an fs log adic space over SpaZy;
(2) an fs log scheme over Spec Zy;
(3) an fs log formal scheme over Spf Z,.
As a (pre-)adic space might not be étale sheafy in general, sometimes it is worth separating the last
two cases.
Let X be a scheme over Z, or Q,. In some situations, we assume that
(SF): Let (X, Mx) be an fs log scheme over Z, or Q, with X a separated and of finite type over
Ly, or Qp.
We do not assume the properness of X — SpecZ, here.
By [DLLZ23a, Cor. A.11], for log schemes satisfying (SF), X2 and X?d are both étale sheafy.
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There is a natural morphism of étale sites v2d := 13 : X2 — X4 (see [Hub96, 3.2.8, p.180)]).
Also, there is a natural morphism of étale sites U := Uy : X3¢ — X¢ defined by composing with
Xzt — xad.

2.1.4. To define log diamonds, it is crucial to study a certain class of log structures on perfectoid
spaces.
Let Y be a perfectoid space. Denote by Y (resp. Y,) the étale site (resp. v-site) of Y. There is
a natural projection of sites
v:Y, = Y.

By [Sch26, Thm. 8.7, Oy, is a v-sheaf. So it makes sense to define log structures on Y.

Definition 2.4. A prelog structure on'Y, is a pair (My,«) consisting of a v-sheaf of monoids
My in Y, and a morphism between v-sheaves oo : My — QOy,. It is a log structure on Y, if
a~ 105 ) = OF is an isomorphism.

The definitions of morphisms and charts are also similar to those defined for log structures on

Ye (cf. Definition 2.1 and 2.3).

From now on, we let Y; stand for Yz (resp. Y,) if 7 = ét (resp. 7 = v). We say a sheaf of

monoids M on Y is uniquely p-divisible (resp. perfectoid) if M 2 M (resp. M? — M) is an
isomorphism. That is, for any U € Y,, M(U) is uniquely p-divisible (resp. M?(U) — M(U) is an
isomorphism).

The following property is weaker than being uniquely n-divisible but stronger than being n-
torsion-free.

Definition 2.5. Let n be a positive integer and P a monoid. We say that P is n-unique if P = P
is injective. Similarly, a sheaf of monoids M on a site C is n-unique if M(U) is n-unique for any
U € ObC.

Definition 2.6. Let Y be a perfectoid space. Set T = ét orv. Let N[%] C Q be the monoid consisting
of elements of the form ¢ where a € N and b € {p"} forn > 0.

(1) A uniquely p-divisible monoid P is called p-finitely generated if P is n-unique for all
positive integers n, and there is a finite set of elements S C P such that the set of all p'-th
roots of elements of S generates P for integers ¢ > 0. In other words, there is a surjection
of monoids N[%]@” — P.

(2) A uniquely p-divisible monoid P is called p-weakly finitely generated if P is n-unique
for all positive integers n, and there is a uniquely p-divisible, p-finitely generated submonoid
P’ C P such that P' C P C Q>oP’. Note that the notation Q>oP’ : P and

the inclusions make sense because of the n-uniqueness assumption.

(3) A perfectoid log structure (My,a) on Y, is p-coherent (resp. p-weakly coherent) if, for
any geometric point T of Ye, there is an étale neighborhood Uz such that My |y admits a
p-finitely generated (resp. p-weakly finitely generated) chart Py (of log structures on (Uz); ).

(4) A log structure (My,a) on Y; is called fine perfectoid (resp. strongly fine perfectoid) if
My is integral, perfectoid, and p-weakly coherent (resp. p-coherent).

= hﬂar—ﬂm,aEP,nZl

Remark 2.7. A log structure M on 'Y, is fine perfectoid implies that v, M on Y is fine perfectoid.
In fact, to see that vs M is perfectoid, note that v, M = v, M and v, M" = v, M"; this follows from
Lemma 2.25. Then the isomorphism of sheaves holds after pushforward.

Remark 2.8. We remark that the integrality is crucial in the proof of Theorem 2.18, while perfec-
toidness and (weak) p-finite generation will be used in the proof of Theorem 2.49.

We discuss some basic properties of the log structures defined above.
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Lemma 2.9 (cf. [DLLZ23a, Lem. 2.1.10]). Let A : M — P’ be a surjective morphism between
integral monoids such that ker \8? C M. Suppose that P’ is additionally saturated, sharp, uniquely
p-divisible, and p-finitely generated monoid. Then A admits a section.

Proof. By integrality, there are injections M < M&P and P’ — P8P, Since P’ is saturated and
sharp, P"8P is torsion-free. As there is a surjection N[%]N — P’ for some positive integer N, we
know that there is a surjection Z[%]N — P8P So P"eP = Z[%]” for some n < N as Z[1/p] is a PID.
So \8P : M8&P — P"8P admits a section. Since ker A8? C M, we see this section restricted to P’ must
be contained in M. In fact, for any s € M, A8»~1(\(s)) = A7L(A(s)) C M. O

Lemma 2.10. Let (My,a) be a saturated and fine perfectoid log structure on Y;. Then My is
saturated, uniquely p-divisible, and p-weakly finitely generated.

Proof. We only show it when 7 = ét. The case when 7 = v is similar. Saturatedness and unique
p-divisibility follow from the saturatedness and the fine-perfectoidness of My, respectively. The
question is étale local, so we assume that My admits a global (uniquely p-divisible and) p-weakly
finitely generated chart P. From the definition above, there is a p-finitely generated submonoid P’

and inclusions P’ C P C Q>(P’. Fix a surjection N [1%]" — P’ with a commutative diagram
1in . ¢ N
N[5]" I » Q%
P’ < > P o< QZOP/,

where N is the pullback of P via ng — QxoP".

Let ﬁ; be the image of P’Y via Py — My. The diagram above extends to a commutative
diagram

N[%]? ‘ Ny » Q% y
(2.5) P!, « y Py «——— (Qx0P)y

ﬂ/y — MY.
Fix U € Yz and x1, 22 € ﬂy(U) such that nx1 = nxo for some positive integer n. Replacing U
with a cover, assume that z; (resp. x2) lifts to y1 (resp. y2) in N. Taking ()P to the left diagram,

we have

Z[l}n «  y N&P
p

bl

(My)eP — M.
Since My is saturated and sharp, both My and M%/p are torsion-free. Hence, if y € N8P such that
ny € ker 3, then y € ker 5. So y1 —ya € ker . This implies that 1 = z2 in M (U) and, a priori,

in My (U) by integrality. Now we have proved the n-uniqueness of My . Other properties follow
from the diagram (2.5). O

Lemma 2.11. Let P’ be a saturated, sharp, uniquely p-divisible, and p-finitely generated monoid.
Then there is an fs sharp submonoid Py C P" such that P’ = PO[%], where Po[%} = lim % C P8P,
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Proof. Since P’ is sharp and saturated, we embed P’ into P"8P = Z[%]” (see the proof of Lemma

2.9). Then, by the definition of being p-finitely generated, there is a set Sy of N [%]-generators of P’.
Let P§” be the Z-module generated by Sy in P8P, and My be the (N-)monoid generated by Sy in
PSP N P’. Let Py be the saturation of Mg (in P5P); this monoid is saturated, finitely generated by
[Ogul8, I. Cor. 2.1.11|, and integral by construction.

Note that the saturation Py of Mg C PSP NP’ is in P/, as P’ is saturated. Hence, Py is fine by the

above paragraph, and is sharp since it is included in a sharp monoid P’. ]

Lemma 2.12. Let (My,«) be a saturated and strongly fine perfectoid log structure on Ye.
Then, for any geometric point T of Ye, there is an étale neighborhood Uz such that My admits
a chart modeled on My z.

Proof. The proof is similar to that of [DLLZ23a, Prop. 2.3.12-2.3.13], but it is much more involved
here, as we do not assume that the log structure is fs. Since this is a local question, we assume
that there is an p-finitely generated P together with # : P — My factoring through O;Eét, such
that ¢ : (Px)* — My is an isomorphism. Note that this implies that 0z : P — (Px)*/(ao
9)_1((932“5) — Myz is surjectivi (see |DLLZ23a, Rmk. 2.3.4]). Our goal is reduced to finding a
p-finitely generated chart P’ := My z in an étale neighborhood of .

Firstly, we show that there is a section at the geometric point . There is a natural surjective
map between integral monoids

My = My = My,

The last equality follows from the definition of perfectoid log structures. By Lemma 2.9 above,
there is a section from My z to M = Let P’ := My z and fix a section P = M@E Composing
s” with the natural projection py : M%/z — My z, we obtain a section

—_— b
s: P (M )z 5 My p 25 My,
Denote by Py the fs sharp submonoid in P’ as constructed in Lemma 2.11, and denote by S|,
the finite set of generators of Py. By the proof of both Lemma 2.9 and Lemma 2.11, there is a
commutative diagram

Ppe—— P

I /

pEP , Plep,
where PEP (resp. P"#P) is a finite free Z- (resp. Z[%]—) module. Since My is perfectoid, My z is also
perfectoid. Since M? - My z is an isomorphism, we can lift any s € Myz to § = (so,s1,...) €
./\/lg/f via s. The p"-th root of § taken in Mg,f is given by shifting the limit representing s to the
left by n.

Consider the map a«os: P" — Mg,i — Myz N Oyz. We can make this composition factor
through (’);f by adjusting s, which will be explained now. Since Y is perfectoid (and Tate), we
have that {f € Oyz||f(@)| > 1} C Of_ and {f € Oyz||f(@)| < 1} = Of_. If there is ¢ € S}
such that |« os(c)(Z)| > 1, then f, := aos(c) € Oy .. Assume that |f.(Z)| is maximal among
all ¢; € S| (noting that |S)| is finite). Write S = {¢;}ier. By [Ogul8, I Cor. 2.2.7| (see also
[DLLZ23a, Lem. 2.3.12]), Pg is embedded in some N™, where ¢; can be uniquely represented by
a tuple ¢; = (nf,---,n’,) # (0,0,---,0) of natural numbers. Denote by ||¢;|| the sum of the
coefficients of ¢; representing c¢;; it is not less than 1. Define a map

s%cc : Zaici — H(Sb(Ci) .pal[(s(c))fl\gill])ai’

el el
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where a; € N [1%] The function (—)% makes sense, as explained in the last paragraph. Note that
s*} I is well-defined: On Py, it is well-defined because ¢; is uniquely defined; on P’, note that any
element lies in Py by multiplying some p* and that M@E is uniquely p-divisible by the explanation
in the last paragraph.

Then 55 P P — M%,E isaN [%]—equivariant morphism. Set s, := pgo s? o Then aos,y, factors
through (’);}E, as desired.

Set 0 :=s;; and 65" : (P)* — Mygz. There is an étale neighborhood U of T such that 6
extends to 0’ : P;; = My |y, since P = Mg/j extends to an étale neighborhood. Consequently,
there is an extension 6% := (') for 9;4& on U. We only need to show that §"® is an isomorphism
up to shrinking the étale neighborhood U'.

Indeed, 6% is surjective over some Uy € Yg — U, since My |7/0"%(Py) = 0%(PE)/0"(Py) is
trivial at Z, and both P and P’ are uniquely p-divisible and p-finitely generated. o

Moreover, this map is injective. The congruence relation Ry in Py X Py induced by Py — My is
finitely generated by [Ogul8, I. Lem. 2.1.9] and is trivial at Z. Hence, it is trivial over some étale
neighborhood Us of T, which we assume there is an étale morphism Us — Uy. As both P’ ani My
are integral and uniquely p-divisible, the congruence relation R C P’ x P/ induced by P’ — My is
trivial over Us¢t. Indeed, for a,b € P, if a ~ b in My over Uz, so is p’a and p'b. Conversely, we
can divide relations in Ry by p: if a ~ b, let a’ = 2 b = % in P/, then the images c1, co of a’ and ¥’
in My are equal since pc; = pca by the unique p-divisibility of My-. So R is trivial if and only if
Ro is trivial. This completes the proof. ([l

2.1.5.  We define log diamonds for the cases in §2.1.3.
In Case 1,

Definition 2.13. Let (X, Mx,a) be an (étale sheafy) fs log adic space over SpaZy,. Then the log
diamond (X, Mx)® (or X'°89) is a functor sending S = Spa(A, At) € ObPerf to the isomorphism
classes {(S*, 1, Mgz, f)}/ ~, where (S%,1) denotes an untilt as in §2.1.1, Mg: is a saturated and
fine perfectoid log structure, and f : S* — X is a morphism between adic spaces that induces a
morphism between log structures f*Mx — Mgs.

In Case 2, we can also define small and big log diamonds.

Definition 2.14. Let (X, Mx) be an fs log scheme over Z,. We define a log big diamond functor
(X, Mx)® (or X'80) qs

S = Spa(A, AT) € Perf — {(S* = Spa(A*, A1), 1, Mg, £}/ ~,

where all but the last term in the tuple are as above, and f : Spa(A#, A»+) — Spec A* — X induces a
morphism f*Mx — Mgs; note that f induces a morphism between étale sites Sgt — (Spec AF) 4 —
Xet, and that all perfectoid spaces are étale sheafy by [DLLZ23a, Cor. A.11].

We define a log small diamond functor (X, Mx)® (or X'°8°) in a similarly-written form S €
Perf +— {(S* = Spa(A*, A%*), 1., Mg, f)}/ =~, but here f is a morphism f : Spa(Af, Ab+) —
Spec Abt — X.

In Case 3, we can associate a log diamond functor; we denote it again by (X, M X)<> or Xlog0,

Definition 2.15. Let (X, Mx) be an fs log formal scheme over SpfZ,. The functor (X, Mx)?
sends S = Spa(A, AT) € Perf to

{(S* = Spa(A*, A% ) 1, Mg, )}/ ~,

where f: S* — X is a morphism that induces f*Myx — Mg: and other components are the same
as above.
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This symbol is compatible with the log small diamond for Case 2: Let Spf(A,I) be an affine
formally of finite type formal scheme. Suppose that A is also p-adic complete. Let X = Spec A4; and
we equip X with an fs log structure M. Then X8 is by definition the same as (Spf(4, (p)), M)?;
here the latter M is the log structure pulled back from Xet.

In the case of (bounded) fs log p-adic formal schemes, Definition 2.15 essentially comes from the

category (X, Mx)P™ in [KY25, Def. 7.34 and Thm. 7.35].

Remark 2.16 (cf. Remark 2.8). As we can see later from Lemma 2.37, one might remove the
p-finite gemeration condition in the definition of log diamonds given above. But it is this more
restrictive class of log structures that is useful to our purpose.

Assume that X is a Z,-scheme satisfying (SF). The diamond functors in Case 2 also admit
constructions via the diamond functor in the log adic space case.

Lemma 2.17. Under the assumption above, the log big diamond functor can be constructed as a
functor sending any affinoid perfectoid S = Spa(A, AT) € ObPerf to the isomorphism classes

{(Sﬁa 2 MSﬁ, f)}/ =,
where f: (S*, Mgs) — (X2 124~ M x) a morphism. More precisely, f is a morphism between
adic spaces f : St — X that induces a morphism of sites

st Iy xad 2 x
together with a morphism f~' o 24" My — Mg,
Similarly, the log small diamond functor can be constructed as a functor the same as above, but
changing f to f : (S, Mg:) — ()?ad,z//\*lj\/lx), which, more precisely, is a morphism of adic spaces
f:8%— X2 that induces a morphism of sites:

F e
SIAERD GRS o
together with a morphism f~1 oV My — Mgs.

Proof. The fact that one can construct diamonds via X*d and X! is in [AGLR22, §2.2]. By
[DLLZ23a, Cor. A.11], X2 and X?¢ are étale sheafy. O

The main theorem of §2.1 is the following:

Theorem 2.18. The functors X9 and X'°8° in Definition 2.13, Definition 2.1/ and Definition
2.15 are v-sheaves over Perf.

We will complete the proof of this theorem in §2.1.6 and §2.1.7.

2.1.6. Let Y be a perfectoid space. Let v : Y, — Y& be the natural projection from the v-site
to the étale site of Y. There is a pullback functor v~ : Y7 — Y,~ and a pushforward functor
v 1 YT = YT between topoi.

Let £OG> (resp. LOGY) be the category (resp. the full subcategory) of log structures (resp.
integral log structures) on Y7 for ? = ét and v. Let M be a log structure on Y. Define the pullback
of M to Y, as v*M := (v "I M)%

The following statement can be viewed as an analogue of [Ols03, App. A] and [Ogul8, III. Prop.
1.4.1] for perfectoid spaces.

Lemma 2.19. With the conventions above, the pullback v* : LOGy, — LOGy, restricts to a
functor from E(’)gi}ﬂi to E(’)ghf, and this restriction induces an equivalence from the category of
fine perfectoid log structures on Yg to the category of fine perfectoid log structures on 'Y,.

Moreover, it induces an equivalence between the category of saturated and fine perfectoid log
structures on Yg and the category of saturated and fine perfectoid log structures on Y.
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We will show Lemma 2.19 in the rest of §2.1.6. The procedures are similar to the two references
above.
We first show the full faithfulness of v*| cogist and show that the essential image of this functor
ét

lies in LOGY".
Lemma 2.20. The functor v* : LOQ%‘}; — LOGy, is fully faithful. That is, we have

Hom/;(ggyét (ﬁl, ﬁg) = Homgogyv (V*ﬁl, l/*ﬁz)
for integral log structures L1, Ly € EOQ%‘;.
Proof. Denote by £Og§’,ﬁe the category of prelog structures on the ? topology of Y. We have
Homgogy, (v*L1,v*La) = Homﬁog%e(yflﬁl, V*Lo) & Homﬁog;;z (L1, vsv*L2) by adjunctions. The
last one is isomorphic to Homzog,, (L1, v5v"L2). It suffices to show that the last term is canonically
isomorphic to Lo, which we will do in Lemma 2.21. ]

Lemma 2.21. The canonical morphism between log structures L — v v*L is an isomorphism for

any L € E(’)gi{};.
Proof. There is a functor defined on Y, by
(f: Y =Y)eYym f'Li= (L)€ LOGy, .

We claim that the presheaf
(f: Y =Y)= f LY
is a sheaf on Y. If we know this, then v*L is this (pre)sheaf, and the desired result follows from
the definition of v,.
We now show the claim in the last paragraph. Let £’ := f*£ and L" = pjf*L = p5f*L. We
show that the composition

LIYV) —— eq(£'(Y) ZILT LY xy Y)).

is an isomorphism.

First of all, f*£ is integral: By [DLLZ23a, Lem. 2.2.4] and [Ogul8, I. Prop. 1.3.4], we check
pointwise that f~1L is integral and f*L is integral.

Consider the commutative diagram

OX(Y) —— eq(O*(Y') ZPL7 OX(Y! xy Y7))

| |

(2.6) LY) — eq(L/(Y) “ L7 LY xy Y7))
P2
L(Y) — eq(L'(Y) “H 2 (Y xy Y)).
2
It follows from [Sch26, Thm. 8.7] that Oy is a v-sheaf, so is O5. We have the isomorphism of the
first row of (2.6). The last row is also an isomorphism. This follows from [Sch26, Prop. 14.7 and
14.8].

We now examine the middle row of (2.6). Then it follows from a diagram chasing that £(V) —
L'(V xy Y’) is injective for any V € Yg: Indeed, suppose that there are sections s1,s2 € L(V)
mapping to the same element s € L'(V xy Y’). We have that s1 = s2 + u for u € O*(V). Then
s = s+wuin L/(V xy Y’), and therefore u = 0 in £'(V xy Y’) by integrality. Then v = 0 in
O*(V) — L(V) by the paragraph above, as desired.
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On the other hand, for any s € eq(L'(Y’') = L"(Y’ xy Y")), there is étale locally s’ € L(U) for
some U € Yz mapping to s € L' (Y’ xy U) by diagram chasing. The element s’ on the étale cover
U of Y glues to a section on Y since we can check it over the cover Y’ xy U by the injectivity we
just proved. We now have the isomorphism of the middle arrow, as desired. ([l

In the proof, we have shown that

Corollary 2.22. The pullback functor v* restricts to a fully faithful functor
v LOGY — LOGYE.

t

Corollary 2.23. The functor v* : E(’)Qiﬁtﬁ — E(’)gi}f sends fine perfectoid objects to fine perfectoid
objects.

Proof. All conditions we need follow from the construction in Lemma 2.21. O
We then show the essential surjectivity. Fix M € LOGy; that is fine perfectoid. We show that
Lemma 2.24. The adjunction morphism v*v,M — M is an isomorphism.

1

Proof. There is an exact sequence 1 — (’)}X/ét - vM — v, M — 0. Applying v~ *, we get 1 —

V_IO;,t = v M — v, M — 0. Moreover, we have a commutative diagram of exact sequences
€

| —— 0%, —— v'mM —— v M —— 0

(2.7) l: l l

1 —— Oy M M > 0.

We first show that the composition
(2.8) v v M s v v M - M

is injective. By the proof of Lemma 2.21, for any v-cover (f : X = Y) € Y, v*v, M(X) (resp.
vl M(X)) is given by f*ru.M(X) (resp. f~lr.M(X)) with a surjection f*r,M — f~lv. M
obtained by pulling back v, M — v, M. Fix such a morphism f. Suppose that there are 51,52 €
f 1M (X) mapping to the same element 3 € M(X). Up to replacing X with an étale cover,
there is a cover U € Xg that is the pullback of an étale cover Uy of Y via f, such that 1,52 €
v M(Uy) = vuM(Uy) = M(Uy). The equation v, M = v, M is proved in Lemma 2.25 below.
Moreover, they lift to s1, 52 € M(Uj,) for some cover Uy, € Uy, respectively. On the other hand,
there is a v-cover V. — U’ := Uy, xy X with u € O*(V) such that s; = s3 + v in M(V). The
descent data of s; and sy from V to U’, along with the integrality of M, induces a descent datum
of u from V to U’. So u € O*(U’) and 31 = 33 in M(U’). We have shown the desired claim since
U’ — Uy is a v-cover.

A similar argument as above implies that v*v,M — M is injective. For Y’ € Yy and sq,s0 €
v*u, M(Y') mapping to s € M(Y’). By diagram chasing, s; and sg project to the same 5 €
vl M(Y') and 51 = so + o in v*r, M(Y"), where Y” is a v-cover of Y’ and u € O*(Y"). By
the integrality of v*1v, M, u descends to O*(Y”). Mapping to M(Y”), by the integrality of M and
v*Oy, = Oy, we have that u = 0, as desired.

We next show that (2.8) is an isomorphism. In fact, by assumption, for any geometric point
T € Xet, there is an étale neighborhood Uz of it such that M admits a chart modeled on a weakly
p-finitely generated P denoted by 6 : Py, — M|y, and such that 6 factors through v*v, M|p..
Then there is a morphism P — v~ ', M — v~ v, M — M over Uz whose composition is surjective.
Then (2.8) is surjective, as desired.

Finally, the remainder of the lemma follows from a diagram chasing for (2.7). O

In fact, we have
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Lemma 2.25. The natural morphism vsM — v, M is an isomorphism.

Proof. It is an injection, as there is a commutative diagram of exact sequences

1 Oy, > 1M veM 0

S

1 —— I/*O;fvv — s M —— v M

and the injectivity is proved by diagram chasing. We show that this is a surjection. It can be

checked that, for U € Yz, vu M(U) =
{s € M(U)|s can be lifted to s’ € M(V) for some étale cover V — U}.

Fix s € M(U) for U € Ye. The functor M, sending V € U, to {s' € M(V)|s' = s|y} is a
Gm-torsor on U,. By [SW20, Lem. 17.1.8] and [KL19, Thm. 2.5.8], M; is the pullback of an étale
Gyp-torsor Ny = v, M,. So N étale locally has a section, and s étale locally admits a lifting. [

We now show the second paragraph of Lemma 2.19.

Lemma 2.26. Let L € E(’)g%‘};. Then L is fine perfectoid if and only if v*L is. In this case, L is
saturated if and only if v*L is so.

Proof. For fine perfectoidness, the “only if” part is Corollary 2.23. For the “only if” part of saturat-
edness, if £ is saturated, then, by the construction in Lemma 2.21, we see that f~1£ is saturated
by [DLLZ23a, Lem. 2.2.4|, and f*L is saturated by [Ogul8, I. Prop. 1.3.5] and [DLLZ23a, Lem.
2.2.4].

The “if” parts are immediate from Lemma 2.21 and the definitions. O

This completes the proof of Lemma 2.19.

2.1.7. End of the proof. From Lemma 2.19, we obtain the following proposition:

Proposition 2.27. Let (Y, My) be a log perfectoid space (cf. [DLLZ23a, Def. 2.2.2(9)]) that is fs.
Then the v-descent data of the functor sending (Y', f:Y' —Y) € Perfd y to the groupoid

{saturated and fine perfectoid log structures M on Y/, with f*My — M}

are effective.

Proof. By Lemma 2.19, the functor in the proposition is isomorphic to the functor sending (Y7, f :
Y' —Y) € Perfdy to the groupoid

{saturated and fine perfectoid log structures M on Y, with v*f*My — M}.

Let h: Y"” — Y’ be a v-cover. Let (M”,a”) be a saturated and fine perfectoid log structure on
Y, equipped with a descent datum o : p{M” ~ p5M” on Y Xy Y" which satisfies the following

conditions:

e pia’ oo = opopia”, where o is the canonical descent datum associated with pulling back

Oy to Y" via h.

e There is a morphism A* : v*h* f* My — M" such that (p3h?) o oy = oo (piht), where oy is
the canonical descent datum of v*h* f* My = h*v* f* My induced by pulling back v* f* My
via h.

This descent datum determines and is determined by a log structure (M’; /) on Y, together with
a morphism v*f* My — M’. This log structure M’ is saturated and fine perfectoid. Taking v,
we get the desired morphism f*My — v, M’ (cf. Lemma 2.21). Then the Proposition follows from
Lemma 2.19. ]
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We then have the following corollary:

Corollary 2.28. Let (X, Mx) be one of the Cases 1-3.
Then the functor “Hom(—, (X, Mx))” on Perfd defined as follows is a v-sheaf:

Y € Perfd — {f : (Y, M) — (X, Mx)|M is saturated and fine perfectoid}/ ~ .

Proof. By [SW20, Thm. 17.1.3 and Thm. 18.1.1], Hom(—, X) is a v-sheaf on Perfd. We then get
the desired result by applying Proposition 2.27 where My = f*Mx. O

Proof of Theorem 2.18. Now we can show Theorem 2.18 with these facts. Indeed, since Untilt is a
v-sheaf by [Sch26, Lem. 15.1], we only have to show that Hom(—, (X, Mx)) is a v-sheaf on Perfd.
But this is Corollary 2.28. O

2.1.8. Suppose that X is of finite type over Z, and satisfies (SF). It follows from the definition
that there is a natural “structural morphism” X'°&® — Spd L. Moreover,

Lemma 2.29. There is a natural injective morphism between v-sheaves
X8 xgpaz, Spd Q, — (Xg,)'*8°.

Proof. For any S := Spa(A, At) € Perf, X8 Xspdz, Spd Q,(S) parametrizes isomorphism classes
of {S* = Spa(A*, A%, f: (S}, Mg:) — ()?ad,i/\)}lj\/lx)} where A%'s are Qp-algebras. To define a
class in (Xq,)"89(9), it remains to define a morphism fg, : (S¥, Mgs) — ((Xg,)*, V?%;IMXQP).

For the morphism fq, : St (XQp)ad, it is defined as St L X’;d — (XQp)ad; for the morphism

between sheaves I/;(g_l./\/l Xq, —* Mz, note that there is a commutative diagram of sites
P

(ng)ét — I (X

AU

((XQp)ad)ét z Z@QP (Xad)ét vx
A ~

~ l/g‘(d \ Vad\
X
RN ~

For a fixed f : S% — )/ff;d, a morphism f‘lil_ll’/\)_(lMX — Mg corresponds to a morphism «g :

f_ljl_ll/sa%_ligl/\/lx — M. The latter one induces a morphism « : f_ljl_lyigé_lig/\/lx — Mg,
D D

where isMx = M Xg,- Conversely, a also uniquely determines . So the injectivity follows from

the injectivity of X¢ xgpqz, SpdQ, — X«%p. O

Definition 2.30. Let (X, Mx) be an fs log scheme over SpecZ,. Define the slashed log diamond
(X, Mx)% (or denoted by X'°8%/) as the quotient v-sheaf
KM =X [ (X,
X108 ©xgp47,5pd Qp

Note that the definition makes sense by Theorem 2.18.

Lemma 2.31. When X is proper over Zp, the natural injections Xlogo «y xlog0/ y Xlog0 gpe
1somorphisms.

Proof. This follows from the construction and the fact that X2 = X when X is proper over
Ly, O
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Let us also remark that there is another way of defining a log diamond, which is a generalization
of [SW20, Def. 8.3.1].

Remark 2.32. Let FSPerf be the category of saturated and fine perfectoid log perfectoid spaces of
characteristic p. We then define a log diamond X as a pro-étale sheaf on FSPerf such that: (1)
There is a surjective map between sheaves Y — X, where Y is representable by an object in FSPerf;
(2) the fiber product of sheaves “Y x x Y7 is also representable by an object in FSPerf, denoted by
Y x58Y, such that the two projections p1, p2: Y x5¢'Y — Y are (non-log) pro-étale.

We expect that Definition 2.13 should satisfy this definition when X is analytic over SpaZ, (cf.
Lemma 2.47). We do not explore this direction in the current paper.

One can also change the definition of log diamonds by changing the category FSPerf to other
categories with a different class of log structures. This definition may also be viewed as an analogue
of the definition of a log algebraic space in the second sense due to Kajiwara-Kato-Nakayama (see
[KKN15, 10.1]) in perfectoid geometry. The definition of log diamonds in [KY25, Def. 7.3] may also
be viewed as an analogue of log algebraic spaces in the first sense in [KIKXN15] for some category of
log perfectoid spaces.

2.2. Log shtukas. We define a notion of p-adic shtukas in log geometry.
Let (X, Mx) be one of the cases in §2.1.3.

2.2.1. As§1.3, let G be a connected linear algebraic group over Q that has a quasi-parahoric model
G over Zjp in the sense of Definition 1.18. Note that we still use the symbol G and G here, but G
might not be reductive.

Let p : va@p — G@p be a minuscule cocharacter in the sense of Definition 1.11 (2), and denote

by {u} the G(Q,)-conjugacy class of it. Let E be the field of definition of {u}.

In what follows, ? denotes ¢ or ¢. Since (X, Mx)" is a functor from Perf to isomorphism
classes, we can and will regard (X, Mx)? as a functor (X, Mx)” : Perf® — Categories that sends
S € Perf to the collection of tuples (Sﬁ, Mg, gy, f) viewed as a category, which is still denoted by
(X, Mx)?(S). More precisely, the objects of (X, Mx)’(S) are those (S¥, Mgz, ags, f), while the
morphisms between (S%, Msﬁ’asﬁ’ f1) and (Sg,/\/lsg, Qg f2) are the morphisms between log adic
spaces

(Slﬂ/\/lsﬁ? ) (527M5'ﬁ7 )

such that fo o g = fi.
By Lemma 2.19, Theorem 2.18 and Proposition 2.27, this functor is a v-stack, which we abusively
denote by
p (X, Mx)" — Perf.

2.2.2.  On the other hand, let
Shtg ,, : Perf” — Groupoids

be the v-stack over Perf sending S € Perf to the groupoid with objects (S%; (22, ¢»)), where S* is
an untilt of S and (£, ¢») is a G-shtuka over S with one leg at S* bounded by p (see [PR24, Def.
2.4.3]). For a fixed S% let Shtg ,(S*) be the groupoid of G-shtukas over S with one leg at S* bounded
by .

Write the fibered category in groupoids corresponding to Shtg , by psn, : SHT g, — Perf.

Note that there is a commutative diagram of fibered categories

‘SHTQ,;L/(X,MXV — SHT g, — S Perf
(2.9) XM P J
~

(X, Mx)? —2— Untilt.
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In the diagram above, p! (resp. po) is a functor sending (5% (2, ¢»)) (resp. (S%, Mg, f)) to
S with morphisms also projected to the morphisms of the first factor. The fibered category
PH((X, Mx)?) : SHT g u/(x.Mx)? — (X, Mx)" is defined by a functor Shtg . (x,my)? sending
(S%, Mgz, f) to Shtg ,(S*). The functor p; is the natural projection. In conclusion, this is the sit-
uation to which Appendix A.2 applies. When ? = ¢/, by Definition 2.30, (X, Mx)®/ also satisfies
the diagram above because it is true for both small and big diamonds.

Definition 2.33. Suppose that (X, Mx) is in one of the Cases 1-3 in §2.1.3. Define the groupoid
of log G-shtukas bounded by 1 on (X, Mx)’ as (see Definition A.3)
Sht (X, Mx) = 2-lim Shtg.,.(S*),
s (5% Mgy fan (X M) e
where T =< or .
Similarly, we define the groupoid of p-adic G-shtukas on (X, Mx)" as

Sht5 (X, Mx) = 2-lim Shtg(S%).
g(X, Mx) (5% Mgs, far) € ((X,Mx)7)oP 6(5")

The following statement follows immediately from Lemma A.4.

Proposition 2.34. With the definitions above, the following two groupoids are canonically isomor-
phic:

(1) The groupoid Sht?g#(X,MX);

(2) The groupoid of 1-morphisms between v-stacks on Perf

P (X, Mx)" — Shtg,,
that are sections of p*((X, Mx)?).
We call an object in either of the two groupoids a log shtuka.

Definition 2.35. In general, we can also define Shtg ,,(Y') for any v-stack Y mapping to Untilt
satisfying the diagram (2.9) as the groupoid of 1-morphisms Y — Shtg ,,.

Denote Shtg,/u(X, Mx) = Shtg,p((X,MX)O/)-

For example, we can define Shtg ,,((X, Mx)® Xspaz, Spd Qp) as a 2-limit over (X, Mx)® Xspaz,
SpdQ, as in Definition 2.33 or the groupoid of 1-morphisms from (X, Mx)® Xgspaz, Spd@Q, to
Shtg ;.

The following lemma is immediate from definition:

Lemma 2.36. In all cases for (X, Mx) in §2.1.5, (strict) étale descent for log shtukas is effective.

Proof. Let X’ — X be an étale cover. Denote by S% — S* the pullback of X’ — X via f: S — X.
Since the descent for the étale cover S*/ — S* is effective for Shtg , (see [SW20, Prop. 19.5.3]), we
have the desired assertion by taking limits. U

2.2.3.

Lemma 2.37. Let (X, Mx) be defined as in §2.1.3. Let S € Perf. Suppose that X'°8°(S) is
nonempty. Let (S*, Mg, g, f) € X1989(8S). Then there is a saturated and strongly fine perfectoid

log structure ( s a‘é?i“) that satisfies the following universal property:

For any object (Sﬁ,/\/ligﬁ,agﬁ, f) € X980 (for the same S* but varying saturated and fine perfec-
toid log structures), there is a uniquely determined morphism between log perfectoid spaces VI

S
(S’ﬂ,/\/llsu,aigﬁ) — (S’ﬂ,/\/l‘;%n,acan) extending the identity morphism of the underlying perfectoid
spaces.
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Moreover, for any morphism g : (517 ./\/lsn, ) (5'2, Msji, ) in the fibered category (X, Mx)®
over Perf, there is a unique morphism

n . f can _can # can _can
- (5T st gt ) = (53, st Yt )

such that g™ OCMn—CMuOg
Similar results hold if we replace “log & with “logo”.

Proof. We only show the assertions in Case 2 for “log ¢”; other cases are proved in the same way.
Let us fix (S¥, Mg, ags, f).
The morphism f* : (Mg, age) — (Mx,ax) gives a commutative diagram:

P

My

«

st
M,S’ﬂ a Osgt

%

St
>

J My S A (L)

anperf

Let M = ( f_lﬂx)perf = (f*Mx)Pt. As Mg is uniquely p-divisible, there is a unique
homomorphism a“® ./\/lmnperf — Mg:. Denote by Mcanperf the pullback of Mg; via a®®". That

f
is, MG" fits into the following commutative diagram as an extension of /\/lcanper by O,

——canperf

1 — O — MG —— Mg — 0

ét
i lCMSﬁ lacan

1 —— O; MSﬁ Msu

~
e

Let a@" :=agioc Mg - We claim that ( G is the desired pair of log structure.

To check the universal property, it suffices to show that the construction is independent of the
choice of ff : (Mg, o) — (Mx,ax) for a fixed f : S# — X. Given two such morphisms
ff : My, ak,) - (Mx,ax) and fg : (M%,,0%,) — (Mx,ax) that are compatible with a
fixed f : S* — X, we show the definition of cgt is independent of this choice. Indeed, there is a
commutative diagram

can )

-—1
Mg

(2.10) f"Mx Ogs /O
ét &t

721:1

MSﬁ
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The map ? uniquely determines a homomorphlsm queant Mcanperf M. gt for i =1,2 and MG"

is constructed by pulling back MY, — M via @@, We define (M3 Say) as (M, a ) ®
(MSﬁ’ ))/Osﬁ’ which is saturated by [Ogul8, I. Prop. 1.3.4] and [Ogul8, I Prop. 1.3.5]. More-

over, M gt = ~ M. st @ M?gu is uniquely p-divisible. We have the following commutative diagram

St
Cpql o
e s
Coq3 .
s 3
211) S S o,
O{Sﬁ
p2 b2
st 5
My,
as desired. The functoriality in the third paragraph follows from the construction of ( i ocgaﬁn),

CM g and the unique p-divisibility of MS” and MS”
1 2
The resulting MQ" is saturated and strongly fine perfectoid. Indeed, since (X, Mx) is fs, by
[DLLZ23a, Prop. 2.3.13] and [Ogul8, . 1.3.6], ME" admits saturated, uniquely p-divisible, and
p-finitely generated charts. By [Ogul8, I. Prop. 1.3.4, Prop. 1.3.5], MG is saturated; it suffices to
prove perfectoidness. This follows again from the construction of Mcan as a pullback of Mg via
a®® and the perfectoidness of Mg;. O

Proposition 2.38. Denote by f: X'°8° — X9 the natural projection. With the conventions as in
Lemma 2.37, the object (Sﬁ,M%aﬁn,acan, f) is the final object of the fiber of § at (S, f) (if the fiber
is non-empty). Then a log shtuka

P80 X180 Shtg,

is uniquely determined by its restriction to the objects (Sﬁ,/\/lgaun,a
same is true for “o”

Proof. This follows from Lemma 2.37 and Lemma A.6. g

any up to isomorphisms. The

Corollary 2.39. If X s equipped with the trivial log structure Mx = O _ , then a log shtuka
P80 X180, Shtg,

determines and is determined by its restriction to the objects (S, (’)gu), i.e., a nonlog shtuka: The

projection X989 — XO admits a canonical section, and therefore determines a nonlog shtuka. The
same is true for “o” and “¢/”.

Proof. This follows from the same argument as that of Proposition 2.38. Note that, in this case, the
canonical log structures are all trivial. The case of “¢/” follows from Definition 2.30 as the corollary
is true for both small and big diamonds. O

Lemma 2.40. Continuing with the conventions in Proposition 2.38 with X satisfying (SF), we
consider the small diamond § : X'%8° — X°. The map f : (S* := Spa(RF, Rﬁ"'),/\/lg%n,acan) —
(X, Mx) by Definition 2.1/ factors through a map f+ : (Spec R% T, Mps+, ape+) — (X, Mx) such
that the pullback log structure MRn . of Mg+ to Spa(R**, R%T) wia Spa(R»*, R*) — Spec RFT
induces the log structure MG on St wia the pullback through S* — Spau(Rjj +, Rti ). Moreover, f
étale locally admits a chart of the form P — P[%].

Proof. The proof of the first assertion follows from the same argument as Lemma 2.37 after the
——canperf

following changes: Here X is a scheme; we replace Mgy with the log structure induced by
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M+ = (fH T Mx)Pe by pulling back via S — Spec R%*; the map a®®® still exists by Lemma
2.12, since the chart, by definition, factors through R¥*. The rest of the proof remains unchanged.

For the second assertion, assume that X is affine and admits a global fs sharp chart P. By
construction, there is a map 0 : P — Mp:+ — R%F. Since Mg+ is integral and perfectoid, by
[KY25, Rmk. 2.25 and Rmk. 2.26|, the induced log structure Mg+, on the mod-p log ring is

uniquely p-divisible, and 6/p : P — Mpitjp = R%* /p can be extended to é—/vp : P[%] = Mpe+p =
R&* /p. This, in turn, induces a map

Eolon): P[jg S W(RY) = R

which induces the log structure Mps,+. The rest of the assertion follows from the construction in
the last paragraph. ]

2.3. Equivalence of categories on generic fiber. We discuss a generalization of [PR24, §2.5] in
log geometry.

2.3.1.  To formulate the equivalence of categories, we need a notion of (pro-)p-Kummer étale local
systems (see [TKY26])2.

Let (X, Mx) be a locally Noetherian fs log adic space. Denote by Loc(Xyet) the category of
Kummer étale local systems on X with values in finite sets. If we fix a finite set or finite abelian
group A, we denote by A-Loc(Xyet) the category of Kummer étale local systems on X with values
in A. Let ¢ be a log geometric point on X defined as in [DL1Z23a, 4.4.2-4.4.3]. Let 75 (X, () be
the Kummer étale fundamental group at (. The following result is a logarithmic analogue of the
classical theory that étale local systems correspond to finite étale covers.

Proposition 2.41 (|[DLLZ23a, Thm. 4.4.15-Cor. 4.4.18]). Let (X, Mx) be a connected locally
Noetherian fs log adic space. There is a natural equivalence of categories:

Xprer = Loc(Xper) = ﬂfét(X, ()-Fsets.
Let A be a finite discrete abelian group. Then the equivalence above restricts to an equivalence
A-Loc(Xper) = Repy (74X, €)).

The category w4 (X, ¢)-Fsets (resp. Repy (18%(X, ¢))) consists of finite discrete sets with continuous
(X, ¢)-actions (resp. continuous (X, )-representations of ).

Proof. Note that the first statement is exactly loc. cit.. For any local system L € A-Loc(Xket), the
corresponding finite Kummer étale cover Y is Kummer étale locally represented by X, and the
corresponding ¢ (X, ¢)-finite set is given by Homx(¢,Y). So the fundamental group 7 (X, ¢)
acts through Aut(A). O

The log geometric point ¢ is constructed from a geometric point £ = Specl of X. By [DLILZ23a,
Cor. 4.4.22], we have that 7¢*(¢,¢) = Hom(M®", Z/(1)(1)), where Z/(1)(l) = Hm n (1), in which
tn (1) is the group of n-th roots of unity in /; the limit runs over all n invertible in .

Now, assume that X is defined over Spa(Qp,Z,). Then, in this case, we have Z'(1)(l) = Z(1).

Definition 2.42. Let L be a Kummer étale local system on X with values in A. For any log

geometric point  constructed from a geometric point £, L corresponds to a representation pr €
Repy (74X, €)), and the action of w8 (&,¢) on L is given by composing this representation with

the natural map pg{ cket (e, ¢) — (X, (). Set M = Mxg. In this setting, we say that L

2We are grateful to Inoue and Koshikawa for suggesting the name “(pro-)p-Kummer”; a similar one “p-primary
Kummer” was also suggested to one of us (PW) during his visit to ZJU. In an update [IKY26] to [KY25], Inoue,
Koshikawa, and Yao have discussed various equivalent definitions for this notion in more detail. Therefore, the
definition used here can be viewed as an adaptation of their work to the context of [DLLZ23a].
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is p-Kummer at & if po p? is trivial when restricted to Hom(ﬂgp,zp(l)). We say that L is
p-Kummer if it is p-Kummer at every geometric point.

Next, we consider a pro-Kummer-étale zp—local system Lon X. By [DLLZ23a, Lem. 6.3.3],
= lim L, where L, is a Z/p"Z-local system on Xye such that Ly4q/p"Lp+1 = Ly. Then, at

a log geometrlc point ¢ over a geometric point £, the Kummer étale fundamental group Wket(X ,Q)
has a compatible action on {L;, ¢},. We obtain a continuous Z,-representation pz : = lm_pr,,.

Definition 2.43. Let L be a pro-Kummer étale zp-local system on X. In the setting of Definition
2.42, we say that L is pro-p-Kummer at £ if p; opg{ is trivial when restricted to Hom(M®, ip(l)).
We say that L is pro-p-Kummer if it is pro-p-Kummer at every geometric point. Denote by
2p'LOCp(Xprokét) the category of pro-p-Kummer étale zp-local systems on X.

Remark 2.44. Suppose that L is torsion free. Note that the image of Hom(M®", Zp(l)) in Aut(fg)
is always finite because a continuous map from the first term (which is a formed by copies of 7P ) to
Aut(fc) = GLn(Zp) always has a finite image. If L has unipotent boundary monodromy (i.e., the
image of pp opg( is contained in some U(Zy) C GLN(Zyp) for a unipotent subgroup U C GLnz, ), it
1s always pro-p-Kummer.

Finally, let G be the quasi-parahoric Z,-model of a connected linear algebraic group G over Q,
in the sense of Definition 1.18.

Definition 2.45. We say a pro-Kummer étale Q( p)-torsor & is pro-p-Kummer if, for any
continuous torsion-free G(Zy)-representation V, the corresponding pro-Kummer étale local system
V.=E¢ x9Tn) V7 s pro-p-Kummer. Denote by g( p)-Locy,(Xproket) the category of pro-p-Kummer
étale g( p)-torsors on X.

2.3.2.  Assume that (X, Mx) is either an fs log scheme locally of finite type over @Q,, or a locally
Noetherian fs log adic space over Spa(Qp,Z,). Let G, p, E, and G be as in §2.2.

Proposition 2.46. In the case of locally Noetherian fs log adic spaces over SpaQ,, we have a
natural bi-exact tensor equivalence of categories

2.12 Z,-Loc Xoroket) = 2-lim Z,-Loc(S* ).
(212 L0 Xproket) (STMEP o) (X Mx)0)r " Borr)

By the Tannakian formalism, we have a natural equivalence of categories

2.13 G(Zyp)-Locy(X proket) = 2-lim G(Zy)-Loc(S%, 1)
( ) (Zp) p(Xproket) (SEMEf o) (X, M )0)or (Zp) ( P y
In the case of locally of finite type schemes, replacing the categories on the left by Zp—Locp(X;ﬁlokét)
and G(Zy) Loc, (X4

pmket) we have the same results.

Lemma 2.47. Let (U, My) be an affinoid Tate fs log adic space over Spa(Qp,Zy) that admits a
global sharp fs chart P.

(1) There is an inverse limit l&nZ(Ul,Mz) of affinoid finite Kummer étale covers (UZ,M ) of
(U, My) that is associated with an affinoid perfectoid log adic space (Uoo,./\/loo), with Moo
being uniquely divisible. Moreover, M\OO 1s perfectoid. R -

(2) Let P[1/p] := ling #P. One can define another perfectoid cover (U,-oo, Mp-oo) in Uproket-
In fact, there is an inverse limit U, 1= I'&HJ Spa(Rj,Rj) of a]fﬁno/zjd finite étale covers of
U xypy U(P[1/p]), which is associated with a log perfectoid space U, equipped with the
log structure Mo induced by P[1/p].



43

Proof. We prove Part 1. This is essentially [DLLZ23a, Prop. 5.3.12| and [Sch26, Lem. 15.3]. The
argument in [DLLZ23a, Prop. 5.3.12] works for both two parts; let us explain more.

In fact, by [Sch13, Prop. 4.8] and [Sch26, Lem. 15.3], for any U = Spa(R,R*") as in the
Lemma, there is an affinoid perfectoid object l‘mI U; = Spa(R;, R;") in Uproet where R; are finite
étale algebras of R, and l&n U; ~ (7 that is, is associated with a perfectoid space U. Then, by the
argument in [DLLZ23a, Prop. 5.3.12], the inverse limits L( JeIxN U;(1P) and L (im)elxN Ui(om Lp)

are associated with affinoid log perfectoid spaces U and U —. Since U — U(P) is a strict closed
immersion, the pullback of Uss — U (P) (resp. Upfoo — U(P >) via U — U(P) is an affinoid perfectoid
log adic space ﬁoo (resp. ﬁp—oo) in Uproker- The log structures are as desired by construction.  [J

Lemma 2.48 (cf. [IKY26, Prop. 5]). Let (U, My) be a Noetherian affinoid fs log adic space over
Spa(@p, p) that admits a global sharp fs chart P.

Let L € Z Loc(Upmket) Then L is in Z -Locy,(Uproket) if and only if L splz'ts over a strict
pro-finite étale cover V —oo ofU —oo in the notation of Lemma 2.47(2), such that V —oo —> U —oo 18
associated with a pro-finite étale Vp—oo = Up—oo i Uproker- In fact, in this case, L splits over X/Ifoo.
Proof. Without loss of generality, assume that U is connected. Since P is fs and sharp, for any

geometric point & — U of U, there is a surjective map P — ﬂm between finitely generated, torsion-
free and sharp monoids. Then this induces a surjective map 7 : P[1/p]8P /P8P — ﬂgU?&pfoo/ﬂ%};

Note that Mng Oo/ﬂ%}? ,/\/l ¢ ®Qp/Zy = Hom(./\/lUg, »(1)) is a quotient of 7 (¢, () =

Hom (M3, & Z(1)). Furthermore, we have the following commutative diagram

PES/PEP — s M oo/ MU

(2.14) l l

P[1/p]EP /PP — T M7 oo /M

Take a log geometric point ¢ over . By [DLLZ23a, Cor. 4.4.18], the fiber EC of L at (isa
continuous representation of ¢ (U, (). There is an exact sequence

L= m (&) = M (U.¢) = {'(U.€) > 1,
where 7¢%(U, &) corresponds to the inverse limit of all finite étale covers of U via the equiva-
lence of categories (4.4.19) in [DLLZ23a, Cor. 4.4.18]. Furthermore, the quotient of 7} (U, ()
by the subgroup Hom(MUg, P(1)) C 7¢(&, () corresponds to the cover §,-w 1= U(&) x U(©) (Mue)

U(§) (Mg poo).
Then L splits over V —oo if and only if L\ ¢ splits over § Xy V- for any £. Since §,- — & factors

through § Xy V},—o, we have the “ <=7 direction.
For the other direction, the action of w§¢*(¢,¢) factors through the image of 7. By (2.14), the
action of ng/P;fI_)oo N L7(¢) ¢ s ¢) py U(£) (Povo) 18 trivial by the pro-p-Kummer étale condition at (, ().

Thus, L]U becomes trivial over U (§) X y(¢ypy U(€)(P[1/p]) by [DLLZ23a, Prop 4.4.9]|. By writing
L as an inverse limit of L,, we find a pro- ﬁmte étale cover V of U such that L is trivialized over
V xypy V(P[1/p]). Hence, the pullback of L to the perfectoid cover Up—oo is trivialized over a

pro-finite étale cover of ﬁp—oo.
The last sentence can be seen from the proof. O

Proof of Proposition 2.46. We only need to show the first equivalence (2.12) as the bi-exactness is
clear in the construction. Without loss of generality, we assume that we are in the case of log adic
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spaces since (X4, 24* M x) is locally Noetherian and fs by construction in the case of log schemes.
We also assume the connectedness of X.

Since both sides satisfy étale descent, we assume that X is affinoid and that M x admits a global
chart P.

The RHS of (2.12) i ival 2-li Z,-L Let {L
e RHS of (2.12) is equivalent to (S”,Msu,fsu)el(rFX A )0yen 2P oc(Sproet) et { (S”aMsuaf)} be

an object in this limit. This limit gives an object L,-o = L ¢ o) by evaluating on the log

p—m,ﬂp—w) formed by Lemma 2.47(2). After
replacing X, with a pro-finite étale cover of it, we can assume that L, is trivialized. The

(Xm0 M,,
perfectoid space with a perfectoid log structure ()/f

perfectoid space )/(\vpfoo is, by construction, associated with a perfectoid object X, oo in Xprokst-
Note that X,-« — X is a pro-Kummer étale cover by construction. Then the Kummer étale
fundamental group of (X, Mx) acts on X, on its associated perfectoid space, and on the trivial

local system L, (which is encoded in the 2-limit). This induces a pro-Kummer étale Zp—local
system L in Z -Loc(Xproket ). Furthermore, L is in Z Locp(Xproket) by Lemma 2.48.

Let us show the other direction. By Lemma 2.48, an object Lc Z -Locy(Xproket) 1s trivialized
over a perfectoid object X},—c in Xproket. Moreover, Lis equipped with an action of ﬁll‘ét(X ,¢) that
factors through Aut(X, oo/X By applying [DLLZ‘ZS&, Lem. 5.3.8] and taking an inverse limit,
the saturated product X —e X3 (X X x(py X(P[1/p])) is pro-finite étale over X x xpy X(P[1/p]).
Since, for every object ( anf) e € (X, Mx)®, the morphism f : S¥ — X factors through
X xxpy X(P[1/p]), the saturated product Sf)_oo i= X, xx S* is pro-finite étale and surjective
over S*. The 7}¢* (X, ¢)-action on L is pulled back to the action of Aut(SIE,OO/Sﬁ) on (fflf)(Sg,oo).
Hence, f*1E is a pro-étale local system on S*. For any morphism ¢ : (S?, Mg, f1) — (Sg, Mz, f2),
it is easy to check that the pullbacks satisfy the desired functoriality requirea by a 2-limit. ’ ([l

2.3.3. In this subsection, we show the following theorem:

Theorem 2.49 (cf. [PR24, Prop. 2.5.3|). Let (X, Mx) be a locally Noetherian fs log adic space
over Spa(Qp, Zy,) (resp. an fs log scheme of finite type over SpecQy). With this assumption, there
s a natural equivalence between the following two categories:
(1) The category of log shtukas Sht<> (X Mx);
(2) The category HTg , (X, Mx) of pairs (P, mgr), where P is a pro-p-Kummer-étale G(Zy)-
torsor defined over X (resp. X®1) and a Hodge-Tate period map wpr : P — .7-"<> =

The meanmg of the last morphism is the following: The torsor P can be viewed as a limit over
(X, Mx)® of pro-étale Z -torsors Eqi by Proposition 2.46. The last morphism is given by a functo-
rial assignment of G(Zy)- equzvamant maps between v-sheaves HT (Egy) : Eg¢ — Grg gpa g1 for ob-

jects in (X, Mx)® followed by the Bialynicki-Birula isomorphism (see Lemma 1.12) Graspapu—1 —
Fo oo
(et

Remark 2.50. See [[KY26, Thm. 7| (and also |KY25, Thm. 7.36|) for an analogous theorem in
the log prismatic theory. In fact, our proof of Theorem 2.49 is also similar to the one presented
there.

Remark 2.51. The following statement is included in the case of log adic spaces in Theorem 2.49:
Let X be a separated Z,-scheme that is flat and of finite type. Let X be the p-adic completion and
Y = ng be the adic generic fiber. If Y is equipped with an fs log structure M, then applying the
theorem above gives an equivalence over (Y, M)?.
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Proof of Theorem 2.49. By definition, we have Shtg WX M) =

2-lim Shtg ,(S%).
(SH Mgy, fop) (X, Mx)0)oP gw( )

By [PR24, Prop. 2.5.2], this expression is equivalent to

-lim HTg ,.(S%).
(St MgpSop)e((X M)y
The last 2-limit is equivalent to 2-lim HTg,,(S*) by Lemma 2.37 and Lemma A.6.

(SﬁvMAC;jn?fsﬁ)E((XvMX)Q)OP
Finally, combining Proposition 2.46 (and the explanation in Theorem 2.49), we have the desired
equivalence. O

Corollary 2.52. For an fs log scheme (X, Mx) over Q, in §2.1.3 Case 2, we have an equivalence
between Shtg (X, Mx) and HTgu(X7 Mx), the category of pairs (P, mgr) where P is an object in

(Sh Map S M0 G(Zy) Lo S}
and T 18 as above.
Proof. Write as 2-limits and apply [PR24, Prop. 2.5.2]. O
Corollary 2.53 (Canonical extension of shtukas in characteristic zero). (1) Let E be a p-adic

field. Assume that X is a smooth rigid analytic variety over Spa I with a normal crossings
divisor D such that U := X\D is open and dense in X. Denote by Mx the log structure

induced by D — X & U. Then the restriction functor
Resgs : Shtg (X, Mx) — Sht§ (U)
1s fully faithful.

(2) With the same assumptions as in Part 1, for any object Py € Shtg M(U), Py corresponds to
a G(Zyp)-torsor Py and a Hodge-Tate map mur : Py — Fg 1 Then £y is in the essential
image of Res)U( only if P := j, Py is pro-p-Kummer étale.

(3) (Diao-Lan-Liu-Zhu) With the same assumptions as in Parts 1 and 2, we further assume that
Py is de Rham in the sense that, for any V € Rep(G(Zp)), Vo, == (Pu x 9Zr) V) ®z, Qp
is de Rham. If K@p has unipotent geometric monodromy along the boundary in the sense
of |DLLZ23a, Def. 6.3.7|, then there is a canonical way of associating a Hodge-Tate map
Tarx P — ]:g -1 to P, and therefore defining a log shtuka & € Shth(X,MX) via
Theorem 2.49. This association is compatible with the one in [PR24, Prop. 2.6.3] after the
restriction back to U°.

Proof. Consider the diagram

Shtg , (X, Mx) ——— Sht (V)

(2.15) l l

HTQW(X, ./\/lx) — HTg#(U).

This diagram is commutative. The vertical maps are equivalences of categories by Theorem 2.49
and [PR24, Prop. 2.5.3|. Hence, for Part 1, it suffices to show that the bottom arrow is fully faithful.

By rigid Abhyankar’s Lemma |[DLLZ23a, Prop. 4.2.1] and by [DLLZ23a, Cor. 6.3.4], there is an
equivalence

(2.16) Zp-Loc(X prokst) = Zp-Loc(Uprost)
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induced by L E‘Uproét; the quasi-inverse is defined by the pushforward of E‘Uproét from U to X.
By the Tannakian formalism, there is an equivalence

Resd~1o¢ . G(Zp)-Loc(Xprokst) = G(Zp)-Loc(Uprost)

induced by restricting the pro-Kummer étale G(Z,)-torsor to U. Since the functor G(Zy)-Locy(Xproket) —
G(Zp)-Loc(Xproket) is fully faithful, there is a fully faithful functor induced by restriction to U:

i : G(Zp)-Locy(Xproket) — g( p)-Loc(Uprost )-

The rest of Part 1 follows from Lemma 2.54 below.
The quasi-inverse of (2.16) is given by L j*L By the construction above, j,.Py in the statement
of Part 2 is pro-p-Kummer if and only if Py is in the essential image of G ( p)-Locy(Xprokst) under

the composition i o Res? "¢, So Part 2 follows.
Part 3 follows from the main theorems of [DLLZ23b] (see also [RC26, Thm. 4.2.1]). In fact, by the
proof of [DLLZ23b, Thm. 3.2.12| written above [DLLZ23b, §3.5], there is a canonical isomorphism

w Darlog (V)®ox

where g @ Xproket — Xan, OBgr log is a peroid sheaf with filtration and log connection extending
OBgr, and Dgg 1og is the arithmetic log Riemann-Hilbert functor (see [DLLZ23b, 2.2 and 3.2.6]).
This isomorphism is compatible with filtrations and log connections on both sides.

We then define MO,log = (DdR,log(K) ®0X OIBXR,log)Vlog:Q and 1\/Hlog = (Fﬂo(DdR,log(K) ®(’)X
OBdR,log))vlogzo; they are Bjj;-modules due to log Poincaré’s lemma [DLLZ23b, Cor. 2.4.2]. More-
over, the filtrations on them are finite projective modules by [DLLZ23b, Cor. 3.4.22|. Then, using
the same argument as in [PR24, §2.6.1], we obtain a Hodge-Tate map 7y x : P — Grg 1. It is
clear that this construction is compatible with and extends the one in loc. cit.. O

OBaR 1og — V. ®7, OBgR,log>

prokét

Lemma 2.54. With the conventions and assumptions as in Corollary 2.53, every Hodge-Tate map
gt : Py — }"O u-1 on U for a fized g( p)-torsor Py admits at most one extension to Ty x :

P:= 5Py — .7:8#_1 on (X, Mx)°.

Proof. Denote by 7 and my two extensions of mg7p. As in the proof of [DLLZ23a, Prop. 4.2.1],
let us assume that both X = Spa(R, R") and U = Spa(Ro, R{) are affinoid. By rigid Abhyankar
[DLLZ23a, Prop. 4.2.1] and by Lemma 2.47(1), we can choose an affinoid perfectoid object U:=
Spa(A, AT) such that U — U extends to an affinoid perfectoid object X = = Spa(B, Bt) - X in
Xprokst- We then take the associated perfectoid spaces X~Xand U ~ U and take a strictly
totally disconnected cover Xstr 5 X — X where X" — X is universally open by [Sch26, Lem.
7.18]. Let Ustr .= Xstr X ﬁ this is also a strictly totally disconnected space, since it is an open
subspace of X*. Note that the log structure on X5t is induced by the pullback of the log structure
on X. Thus, Xs“" with its log structure is an object in (X Mx)°.

By assumption, |U| is open dense in |X|. In fact, |U] is dense in |X|. Indeed, since |X| =
@jeJ | X;| by [Sch26, Prop. 6.4], it suffices to show that each U xx X; is open dense in Xj.
By [Han20, Prop. 2.8, and since the constructions in [Han20| and [DLLZ23a, Prop. 4.2.1] are
compatible, the pullback of D through X; — X is nowhere-dense. This implies that U x x X is

dense in X;. Furthermore, we deduce from this fact that U is also dense in X" since X" — X
is universally open.
If there are two maps w1 (X*") and mp(X*7") : Py, — Fa 1 Sotr

\(75”’| is dense in \)/(:St’"| and Fg -1 is separated over £, we have m = 7.
Pick an object (S%, Mgz, f) € (X, Mx)®. Let 71 (S*) and 72(S*) : Pgy — Fa u-1,5¢ be two Hodge-
Tate maps. We now pull them back to the perfectoid space §£,oo associated with the saturated

extending 7 since

HTJ/]\st'r I
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product S* x sat X , and to §§ = 3’\2,@ Xz Xstr, By functoriality of 2-limits, the two pullbacks

wl(gii) and 71'2(3\%) are equal. For the same reason, the v-descent data of the two maps from §§ to
S* are canonically identified. Hence, we have 7 (S%) = mo(S*) by descent. O

2.4. Extending log shtukas. Let (X, Mx) be an fs log scheme, where X is a normal scheme
that is separated, flat and of finite type over Z, or X = Spec A for an excellent Noetherian normal
domain A that is flat over Z,. Denote by Xq, the generic fiber of X. Let MX@p = 1*Mx be the
log structure induced by the natural inclusion i : Xq, — X.

We show that

Theorem 2.55 (cf. [PR24, Thm. 2.7.7|). In the situation above, the restriction functor
Res := Resy, : Shty/, (X, Mx) — Sht{ ,(Xg,, Mx,,)

is fully faithful.
Moreover, the restriction

Res: Shtg,u(X, Mx) — Shtg7u((X,Mx)<> XSpdZ, Sdep)
is fully faithful.

2.4.1. Let us introduce some conventions.
Let &1 and £ be two objects in Shtg/ M(X ,Mx). Tt follows from the construction in Definition
2.33 and Definition A.3 that HomShtg{H(X,MX)(‘gzl’ Do) =

lim Hom iz , P .
(84 M g )X Mox)0 ) Shig.u(59) (P (50.0) P2 (st.0)

The morphisms in Shtg 1(Xq,, Mx,, ) are formed in a similar way.
Writing &; := 2 |Xlog<> the restriction of &; to Xlog<> fori = 1,2, a morphism H € Ob Hom( %, 23)

is then represented by H {Hg:, Mean .}, where H(su Mz, f) € Homgyi, (56 (P1, (52,5, Pa,(5%,5))

and the collection runs over the obJects (S, @ ) in Xg log 9 that satisfy the condition in Definition
A3(2).

Similarly, let H € Hom (Z1, P2) be a morphism. Denote by H g Men f) the mor-
I’ S b

Shtg/ (X, Mx)
phism between & (g Mean, f) and P (g Mean, ) assigned to H.
b b S b b b S b
In what follows, we will frequently use the abbreviations H g Mean f) = Hgr and H g Mean,f) =
b S b b S b

Hg; if there is nothing confusing.
Proof of Theorem 2.55. The proof can be adapted from the proofs of [PR24, Prop. 2.7.6] and
[PR24, Thm. 2.7.7]. First, note that the argument in loc. cit. did not use that the scheme is of
finite type after restricting the question locally to a normal domain; moreover, the second claim will
follow from the same proof as the first. We assume that we are in the first situation for X.

With the conventions as above, given H € Hom (%21, #5), we will show that H extends uniquely
to a morphism H € HomShtg{H(X’MX)(ﬁl, P3).

Without loss of generality, we assume that X = Spec AT is affine and admits a global fs sharp
chart P. (Indeed, we can do this by taking an étale neighborhood around each geometric point of
X and by taking the log structure on the étale neighborhood the pullback of M yx. After proving
this case, one can pass to the Cech nerve of an étale cover.) We write A* the (p-adic) completion
and write A := 121\‘*'[%] Write X := SpfA+ and X* := Spa(A*+, AT).

Let f : (Y := Spa(B,B"),My) — ()A(ad,/\/l;(ad) be an object in (X, Mx)°. Here, we also
assume that Y = Spa(B, B") is affinoid perfectoid and assume that My = M§2".
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Firstly, we consider the case where (B, BT) = (C,C™") is an algebraically closed, (nonarchimedean,
complete) perfectoid field. As in the proof of [PR24, Prop. 2.7.6], if the morphism f is adic, then
C is of characteristic zero, but, in this case, we have that f is already an object in (Xq,, M X@p)o,
S0 we set HSpa(C,C*) = HSpa(C,C*)-

If the morphism f is not adic, then C is of characteristic p. In this case, we claim that f :
Spa(C,C*") — X4 factors through an integral perfectoid space X over Xad, In fact, let )?0 =
Spa(ﬁ, A\Jr) Then )?0 is an affinoid Tate adic space equipped with a morphism to the adic generic
fiber of X2 and to X'ad, i: )A(o — X'j;d — X3, Let R, be the inverse limit of finite étale algebras

over A\pfoo = ‘Z®E(P) X(P[l/p]) Let R;_oo be the integral closure in R, of A*. By Lemma

2.47(2), the p-adic completion (Rp—oo,ﬁ;oo) is a complete affinoid perfectoid Huber pair. Now,
since (C,CT) is an algebraically closed perfectoid field, CT is a valuation ring and R;[oo
by an inverse limit of normalizations in finite ring extensions, the map AT = CF factors through
At & }AE:;,OO — CT. Set Xo := Spa(ﬁ;w). The claim is shown.

By Lemma 2.47(2), X is equipped with the log structure P[1/p]® induced by P[1/p]; this is a
saturated and fine perfectoid log structure by construction (see also [KY25, Rmk. 2.26]). So the
associated log perfectoid space Xy 1= Spa(]/%pfoo, ]%;_Oo) with its natural morphism to Xad is an

object in X'°8° By [PR24, Prop. 2.7.6], Hx,, , extends uniquely to a morphism H

is formed

spd(ﬁ:m) :
‘@1|Spd(§:_oo) — t@g\spd(ﬁz_w), and Hspac is determined by pulling back HSpd(ﬁ:—oo) to SpdC.
-

(To apply the proposition there, one needs that }A%;_Oo = - This follows from the normalization

construction.)

Finally, we consider general Y = Spa(B, B™). This follows from a v-descent argument. As in
the proof of loc. cit., we choose a collection of maps {m; : Spa(C;,C;t) — Spa(B, BT)} covering
|Y|, where Spa(C;, C;") are algebraically closed perfectoid fields. We then form a product Z :=

Spa([]; Ci, I1,; C;") with a v-cover m := [[, 7; : Z — Y. Then Z maps to Xodviaz Ty Ly Xod,
and the log structure on Z is defined by pulling back My. We can construct Hz: By the proof of
[PR24, Prop. 2.7.6], the morphisms on W(C:r) for the corresponding BKF modules. We then take
the product of these morphisms on [], W(C’f ) and restrict to get a morphism Hz between shtukas.

To show that the morphism Hz descends to a unique morphism Hy, it suffices to check that
there is a descent datum piHz = psHz on Z := Z xy Z. As explained in the proof of loc. cit., it
suffices to check this pointwisely. For any point s : Spa(C,CT) — Z, we have mopj o8 =Topyos.
So the two sides are the equal after post-composing f. It suffices to deal with the case that C' is of
characteristic p. By the last three paragraphs, we know that fomop; os can also be factored as
x:SpaC — SpdCT — Spd R;_oo — X982 and this factorization is unique by the first paragraph
of the proof of loc. cit. (see |[PR24,2.7.2] and [Gle25]). Thus the last two paragraphs gives a unique
way of defining Hspac s, as desired.

We now check the uniqueness (as there might be a different choice of v-cover) and functoriality of
this assignment. Given a morphism g : (Y, M$", f) — (Y, M$2", f’) such that f'og = f, we check
that, taking products of points Z — Y and Z’ — Y’ and constructing Hy and Hy- using them
respectively, we have g*Hy» = Hy. Upon replacing Z with the disjoint union of it with a v-cover of
Y xy+ Z', we assume that there is a morphism g : Z — Z’ covering ¢g. Then, by the same argument
as the last paragraph, the Hgpac . at any point of Z constructed by either pulling back from Z or

pulling back from Z 2 Z’ are the same as the one factoring through Spd fi;,oo. So g*Hz = Hz.

Next, we consider the fiber product Z as the last paragraph, and the same argument shows that
the morphisms descend and are equal on Y.
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For the case of affine excellent normal flat domains, all arguments above work; note that the
normalization argument goes through by [GD64, part2, 7.8.3(5)]. O

2.4.2. Let us state an immediate corollary of Theorem 2.55.

Corollary 2.56 (cf. [PR24, Rmk. 2.7.9]). Let X be a normal scheme that is flat, separated and of
finite type over Z,. Let D C X be a relative Cartier divisor such that U := X\D is open dense in
X. Let Mx be the log structure defined by D — X «= U.

(1) Suppose that the generic fiber Xq, is a smooth variety with the normal crossings divisor
Dq,. Then the restriction functor

Res : Shtg/, (X, Mx) — Shty/, (U)
is fully faithful.

(2) Suppose that Xq, 18 a smooth variety, and that Uﬁd — Xf;d has a normal crossings comple-
ment. Then the restriction functor

Resq; : Sht ,(X, Mx) — Shtg ,(U)
is fully faithful.
Proof. We have the following commutative diagram

X
Resg;

Shtg/ (X, Mx) ——"— Shty/, (U)

l *Q l
Res;, *

Q.
Shtgvu(XQp,MXQp) — % Shtgju(UQp).

Then the assertion follows from combining Theorem 2.55, [PR24, Thm. 2.7.7] and Corollary 2.53.
Indeed, we have known that the functors represented by the bottom arrow and the vertical arrows
are fully faithful.

The second part follows similarly from Remark 2.51, Corollary 2.53 and Theorem 2.55. ([l

2.5. Restriction to special fiber. Suppose that (X, Mx) is in Case 2 of log schemes.

2.5.1.  Assume that X is defined over Z, or just F,,.

Proposition 2.57. The projection F'°8 : (XF,, J\/lXIFp)<> — ngp admits a canonical section i'°%. This
section is given by assigning to any (S*, f) € Xﬁ;p (S) an object in log diamond (S, (f*./\/lXFp)peTf, f)e
XIIF(;gQ. The same holds after replacing ¢ with .

Proof. When S* is an affinoid perfectoid space of characteristic p, it is perfect. Then the morphism
between sheaves of monoids f*M Xp, — @) St induces a morphism (f*M XFp)perf -0 o - O
ét ét

Corollary 2.58. Suppose that there is a log G-shtuka bounded by p,
P (X, Mx)° — Shtg ..
Then the restriction of & to (Xg,, MXF,, )¢ gives a morphism
Pz, + (XF,, Mx; ) — Shtg,p.
This morphism is equivalent to a morphism
P|xz, + X5, — Shtg,p.

The same holds if we replace o with .
Moreover, there is a morphism 279 Xé’srf% Shtgfu.
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Proof. The construction of MZ" in Lemma 2.37 coincides with the perfection of f*Mx in Proposi-

tion 2.57. By Proposition 2.38, we have a morphism Xf;p — Shtg ,,. Applying the reduction functor
in the sense of [Gle25], and noting that (Shtg ,)req is represented by Shtgfu, Xp = (lefsrf)O by

[SW20, Prop. 18.3.1] and that ((Xﬂff:rf)o)red is represented by Xﬁ?:rf by [Gle25, Prop. 3.16], we get
the desired morphism. O

For simplicity, we will use charts to refer to log structures in the remaining part of §2.5.

Remark 2.59. Let K be a finite field extension of Q,, and let w € K be a uniformizer. One can con-
sider the absolute log prismatic site (O, @) . A log prismatic F-crystal € on (O, @) is equiva-
lent to a semistable G'i -representation IL in RepSZtP(GK) by [Yao23]. One can read off the monodromy
action of the semistable representation IL[1/p] by evaluating the associated log prismatic F-crystal

& on Breuil-Kisin/Hyodo-Kato log prisms. If we evaluate € at the cover (O, ") — (OC,wN[%}),
one obtains a Breuil-Kisin-Fargues module (see [Yao23, Ex. 3.1]). Let S = Spa(R,R") € Perf.
The objects (S*, Mgz, f) € (Ok,@V)°(S) require S* to be perfectoid and Mgy to be saturated and
fine perfectoid; thus Mg is uniquely p-divisible (see Lemma 2.10). In particular, under the equiv-
alence of categories between perfect log prisms and perfectoid log rings in [KY25, Prop. 2.39|, one
only sees the perfect objects in (O, )°. Therefore, the realization functor from log prismatic
F-crystals to log shtukas forgets the monodromy action when we consider the specialization map as

in [PR24, Prop. 2.4.6].

2.5.2. Log p-divisible groups. In this subsection, we give an example that might be relevant to
Corollary 2.58. Proposition 2.60 will not be used in the remaining of this paper.

Let K be a finite field extension of Q,, let Ok be its ring of integers, and let k be its residue field.
Let @ € K be a uniformizer, and set S = (Spec Ok, w@"), Sp = (Speck,0Y). By the main theorem
of [BWZ23], taking the generic fiber ()i gives an equivalence of categories between the category
BT};% of dual-representable log p-divisible groups over S and the category BTS¢ of p-divisible groups
over K with semistable reduction. Moreover, taking the Tate module T}, gives an equivalence of

categories between BTS: and the category RepSZt;{O’l}(G k) of semistable G g-representations with

Hodge-Tate weights in {0, 1}.

Let H € BTlng. On the one hand, as in Remark 2.59, one can attach to it a log prismatic
F-crystal and then a log shtuka in (Og,w@")?; by restricting to the special fiber and by Corollary
2.58, we obtain a usual shtuka over Speck. On the other hand, the special fiber H; of H is a log
p-divisible group over Sy, which need not be a classical p-divisible group. Nevertheless, one can still
produce a usual shtuka from #H; that is compatible with the above one, by Lemma 2.37 and the
following result:

Proposition 2.60. Let H be a dualizable log p-divisible group over (Speck, ON). Then its pullback

to (Speck, ON[%]) becomes a classical p-divisible group.

Proof. This follows from Kato’s classification of log p-divisible groups [Kat23, Thm. 3.1|; ¢f. [WZ24,
Thm. 3.8, Cor. 3.10]. We briefly recall some notation and results from Kato’s work on log p-
divisible groups, following [WZ24, §3]. Let T' = Spec A, where A is a Noetherian henselian local
ring with the residue characteristic p, and suppose that T" admits a global chart P — My such
that the induced map P — MT,Z/ O;i is an isomorphism at the geometric point ¢ of T. Let

(fin/T)q be the category of finite Kummer flat log group schemes over T' defined as in [Kat23, 1.6];
see also [WZ24, Def. 2.3, 2.6] for details. For G € (fin/T)y, there is a unique exact sequence
0 = G° - G — G% — 0, which restricts to the classical connected-étale sequence over any
finite Kummer flat cover where G becomes a classical p-divisible group. Moreover, G° and G are
classical finite flat group schemes. From Kato’s classification, any G € (fin/T)y that is p-power
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torsion determines, and is uniquely determined by, a pair (gd, B), where G is a classical extension
of G° and G*, and 8 € Hom(G%(1),G°) ®z PeP.

By definition, H = lim#,, where H, = ker(H i H) is an object in (fin/Sp)g. There-
fore, H, determines and is determined by (HS,B,). Since Hom(HE (1),HS) is killed by pm,
B € Hom(HE (1), HS) @7 P8P /p™P8P. In particular, after passing to So.c = (Speck, ON[%]), B is trivi-

alized and H,, becomes a classical p-divisible group. Therefore, H is classical over (Spec k, ON[%]). ]

3. LOCAL SYSTEMS AND SHTUKAS ON MIXED SHIMURA VARIETIES
In this section, we work with the theory in characteristic 0.

3.1. Group-theoretic lemmas. We collect the results used later regarding various group-theoretic
constructions in compactification theory, Bruhat-Tits theory, and their intersection.

3.1.1. Let P be any linear algebraic group. Define P¢ := P/Z(P)q4., where Z(P),. is the anti-
cuspidal part of the multiplicative connected center Z(P)° of P.

Given a mixed Shimura datum (P,X’), let G be the Levi quotient of P. Then the natural
projection P — G induces an embedding Z(P) «— Z(G), and Z(P)q. is sent to Z(G)e by definition.
Note that P¢ — G¢ factors through the Levi quotient G"¢ of P¢, and G — G° is a homomorphism
with central kernel.

Lemma 3.1. For a mized Shimura datum (P, X), we have G"* = G°.

Proof. Recall that (P, X) satisfies [Pin90, 2.1 (viii)|]. That is, we require that, for any Levi subgroup
G C P lifting G, the adjoint action of the center Z(G) of G on Lie W factors through a cuspidal

quotient; W denotes the unipotent radical of P. Note that the definition of Z(G) is independent of
the choice of lifting G. From this condition, we see that

Z(Gac = Z(G)ac C Cent g (Lie W) = Z(P).

So the embedding Z(P)4c — Z(G)qc admits a section by the displayed expression above. We then
have Z(P)qc = Z(G)qe, and the lemma follows. O

3.1.2. Now let (G, X) be a Shimura datum. Let & = (Qg, Xg, ga) be a cusp label representative of
(G, X) (see [MP19, 2.1.7]). Recall that one associates to ® a mixed Shimura datum (P, Dg). Recall
that Q¢ C G is an admissible Q-parabolic that contains a normal subgroup Pp and is equipped
with a Q¢ (R)-equivariant morphism

7: X = m(X) x Hom(Sc, Poc), =+ ([z] u9® o hoo)-

'

Moreover, Dg is defined as the Py (R)Ug(C)-orbit of a fixed point ([z},ugq’ 0 hoo) such that z € X,
where Xg is a connected component of X; it depends only on X g , not on the choice of z in X[g .

Denote by Wg the unipotent radical of Py and Ug the center of Wg. Let K be an open compact
subgroup of G(Ay). Define K¢ = Pp(Ay) N gaKgy'; define Ko, and K% similarly.

Lemma 3.2. The natural embedding Py — G induces a finite map Py — G¢. Let ZPy := (Zg-Pp)°.
Then there is an injective map ZPg — G°.

Proof. Since the center of ZPg/ZWg is isogenous to a product of split tori and R-anisotropic tori
(cf. [Pin90, Cor. 4.10] and [Wu25, Lem. 1.14]), we know that Z(Pg)ac C Z(ZPs)ac = Z(ZWo)ae =
Z(G)qe- So there is a well-defined quotient map Pg = Pp/Z(Pg)qc — G = G/Z(G)q4c. For ZPg,
by the last paragraph, we see that the embedding ZPs — G induces an embedding ZPg — G¢. [

Lemma 3.3. Let G be a quasi-parahoric group scheme of G, and let Go be the go-conjugate of G

(i.e. Go(Zy) = gcpg(zp)g;l). Let Q¢ (resp. Wa) be the closure of Qo (resp. Wa) in G, and let
Pa be the smoothing of the closure of Py in Gg.
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(1) When G is stabilizer quasi-parahoric (resp. quasi-parahoric, parahoric), then Qg is stabilizer
quasi-parahoric (resp. quasi-parahoric, parahoric) in the sense of 1.18. Moreover, when G
is parahoric, then Qg — Gg is a parabolic embedding in the sense of 1.19.

(2) When G is stabilizer quasi-parahoric (resp. quasi-parahoric, parahoric), then Pg is stabilizer
quasi-parahoric (resp. quasi-parahoric, quasi-parahoric). Moreover, (P, pug) comes from
boundary in the sense of 1.21.

Let G be quasi-parahoric. Let Up be the closure of Up in We, and let Vg be the quotient We /Ug .
Then Up and Vg are affine smooth group schemes with connected fibers, and we have the decompo-
sition W = Ugp X Vp.

Proof. This is essentially [Mao25a, Prop. 2.67]. We start from Gy and omit the index ® for
simplicity (we won’t mention the initial G). First of all, assume K, := Kg ) and @ := Qg are in
good position, i.e. the associated (generic) point € Byed(G,Q)p) of the facet F C Bieda(G, Qp)
(G° = Gr) is contained in an apartment A,.q(G,T), where T is a maximal @p—split torus of G
defined over @, such that 7' C L C Q. By the arguments below Definition 1.18, the arguments
above Definition 1.21, and by [Mao25a, Prop. 2.67] with the help of Lemma 3.4, we see that both
statements (1) and (2) are true. In this case, £ (resp. Gp) is the smoothening of the closure of L
(resp. Gp) in G.

In general, we first show (1): apply arguments in [Mao25a, Rmk. 2.45]: we can always find
an element g € G(Q,) such that K’ := g7 'Kg and Q are in good position, K = gK’g~. We
factor g = qnk, ¢ € Q(Q,), n € N(Q,), k € P?, where N is the normalizer of T over Q,, and
PY = G2(Z,) = (K')°. The action k fixes z, n moves * to nx € Awq(G,T), and g shifts the
apartment Ayeq(G,T) in Bred(G,Qp). Let K1 = nkK'(nk)™!, then K; and Q are in good position,
Q(Qy) NK; = (W(Qp) NKy) x (L(Qp) N Ky) by the first paragraph. Since W is normal in @,

Q(Qy) NK = q(Q(Qy) NK1)g ' = (W(Q,) NK) x (¢L(Qp)g ' N K),

we still have @ = W x L, and W is smooth with connected fibers since it is conjugated to the one
cut out by K;. But in this case £ is no longer the closure of L in G, we need to conjugate the
section L — @ by ¢. When we study the levels of mixed Shimura varieties coming from boundary,
this is exactly what we do: we define the level Ko 1, C Lo(Af) as the image of Ko g C Qa(Af)
under the projection Q¢ — Lg, and we do not prescribe (and do not need) a section Ly — Qg.

For the second statement (2), in the arguments above Definition 1.21, we use K7 in place of
K, and note that the conjugation by ¢ shifts apartments but does not change the correspondence
between x;, and xj,.

For the last statement, when K, and @ are in good position, fix a splitting W = U x V where
both U and V are products of root groups, by Bruhat-Tits theory, we have W = U x V, where
both U and V are the closures of U and V in W respectively. W, U and V are affine smooth group
schemes with connected fibers. In general, since U is the center of W, then ) normalizes U, as
in second paragraph one can conjugate 1 - U — W — V — 1 by elements in @ and still get the
wanted exact sequence. ]

v

Lemma 3.4. Let © € Aweq(G,T), T C Q C G, K° = g;;(Zp), K = gx(Zp). Let K1 be a quasi-
parahoric group controlled by x, i.e., K° c Ky C K. Then

Q(Qy) N K1 = (W(Qp) N K1) » (L(Qp) N K1),
Proof. We omit the notation (Q,). Since
QNK°=(WnK°)x(LNK°, QNK=WnNK)x(LNK),
and WNK°® = WNK (by the triviality of 71 (W)), we have WNK; = WNK°. On the other hand,
QN EN/QNE®) = (i) /n(K%), (QNE)/(QnKy) = n(K)/n(Ky).
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Here 7 : @ — L is the projection. Since (K v)/ﬂ'(Iv(o) = (LN Iu()/(L N K°) C (L) tor is finite
abehan there is a unique subgroup of Q NnK contammg Q N K° with 1mage (IVQ) /W(Iv{ °) in
K)/m(K°®), this forces QN K1 = (W N K1) x (LN K)) and LN K, = 7(K)}). O

This proof also shows the following.

Lemma 3.5. Let P, = U x G, be a stabilizer quasi-parahoric group scheme, and Py = U x G.
Let K = P.(Z,), Kg = Qx(v ), K° = P3(Z,), Kg = Go(Z,). Given a o-invariant closed subgroup
K1 C K that contains K° let IU(LG C G(Zp) be the image of Iv('l, then IU(LG and R’l are quasi-
parahoric and there exist unique quasi-parahoric models Py = U x G with Py (Zp) = Kl, g1 (Zp) =
KI,G’-

Lemma 3.6. Let P, = U; X Gy, P, = Uy X Go, Pi — P5 be an embedding that is compatible with
Ui © Gy — Uz x Ga in the sense of 1.33. Let P; = U; x G; be quasi-parahoric group schemes of P;
such that

P1 (Zp) = PQ(ZP) NP1 (Qp)7 gl(zp) = QZ(ZP) NG (@P)a
then the induced morphism P1 — Po is compatible with G — Go in the sense of 1.35.

Proof. The decomposition Py = Us X Go fixes a section G — P». In characteristic 0, we can choose
a section G; — P; such that G; — P; — P; factors through Go. By assumption,

Gi (Zp) - Gl(@p) N g2(2p) =Gy (Qp) N P2(Zp) = Gl(Qp) NP1 (Zp)7
this gives a section G; — P; that induces Py =U; % Gy. O

3.1.3. Associating quasi-parahoric group schemes. Recall:

G(Q)° = ker(G(Qy) S m(Q)1),  G(Q)' = ker(G(Qy) % m1(G)r  Q),

Given any quasi-parahoric group scheme G over Zj, one can find & € Byeq(G, Qp) such that
(3.1) Stabg g, () N G(Qp)° C G(Zy) C Stabg g 1 (2) N G(Q,)',

moreover, x is in the generic position of the facet F C Bred(G,@p) determined by the parahoric
group scheme G°. We have G°(Z)) = StabG(Qp)(:c) NG(Qp)°.
Also, recall that, if G — G’ is a surjection with a central kernel, there is a canonical (G(Qp) —

G’(@p))—equivariant bijection Bred(G,@p) — Bred(G’,Qp). Here we use reduced buildings instead
of extended buildings.

Lemma 3.7. Let G be a reductive group, Z C G be a central torus, and G' = G/Z. Then the
surjection G(@p) — G’(@p) induces a surjection G(Qp)o — G/(Qp)o, a surjection StabG(Qp)(az) —
StabG,(@p)(x’), and a morphism G(@p)l — G’(@p)l where &' € Byea(G', Qp) is the image of some
z € Bred(G,Qp). In particular, given a quasi-parahoric (resp. parahoric) group scheme G of G
associated with a point © € Brea(G,Q,) in the sense of (3.1), then the image of G(Z,) contains
(resp. is) the parahoric group (g;,)O(Zp) and is contained in the stabilizer quasi-parahoric group

9

G (Zy).

Proof. Since Z is connected, Hl(@p,Z) is trivial by Steinberg’s theorem, G((@p) — G’((@p) is a
surjection. Consider the commutative diagram with exact rows:

1 — Z(Q) — G(Q,) —— G'(Qy) —— 1

[ S 1

WI(Z)I — 7T1(G)[ —_— 7T1(G/)[ — 1,
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here vertical maps are Kottwitz maps and are surjective ([Kot97, §7.1]). Chasing the diagram, we
have a surjective G(Q,)? — G'(Q,)°.

Let g € StabG,(@p)(x’) and ¢ € G(Q,) be a point in its preimage. Since Brea(G,Q,) =
Breda(G',Q,) is G(Q,)-G’(Q,)-equivariant, ¢’ fixes x; thus, StabG(Qp)(a;) — StabG,S@p)(x’) is sur-
o : . , ) ,
jective and moreover, StabG(Qp)(x) is the preimage of StabG,(Qp)(x) under 7 : G(Qp) = G'(Qp).
This forces

W(Stabg(@p)@) n G(@p)o) = W(Stabc(@p)(ff)) N W(G(@p)o) = StabGI(Qp)(l‘/) N G,(@p)o

O

By Lemmas 3.7 and 3.5, we make the following definitions:

Definition/Lemma 3.8. Let P = U x G be a quasi-parahoric group scheme of P, and let Iv(p =
P(Zp). Then G° is the parahoric group scheme Gy = Gr for some x € F C Bred(G, Qp).

(1) Let Kg C PC(Qp) be the image of K, under the projection P — P°. Then K; is a quasi-
parahoric group, and there is a unique quasi-parahoric group scheme P¢ =U x G of P¢ with
P(Zy) = Iv(f), where (G€)° is the parahoric group scheme associated with x € Brea(G¢, Qp).
We call K, := P(Zy) and P¢ the quasi-parahoric group (scheme) associated with K, and
P — P¢ extends to P — P°.

(2) In general, let P — P’ be a quotient with central multiplicative kernel. Let P = U
G2° (resp. P. =U x G.) be the parahoric (7“6513. stabilizer quasi-parahoric) group scheme
associated with © € Brea(G',Qp). Let K, C Py(Zy) be a o-invariant subgroup that contains
Im(K,) and Py°(Zy,) and that stabilizes U(Z,). Then it is a quasi-parahoric group, and there
is a unique quasi-parahoric group scheme P’ = U x G' with P/(Zp) = K;, and (G')° = Gz°;
moreover, P — P’ extends to P — P’.

Remark 3.9. In fact, the subgroup generated by Im(Kp) and P”O(Zp) is just Im(kp) ‘P"O(Zp) and
is open compact: Tm(K,) C Py°(Z,), thus its conjugation stabilizes P"°(Z,).

Now let (G, X) be a Shimura datum, and let ® be a cusp label representative.

Definition 3.10. Let Yo be a connected subgroup satisfying Po C Yo C ZPp. Denote Yy :=
Z(G)ac - Yo ! Z(G) ae-
By definition, we have a central isogeny Yg — Yg C G¢; in addition, ZPy = ZPg.

Note that P can also be obtained as follows. Pick ® € CLR(G, X). This cusp label representative
maps to a cusp label representative ®* € CLR(G®, X¢). Then P} = Pg-.

Definition 3.11. Let Iv(;p = Iu(f, N Pq”;(QP) and let Py be the quasi-parahoric group scheme whose
group of Zp—points is IV(:I"W (see Lemma 3.3). The group Rg = QC(ZP) 1s defined in 3.8, viewing G
here as the P there.

Then there is, by definition, a map K bp R’;’p; the first group is defined by Definition 3.8 with
input (P, K,) = (Pp, Ko ). We have P§ — Pj.

Definition 3.12. The mized Shimura datum (Pgp,Dg) and the map Py — Pj induce a mized
Shimura datum (Pg,D3). We denote the corresponding tower with respect to the weight filtration

by (P3, D) — (Ffp,ﬁ;) — (Gah,Dah). Now, the images of I?j{),p in ?}(Qp) and G},’h(@p) are

v o
denoted by Kg ,, and K&‘;’h’p, respectively.
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By Lemma 3.3, we have quasi-parahoric group schemes f} and G ; such that

— o o —x v ok
Py = Wa g$,ha 77; = Vo % gfihy g%,h(zp) = K$,h,pa Po(Zy) = Kg -

Moreover, the natural morphisms P; — Pg, Gg ;, — G% 4, induce morphisms of quasi-parahoric
—c —x —% =k
group schemes Pg = Py, G5, — G ,- We denote Kg , =G5, (Zp), K¢, = Pg(Zp) as usual.

3.2. Mixed Shimura varieties. In this subsection, we quickly recall some facts about mixed
Shimura varieties.

Let (P, X) be a mixed Shimura datum in the sense of [Pin90]. According to the weight filtration,
there is a tower of mixed Shimura data (P, X) — (P, X) — (Gj, X1,), where G, is the Levi quotient
of P and P = P/U, where U is a normal subgroup contained in the unipotent radical of P.

Let K be a neat open compact subgroup of P(Af). Define K (resp. Kj) as the image of K in
P(Ay) (vesp. Py(Af)). Thus, we have morphisms between mixed Shimura varieties Shg (P, X) —
Shz(P,X) — Shg, (Gp, Xp). The reflex fields of these mixed Shimura varieties are the same.

If we assume that (P, X') = (Pg, Dg) comes from a cusp label representative ® € CLR(G, X) of
a Shimura datum (G, X), we call such mixed Shimura data/varieties the boundary mixed Shimura
data/varieties. See [Wu25, §1.1.3]. In this case, U is the center of the unipotent radical of P. Note
that there exist mixed Shimura varieties that do not arise in this manner.

Write the cusp label representative ® as (Qg, Xg ,93). Consider an open immersion:

(3.2) U(®) = Ps(Q)+\Xg x P(Ay)/Kg C Shg, (Ps, Dg)(C).
Let
Bo : U(®) = Shi (G, X)(C), [(z,p)] — [(=,pg)].

By varying ®, we obtain a covering of Shi (G, X)(C) via 8. The (analytic) construction of
Sh% (G, X)(C) uses compactifications of U(®).
Note that we can view 83 as the composition of a natural projection

(3.3) P Po(Q)\X{ x Polhg)/Ko — GQN\XE x G(Ag)/geKg5"
followed by a right action
(3.4) fga] : G(Q)\XZ x G(Af)fgaKaz" — GQ)\XZ x G(Ag)/K.

Given x € X, denote by u, the Hodge cocharacter at x. From now on, fix homomorphisms hg
and heo from S to Hy such that their pre-compositions with p : G, ¢ — Sc, sending z to (z,1), are
identical after conjugation by a matrix ¢ € GL2(C); the choice of ¢ depends only on the choice of
ho and hso, but not on the value of z. See, for example, [Pin90, 4.3] or the beginning of [Pin92, 3.6].

Therefore, int(c) oy, = ug®

o h : Gmc Haew, Py c — Gg . The assignment fi, — po . is well defined.

We have the Borel embedding X < X = G/P,,(C) sending a point = to the Hodge filtration
defined by u,. Here, P, denotes the subgroup determined by the cocharacter .
We then have the following commutative diagram:

0 hoo o p factors through Py c. We denote g, := int(c) o p, and

X¢———zeXt . Dy » Do := We(R)Us(C)\De

l ! I

9] C_1 —)c v v
X =GP, (C) =) Dg = Py/Pyy (C) — Daop = Gon/Pug,. (C).
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3.3. p-adic local systems. Fix a mixed Shimura datum (P, X) in this subsection. The subgroup
K C P(Ay) is assumed to be a neat open compact subgroup. If we assume that K = K,KP?, then
this always means that K, is open compact in P(Q,) and K? C P(AI}) is neat open compact.

Sometimes, we assume that (P,X) = (G, X) is a Shimura datum and consider boundary mixed
Shimura data.

3.3.1. Let (P,X) be a mixed Shimura datum. By [Pin90, Lem. 3.7(b)|, for compact subgroups
K' Cc K C P(Ay) with K = K, K C P(Ay) neat open compact, we have

lim Shg/ (P, X) = lim PQ\X x P(Ay)/K' = Jim PQ\X x P(Ay)/Z(P)(Q)” K',
K'CK K'CK K'CK
where Z(P)(Q)~ is the closure of Z(P)(Q)° := {z € Z(P)(Q)|z|x = id} in Z(P)(Ay). Similarly, we
denote by Z(P)(Q)} the closure of Z(P)(Q)°NK in K. We let K’ run over the neat open compact
subgroups in the form K’ = K}’,K P Taking the inverse limit induces a natural pro-étale torsor

(3.5) 1&1 ShK;Kp(P, X) — ShK(P, X)
K)CK,
under the group ¥, (P) := K/Z(P)(Q) K.
Definition 3.13. Let K}, = P(Z,) be a quasi-parahoric subgroup and define
Pi(P,X) = lim Shy (P, ) xLADQK e
K)CK, -

where K, = P(Zy) is the one defined by Definition 5.8 for (P, K).
Note that Z(P)g = Z(P)ac(Q)" N K as K is neat, the quotient map K — K factors through
K/Z(P)(Q)xK?.

In the situation where (P,X) = (G, X) is a Shimura datum, fix a cusp label representative
o = (Qq;,Xg,gq)) € CLR(G, X). Then, in this context, (3.5) defines a pro-étale torsor

@ ShK&)ng(Pq,,Dcp) — Sth)(Pcp,D@)
K} ,CKap '

under K¢/Z(P¢)(Q)[_(®K§,. Let Pg be the smoothing of the closure of Py in Gg, where Gg is the
conjugate of G by g = gop, € G(Qp), the p-factor of go. Let P§ be the quasi-parahoric group scheme

associated with Pg.
From Definition 3.13, we can construct a pro-étale torsor Px, — Shg, (Po, De) under Pg(Z,).

Note that we can further push out the torsor to Pg; we will in fact do this in the final step.

3.3.2. Let us go back to the general setup. Let p : P(Q,) — P¢(Q,) — GL(Wg,) be a finite-
dimensional Qp-representation. Since K is compact, there exists a Zy-lattice Wz, C Wg, such
that p(P(Z,)) C GL(Wz,).

We construct Lp,WQp as follows: Let

K}(,”) =K,Np '({g € GL(Wz,)| g=id mod p"}).
We then have an étale Z,/p"Z,-local system Lp,sz,n on Shg defined as

(3.6) Shye(o ey X2/ 5 W, [0,

KWK

and we have
P»WZ L LP7WZ 1) LP7WQP H“'[%WZP ® @



57

We say Pg := Pg (P, X) is de Rham if, for any such pair (p, Wz,), LMW@,, is de Rham. It suffices
to check this on a single faithful representation of P¢(Q,). This is independent of the choice of
WZp C WQP'

Proposition 3.14 (Liu-Zhu). The pro-étale torsor P under P°(Z,) over Shid is de Rham.

Proof. By the rigidity theorem in [LZ17, Thm. 1.1], it suffices to show that, on every geometrically
connected component of Shg, there exists a closed point where the torsor is de Rham. In [Pin90, Def.
11.5], for each morphism of mixed Shimura data ¢ : (7,Y) — (P, X’) (which is also called a special
point when (7,Y") is a pure Shimura datum such that 7" is a torus embedded into P) and for K7 C
T(Ay), K C P(Ay) such that «(Kr) C K, the induced morphism Shg,.(T,Y)c — Shi (P, X)c
descends to a map between canonical models Shk,.(T,Y) — Shx(P,X) xgpx) E(T,Y). Then
[L7Z17, Lem. 4.4] implies that LP»WQP is de Rham at special points. Note that, although the notion
of special points for mixed Shimura varieties is slightly generalized in the sense that (7,Y") can be
a finite cover of a usual Shimura datum, the argument in loc. cit. goes through verbatim since
it only involves class field theory. Since we have a special point on each geometrically connected
component by [Pin90, Lem. 11.6] and the transitivity of the action of P(Af) on geometrically
connected components, the proposition follows. ]

Replacing P by P (resp. by Gj), we have a pro-étale torsor Px — Shz(P, X) (resp. Pg, —
Shg, (Gh, &) under P(Z,) (vesp. G5 (Zp)). Since P — P — G}, induces P¢ — P° — G$ by
Lemma 3.1, it follows directly from the construction that we have a commutative diagram

PK > @K > PK;L
ShK(P, X) E— Sh?(ﬁ,?) E— ShKh(Gh,Xh).
Exactly the same argument as Proposition 3.14 shows that Px and Pk, are also de Rham.

3.3.3. Hodge-Tate period maps. Recall that the pro-étale torsor Px over Shg (P, X) under P¢(Zy)
is de Rham. Then there is a P¢(Z,)-equivariant Hodge-Tate period map

(37) HTK . ]P)K — Grpc#jlc,fl .
Here the superscript “(—)¢” means the projection to P¢. Similarly, we have
HTKh : [Pf — Grﬁc’ﬁc,_l, HTKh : PKh — GrGivMi’_l .

Lemma 3.15. We have the following commutative diagram:

Pr Pk Pg
(3.8) HT}{ HTfi HTKhi

Grpe et — Grpe o1 — Gr

h

c c,—1 .
Gty

Proof. We prove the commutativity of the left square, and the right one follows from the same
reason.

By construction, the push-out torsor P := Pg x P (Zr) f;(Zp) is the pullback of Py along
Shg(P,X) — Shf(?, X). The Hodge-Tate period map of P is given by the composition Pr —
Grpe ye,—1 — Grpcﬁc,,l. Since the Hodge-Tate period maps are defined using the Hodge filtrations

associated with the de Rham pro-étale torsors, Py — Grpe zie1 factors through Pg-. ]
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By [LZ17] (cf. Proposition 3.14) and [PR24, §2.6], the de Rham local system Py (resp. Pg
and resp. Pk, ) canonically induces a shtuka in Shtpec cspap (resp.  Shtse 71¢,.Spd E and resp.
Shtge ue spa ) on Shy (P, X)? (resp. Shi(P,X)? and resp. Shg, (Gp, &,)?). Together with Corol-
lary 1.47, we know that:

Corollary 3.16. We have the following commutative diagram:

Shy (P, X)¢ ————— Sh(P, X)® ——— Shy, (G, &)°

(3.9) l l l

Shtpe e 5=1,5pd 2 —— Shtpe e 51 gpap — Shtge e 5=1,5pd -

3.3.4. Some sections. Let (P,X) be a mixed Shimura datum, 1 - W — P, — P — 1 be an
extension where W is a unipotent group. Assume there exists a mixed Shimura datum (P, &) such
that (P, X1)/W = (P, X). Assume P, = W x P, we fix a section (P, X') — (P, X1) ([Pin90, Prop.
2.17(b)]). Let K1 C Pi(Af) be a neat open compact subgroup such that K1 = Ky x K, where
Kw = KinW(Ay) € W(Ay), K C P(Ay) is the image of K;, then the natural projection
pr : Shg, (P, X1) — Shi(P,X) has a section ex : Shg (P, X) — Shg, (P1,X1). Given K/ C K
such that K{ = Kj;, x K, then exs and pg are compatible with ex and px respectively. Passing
to p®°-limit, we then have a commutative diagram:

Py ———— Pk, — P

| | !

Shy (P, X) —% Shg, (P1, X1) 255 Sh (P, X).

Let P be a quasi-parahoric model of P, and let W be a smooth affine model of W with connected
fibers such that P normalizes W. Let P =W x P, Ky = W(Zy), K1 = Pi1(Zy), and K = P(Zy);
then K1 = Ky x K. The fixed section (P,X) — (P;,X]) also fixes a section of the conjugacy
class of Hodge cocharacters {u} — {u1}. Define P¢, Pf as in Definition 3.8; then, by Lemma 3.1,
PP =W x P¢ and Py =W x P°.

Lemma 3.17. We have a commutative diagram:

IPK IP)Kl > PK

HT Ki HT Kll HT Ki

GrPc7uc,—l e Grplchui,—l E— GrPC,MC,—l

Proof. The right diagram commutes due to Lemma 3.15. For the left diagram, fix a representation
p: PYQy) — PLQ,) B GL(Wg,) and a lattice Wz, C Wy, stabilized by Pf(Z,). The induced
local system p,Px on Shi (P, X) is the pullback of the induced local system p;.Px, on Shg, (P, X1);
thus, the Hodge-Tate period maps commute. ]

Lemma 3.18. We have a commutative diagram:

Shy (P, X) — Shy, (Pr, X1) —25 Shg (P, X)

! | !

Shtpc7uc E— Shtplc#ﬁ E— Shtpc7uc.

We can apply this result to (Pp, Do) — (P, D) and to (P, Do) — (G py Do ).
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Lemma 3.19. Assume Ko = (Ko NUs(Af)) X Ko and Ko = (Ko N Vo(Ay)) x Ko . Then the
reduction (3.9) admits a section:

Shic, (Ps, Dg)® «——— Shy, (P, Dg)® «—— Shi, ,(Gon, Dop)?

| ! !

Shtpe g s=18pd B < Shtpe se 51 gpqap ¢ Shtgg , g, 6=1,5pd B-

3.4. Torus action on the tower. We re-organize the materials in [Pin90, 3.13-3.16] and [MP19,
2.1.11], and describe the torus action in an explicit and functorial way. This exposition is helpful
in §3.4.3, where we compute the torus action on a tower of mixed Shimura varieties.

Throughout the subsection, we pick any mixed Shimura datum (P, X’) and denote its reflex field
by E(P,X); the symbol E denotes its completion at a place v over p. Sometimes we use the
shorthand E := E(P, X).

3.4.1. Let U = G} be a connected additive group over Q. The group G,, acts on U by scalar
multiplication. Denote by (G, Ho) the “Siegel Shimura datum of dimension zero”, where Hy =
{#£id} is the two-point set parameterizing the isomorphisms Z = Z(1). Let Py = U x Gy,, where
Gm acts on U by this scalar multiplication. We can write Py as a blocked mirabolic subgroup

(60

1 U) by abuse of notation.

In what follows, denote U := (0 1

Let Xy be 7T0(7'[0)><
(Po(R)U(C)-orbit of the homomorphism (21, 22) € S(C) +— diag{z122,1} € Py(C)).
Then (Py, Xo) is a mixed Shimura datum with a natural projection Ao : (Py, Xo) — (G, Ho)
obtained by the quotient by U. See also [Pin90, 2.24].

Let Ky be a neat open compact subgroup of Py(Ay). By [Pin90, 3.13|, Shg,(FPo, Xo)(C) is a
torus torsor under Eg,(C), where Eg,(C) = U(C)/Ag for Ag := (U(Q) N Ko)(—1). More precisely,
fix any p € Py(Ay), the fiber of Shx,(Po, X0)(C) — Shy,(x,)(Gm, Ho)(C) := Q% \{1} x A7 /Ky at
[(1, Ao(p))] determined by Ao(p) € G (Ay) is U(C)/(U(Q)NpKop~')(—1). Note that U(Q)NpKop~*
and U(Q) N Ky differ by homothety; let us explain this in the next paragraph.

Recall that there is a unique factorization of multiplicative groups Ajf = Q3 x 7Z*. For g € A;,
denote by r(g) the Q% -factor. Denote

r(p) = 1 0 Ao(p) = (“5» (1’> .
Denote Ag s, := U(Ay) N Ko. Writing
(3.10) E, (C) = U@QN\U(C) x U(Ay)/Aoa,,
the homothety is given by the left conjugate by r(p):
t(p) : U@\U(C) x U(As)/Aoa;, = UQ\U(C) x U(Ag)/phoa,p ",
1

sending [(u,up)lag,, = [(r(P)ur(®)™ r(P)usr(P)™rp)rgs, -1 Note that r(p)Aga,r(p)™ =
pAo.a fp_l. This isomorphism between the affine complex tori canonically descends to an isomor-
phism between the algebraic tori.

Define an action

EKO(P(),X())(C) : EKO((C) X ShKO(Po,Xo)(C) — ShKO(Po,Xo)(C)
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as follows:
Fix an isomorphism sgn : Ho = {£1}. Let d(x) = diag{sgn(z),1} for z € Hy. Picking any
p € Po(Ay), set [(u,uf)]Ao,Af € Ex,(C) —

(3.11) ([, Py = [(int(3(2)r(p)ur(p)~'6(2) ™ )a, d(x)r(p)usr(p) ™ 8(2) " p))Ko)-
Lemma 3.20. The map Eg,(Py, Xo)(C) is well defined and algebraic. Moreover, it descends to Q.

1

Proof. Fix any ug € Aga,. There is ug € Aga, such that pugp™ = r(p)uor(p)~t, because the

conjugation of Z* and U (Ay) stabilizes Ag s,. Assume that sgn(z) = 1 without loss of generality.
Then the assignment Eg, (P, Xo)(C)(u, uy - ug) sends [(x,p)]k, to

[(int(r(p)ur(p) ™)z, r(p)usuor(p) ™" - p)lk,

= [(int(r(p)ur(p) )z, r(p)usr(p)"'r(p)uor(p) ™" - p)lx,
= [(int(r(p)ur(p) "), r(p)usr(p) 'puop™" - p)lk,
= [(int(r(p)ur(p) "z, r(P)usr(p) " - p)lk,-

It is easy to check that this map does not change when multiplying (u,uy) to (v'u,u'uy) by u' €
U(Q), and that the compatibility of this map with the multiplication on Eg,. So this is a well-
defined action. Since t(p) is algebraic and since it suffices to check the algebraicity on each individual
connected component, we find that Ex, (P, Xo)(C) is algebraic.

Now we consider the Galois action. It suffices to check on a dense subset. So we may assume
that v € U(Q), uy = 1 by strong approximation, and [(z,p)]x is contained in a special point
(T,Y) C (Po, Xo) such that

Y C mo(Ho) x Po(Q)-orbit of the homomorphism hg : (21, 22) € S(C) +— diag{z122,1} € Py(C).

Then, by taking a conjugation in Py(Q), we may consider the case where T' = diag{G,,, 1}
and Y = {£ho}. Again, we assume that sgn(xz) = 1 and the case of x = —1 is similar. Now,
for 7 € Gal(Q™/Q), we denote by [(z,p)] + [(x,7(7,y)(T)p)] the Galois action on the points

of Shx,(T,Y)(Q) for a suitable Kr. Write d := 7(7,)(7) € mo(Gm(A)/Gn(Q)); we choose a
representative of it in Z*X. Writing u = <é 1;), we check that 7 - [(u,1)] - [(z, p)]

=7 [(int(r(p)ur(p) ")z, p)]
1

(3.12)

and that [(u,1)] -7 - [(z,p)]

(3.13)
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Hence, we see that (3.12)=(3.13). Note that the multiplication of d induced by the Galois action in
(3.12) is on the right because one can check that this is the only way such that the Galois action
determining the canonical model is compatible with right Hecke actions. By density, the Galois
action commutes with the action of Ex,(C) and Eg,(Py, Xo)(C) descends to Q. O

Denote the algebraic action over Q by Eg, (P, Xo).

Convention 3.21. Note that an isomorphism sgn is fized. If we change sgn to —sgn, the E,-
action in (3.11) will be reversed. Moreover, the isomorphism (3.10) is induced by an exponential
map, which also depends on a choice of \/—1, and here we fized C and chose v/—1 to be i € C.
Newvertheless, the torsor structure given by (3.11) is canonical up to unique isomorphism.

From the explicit construction above, we see that

Lemma 3.22. The morphism Eg,(Py, Xo) is functorial in (U, Ko). That is, for any homomor-
phism f : Uy — Uy between additive groups as in the beginning of §3.4.1, we produce (P}, X¢)
(resp. (PE,X2)) for Uy (resp. Us) as in the first paragraph. Then there is a morphism be-
tween mized Shimura data f: (P§,X3) — (P2,X2) induced by f. Picking neat open compact

subgroups K(} and Kg such that f(K&) C KOQ, we obtain a morphism between mized Shimura vari-
eties f = Shya (Py, X3) — Sth(POZ, X2) over Q that fits into the commutative diagram

EKl(POIvX&)
B x Sth(Pol,X(%) — Sth(Pol;X&)

imxf lf‘
EK2(P027X3)
Ejz x Shya (P§, X§) — > Shya (P§, X3).

The map [f] of the homomorphism between tori is induced by f and exponential maps.

Proof. This follows from the explicit formula (3.11) above. O

3.4.2. Now, we consider a mixed Shimura datum (P, X'). There is a weight filtration on Lie P given
by the definition of (P, X') being a mixed Shimura datum. Let U be the unipotent group whose Lie
algebra corresponds to the weight-(—2)-part of Lie P and W be the unipotent radical of P. Recall
that the adjoint representation of P on LieU = U factors through Gy, := P/W.

For our purpose, we assume that this action factors as

Ad: P3G, — GL(),

where G, acts as scalar multiplication.

As in §3.4.1, we define r(p) = r o A(p) for p € P(Ay).

Moreover, we can extend A to a morphism between mixed Shimura data A : (P, X') = (G, Ho);
picking any connected component X C X, this extension depends on the choice of X* — H,,
which has two options.

By [Pin90, 3.13], for any neat open compact subgroup K C P(Ay), the morphism Shg (P, X)(C) —
Shz(P, X) is a torus torsor under Ex(C) := U(C)/A. Here A = [p2(Z(P)(Q)° x U(Q) N K)](-1),
where Z(P)(Q)° is the centralizer in Z(P)(Q) of X.

As (3.11), we define the action Ex (P, X)(C) of [(u,Uf)]AAf:

(3.14) ([, p))x = [(mt(d(z)r(p)ur(p) " o(x) )z, 8(x)r(p)usr(p) = d(z)~'p)]k).
Lemma 3.23. The action (3.14) is well defined.
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We can write the action as a 4-step composition:
EK(P, X)(C) : EK X ShK(P, X)((C) =
Ex % Shy(r)(Gm, H0)(C) Xshy ) (G o) (€) Shi (P, X)(C) —
Exy (Po,X0)(C)
(3.15) Ex x Shi, (Po, X0)(C) Xsh, (G Ho)(€) Shi (P, X)(C) ———
mg (P,X)(C)
Shicy (Po, X0)(C) Xshy ¢, (Gom o) () Shic (P, X)(C) ——————
Here, (Py, Xo) is the one defined by U in §3.4.1 and Ko = [p2(Z(P)(Q)° x U(Ay) N K)] x A\(K).
The first equality is from the definition of fiber products, the second arrow is induced by the diagonal
section from (G, Ho) to (Po, Xo) by construction, and the last arrow is given by the multiplication
operation in [Pin90, 2.22| (in which it was denoted by “un”).
Moreover, the composition Ex (P, X)(C) in (3.15) descends to an algebraic morphism over E(P, X).

Proof. The first paragraph is verified exactly the same way as Lemma 3.20. The second paragraph
is proved in [Pin90, 2.22 and Cor. 3.12|, combined with Lemma 3.20. The third paragraph then
follows from the second sentence of Lemma 3.20, the functoriality of canonical models of mixed
Shimura varieties induced by morphisms between mixed Shimura data [Pin90, Ch. 11| and the
identification (P, Xo) X (g,,3,) (P, X) = (U x P, &") for some A" O

We denote the algebraic morphism above by Ex (P, X).
Lemma 3.24. The formalism of the action Ex (P, X) is functorial in (P, X, K).

Proof. This follows from the fact that all steps in the composition (3.15) in the second paragraph
of Lemma 3.23 are functorial. See Lemma 3.22 and [Pin90, Ch. 11]. O

Remark 3.25. As mentioned above, changing the choice of XT — Ho will change Ex(P,X) to
Ex (P, X) o ((—id) x id), but the Ex-torsor structure of Shi (P, X) is canonical up to this isomor-
phism.

3.4.3. Fix a choice of XT — Hg. For any pair of neat open compact subgroups K’ C K, we have
a commutative diagram over the reflex field E by Lemma 3.24:

Exr x Shyer (P, X) —= LY gy (P )

(3.16) l l

Ex x Shi(P,x) —<PY  spo(p ).

Assume that K = K,K?. Taking the limit over all K’ = K K? C K, we denote Eq x :=
§m, . Eg. Note that the Galois group of Es kg over Ex p is
P r

p2(Z(P)(Q)° x U(Q) N K, K?)
(Z(P)(Q)° x U(Q) N KZKP)

% (Ex) = lim
KCK, P2

When P = P¢, from the neatness of K, the group 4,(Ex) =
UQ@NEE Uk N KK A U(©Q)

—_

1111

K{?Kp UQ)NKJKP KiCK, (U(Af) N KKP)NU(Q)
The group U is unipotent, and U(Ay) N K, K? = (U(Qp) N Kp)(U(A?) N KP). Therefore, the group

9,(Ek) is pro-p, and E f is the inverse limit of - - - LN Ex LN Ex LN Ex. Taking the inverse limit
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of (3.16) over K' = K,KP, we have

Egp (P,X)

Eoo,K X PK ” ]PK

(3.17) l l

Ex x Shi (P, &) —<PY o qn (P, x),

where Egp (P, X) = lim Ex/ (P, X).
1CKy
Now, we consider a general P. Let K} be defined as in Definition 3.8, and let K“? be the image
of K? in PC(AIJZ). Note that K is open compact and K“P is neat open compact.
By Lemma 3.24, there is a commutative diagram induced by the morphism (P, X', K) — (P¢, X¢, K¢):

Ex x Shy(P,&X) — <Y 4 qne(p )

| |

E e (P°,X°
Exe x Shye(Pe, x¢) 25 gy (pe, o).
Lemma 3.26. Toking the inverse limit with respect to all open compact subgroups K{D C K, we

have a commutative diagram

. E (PX
Em,le&nKécKPShK,(P,X) K LU Sy (P, X)

EK X S K(P, X) ShK(P X)

c,p (P¢,X€
Boosce Xl oo Shicne (P, ety &K,cd« here (P2, X€)

Exe x Shye (P2, X¢) <0G o pe, xe),

Moreover, the commutative diagram

Exp(P,X)

EOOKX@K’CKPShK,(P’X) >@K1@CKPShK/(P’X)

(3.18) i i

Exep (P€,X¢
Boosce > lim o e Shicee (PP, X°) Ercen (P77 lim e e Shicre (7, X°)

/,c KC
1s equivariant under the commutative diagram

{1} x K/Z(P)(Q)z K? — 94— K/Z(P)(Q);K?

! | |

{1} x K¢ d » K&

over
Ex x Shi (P, &) — <P gy, (P x)

! o

Exe x Shye(Pe, x¢) ZeEoX0 g (e, xe).
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Proof. The first diagram follows from Lemma 3.24. Let us show the equivariance of (3.18). From the
functoriality between mixed Shimura varieties, the two vertical arrows are (K/Z(P)(Q)x K? — Kj)-
equivariant.

We check the (K/Z(P)(Q)x K? — K/Z(P)(Q)g KP)-equivariance of Ex»(P, X). Fix K, C K,
and assume that it is a normal subgroup. It suffices to check this over C. Pick [(u,1)] € Exs and
k € K,. On the one hand, we compute that

[(w, 1)] - k- [z, p)]ir = [(w, 1)] - [(2, pk)]ier = [(, int(8(z)r (pk)) (w™ " )pk)] e
and, on the other hand, k- [(u,1)] - [(z,p)]x = [(x,int(6(z)r(p))(u!)pk)]xs. The two expressions
are the same since r(k) = 1. O

Lemma 3.27. With the conventions in Lemma 3.26, the pushout

P := lim Sh(P,X) XW&;
K CK,
is the pullback of Pie on Shye(P¢, X€). The action Ex»(P, X) induces a (El_ - — Ek)-equivariant
action By, (P, X) on P — Shg (P, X) such that EgQK is an inverse limit of p-power covers of Ex,

i.e., E’OO’K = li&ai>0 Eg?, where Egg) = Eg and Eg? — Ex are p-power isogenies between tori for
positive integers i.

In other words, there is a commutative diagram
B, ., (PX
E/oo,K X PK Kp( ) > PK

! |

Ex x Shy(P,&X) — <PV qp (P, x).

Proof. The first sentence follows from the equivariance statement in Lemma 3.26. Fix an open
compact normal subgroup K]’J C K. Consider the pullback of

Exce x Shyne(Pe, x¢) SxeEX gy (P, xe)

J |

Exe x Shyee(Pe, x¢) <52 gy o (e, xe)

along Ex X Shg (P, X) — Exe X Shge(P¢, X€). It suffices to show that the connected component
of the fiber product Ex g xXg KeE Eg.c g is a torus E such that the morphism E — Ex g induced by
the projection to the first factor of this fiber product is a p-power isogeny. This is Lemma 3.28. [

Lemma 3.28. Let Eg, E1 and Eo be split tori of the same rank over a field k of characteristic zero.
Let f : E1 — Eq and g : Eo — Eg be isogenies between tori. Assume that g is a p-power isogeny.
Then the identity component Ez of E1 X g, 4 Ea is a split torus equipped with a p-power isogeny
E3 — E;.

Proof. This fiber product is smooth, so irreducible components are exactly the connected compo-
nents. If we know that Ej3 is a split torus, then E3 — E; is a p-power isogeny by construction. We
show that Ej3 is a split torus. Write the character groups of E; by X; for ¢ = 0,1,2. Then there are
inclusions Xg C X1 C Xo® Q and Xy C Xo C Xo® Q. Let X' = X; N X5 D Xy be the intersection
of the lattices X7 and X5 in Xo® Q. Let X be the abelian group generated by X; and X5 in Xo®Q.

We have a map X1 ®x/ Xo — X given by addition in Xq®@Q. This is surjective by the definition of
X and is injective by the definition of X'. Hence, we see that E := Spec k[X]| — Spec k[X1] X spec k[x"]
Spec k[X2] is an isomorphism. On the other hand, the map E — Spec k[X1] Xgpec k[x,] SPec k[ X2] is
a closed embedding by the separatedness of Spec k[X’] — Spec k[Xj], and is a morphism between
varieties of the same dimension. We then conclude that E = E3 := (E; xg, E2)°. [l
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3.4.4. Action on shtukas. Now, we work over E, the completion of [E as the beginning of this
subsection. Let P be a quasi-parahoric model of P and K, = P(Z,). Fix a neat level K? C P(AZ;),
and write K = K,K?. Let Ex = Ex ® Qp, and E/ ;o = lim(--- % Ex 5 Ex).
Note that (E'OO K)<> is represented by a perfectoid space in the sense that, when base-changed to
Spa(C, O¢), (E(’)OK)g is the ¢ of EL x o~ Hm(- - - LS E?(d,c LS E?gc); see [BGH 22, Lem. 2.14.
Let (Z,¢ %) be the P-shtuka on Shx (P, X)¢ associated with (Pg, HTx). Let F be a finite field

extension of F or E, and C be a non-archimedean perfectoid field containing F'. Given v € Ex (F),
by taking p°°-roots in C, we can lift v to some 5 € E(/)OK(C)

Lemma 3.29. 7 induces an isomorphism of P¢-shtukas (2, ¢ %) and v* (P, ¢ %) over Shi (P, X)F.

Proof. In Lemma 3.27, we see that the y-action on Py ¢ is equivariant with the ~v-action on
Shg (P, X)c. This gives an isomorphism of pro-étale torsors 7y : Pxc — v*Px . We need to
show that 7, is compatible with the Hodge-Tate period maps (i.e. HTx(5(x)) = HT g (z) for any
z € Pg ). The action E{XHK’C X Pg.c — Pk ¢ is the base change of E(’)OK x P — Pg. Since
the action of elements in Eéo 5 1s compatible with the Hodge-Tate period maps (see the proof of
Proposition 5.8), 4 is compatible with the Hodge—Tate period maps. O

Remark 3.30. We do not have a canonical lifting of v € Ex to Eéo,w and there is no equivariant
action of Ex on Shi (P, X) — Shtpe yc. Thus, the P¢-shtuka on Shy (P, X) does not descend to
Sh?(ﬁ, X). The reader can compare this situation with Proposition 5.8 later, where the action
induces descent data.

3.5. Abelian scheme action on the tower. We focus on the abelian-scheme torsor Shy :=
Sh(P, X) — Shg, = Shg, (G, X). Here G, := P/W = P/V, K, = n(K), and 7 : P — G}, is
the projection.

Recall that the fiber of Sh=(C) — Shg, (C) at (x,q) € Shg, (C) can be computed explicitly (see
[Pin90, §3.13]). Let e : (Gp, Xp) — (P, X) be a splitting. Then the map [w] — [w - e(z), q] gives an
isomorphism from the fiber over (z, ¢) to I'z\V (R), where 'z is the image of ({z € Z(P)(Q)| 2|z =
id} x V(Q))NgKq~! under the projection Z(P) x V — V. When we fix the away-from-p part, the
embedding I‘f(pn) — F?(pm) (m < n) has p-torsion cokernel and gives the projection

By [Pin90, §3.22], T%\V(R) = I'z\V(C)/ exp(Fil’(Lie(V))c) is an abelian variety, and (3.19) is a
p-isogeny of abelian varieties. This picture descends over the reflex field.

Let Ky be the image of ({z € Z(P)(Q)| z|5 = id} xV (Af))NK under the projection Z(P)xV —
V, and let K; C Gi(As) be an open compact subgroup that contains K} and normalizes Ky; let
K* =Ky x Kj. By [Pin90, Cor. 3.12] and [Pin90, §10|, Shzz — Shg,, is canonically a torsor under
the family of abelian varieties Shy., — Shyc.

To simplify the calculation, we assume that Kj normalizes Ky (and we can, and will, always do

this in later sections), and take K} = Kj. In particular, for any pair of neat subgroups K cK
such that K normalizes Ki,, we have a commutative diagram over the reflex field:

st
Shl?’ XShK}’l Shf/ i} ShF/

(3.20) l J
Shy Xsh,, Shz —— Shz.

For our purpose, we directly work~over E rather than [E. V\N/’e fix a system of normal subgroups
K’ K such that K¥ = K”; then K’ C K are normal and K”? = K?. Fix  := 15 € Shg, (F),
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where F'is a finite field extension of E or E. Lift x to & € Shyr Q) = I.&HK;LYPCKh,p ShK;WKZ (@),

and let w7 € Shye (Q,) be its image. Denote the abelian scheme Shp, — Shr; by Az — Shy,

the fiber at x4 by Ax?,, and A;_ by A;. Also denote the fiber of Shy» — Sh Kk at xg by Shfrwﬁ,

and Shy - by Shz .. The projection A — Az induces a p-isogeny Ax?, — Az, by (3.19).
Passing to the p™-level, denote

Sf( = ~th~ Shf(z’,l?l” .A?p = 7/1#1{ AF;F“ Sﬁ'p = Afp.
K,CKp K,CKp
Srr = Shegge Swp= Wm0 Shug g Aes = i Avg g
K,CKyp Kh,pCKh,p K,CKyp

Remark 3.31. In abelian-type case, S?{p is represented by a perfectoid space (see [ShelT7]), one can
h

show that S%p and S%p are represented by perfectoid spaces using the fact that the fibers ASO@ are
represented by perfectoid spaces (see [BGH 22, Thm. 1]). We do not need this result, so we do not
spell out the proof.

Let ¢ be the image of Z in Shycer Q) = I'&HKZ‘,IPCK,CM, ShK}cL:/pKz,p (Q,). We can similarly define

these objects using Shye(P°, X°) — Shke (G, Xj;). Then diagram (3.20) induces a commutative
diagram:

Hz?/
AI?/ XI?/ ShF/,fL'?/ a ShFl,$?/
? Sh i <l \Sh
T3=c,/ X-’I?fc,/ 7! S T e
(3.21) K K K age, K™ age,
Ax Xz Shfl, “1 ’ Sh?ac J
\ . \
Axc X ge Shfc ¢ = Shfc e
By passing to p*°-level, we have a commutative diagram:
Az Xz Sgv 5 = * ORP &
— e \
Aoo7jc X ge SF&P@C SFc,pjc
(3.22) 4
Ay X Shi £ Shi., J
\ l . \
Axc X ge Shfc zc _ Shﬁc e

where Sz» - is the fiber of Sip — S Kp at T. Similarly for Sper ...
We introduce lemmas analogous to Lemma 3.27 and Lemma 3.28.

Lemma 3.32. With the above conventions, the pushout
K/Z(P) Q)K" K

Py = Jim Shz(P, X) x
K,CK,
is the pullback of Prce on Shye(P°, X°). The action p; induces a (AL, z — Az)-equivariant action
w on Prz — Sh?(ﬁ, X))z, where A{)o,i‘ is an inverse limit of p-power covers of Ay, and Pz is
the fiber of Px — Pk, at 7.

Proof. Same as the proof of Lemma 3.27 (using Lemma 3.33). O
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Lemma 3.33. Let Ay, A1, Aa be abelian varieties over a field of characteristic 0, and let f : A1 — Ap
and g : Ao — Ag be isogenies. Assume that g is a p-power isogeny. Then the identity component
A3 of Ay X1 aq,9 A2 is an abelian variety equipped with a p-power isogeny Az — Aj.

Proof. Ay Xt 4,9 A2 is a closed subgroup of A; x Ay, hence projective; its identity component Az
is therefore an abelian variety by Cartier’s theorem since all varieties are defined over a field of
characteristic zero. By construction, A3 — A; is a p-power isogeny. U

Let (Z,¢) be the P -shtuka on Sh% associated with (P, HT).

Lemma 3.34. Letx € Shy, (F). Giveny € A,(F), there is an isomorphism of P -shtukas (2, %)
and v* (2, ¢=) over Sh%x.

Proof. This follows similarly from the proof of Lemma 3.29. Let Sh?’,x (resp. A’?/x) be the
fiber of z along Shy — Shg, (resp. A’?, — ShK;l; here we use the identity com’ponent of
Age X age Ages, where we pull back these abelian schemes over Shyy). Let S := SKZ,I’ Let
Ao = me %, A’?;?pw; it is a group object over S. Given any ' € S, the fiber of Al ,

is AL, 7 for some 2" € Sgr lifting 2’. Consider the projection Al , — Ay X, S; this is a morphism
of group objects over S. Let T),(Ag) be its kernel; it is a v-sheaf over S. Recall that for any 2’ € S,
the fiber 7),(As), is the kernel of A -, — A, which is isomorphic to 7},(A;). In other words,
T,(Ag) is a torsor under T)(A,)s.

Given v € A, (F), it has image = € Sh, (F). We lift v to vg € A,(S). Take a v-cover T' — S
that trivializes Tp(Asg); we can lift yg to 97 € (A ;)7 and obtain an action (AL, ,)r X1 (P )r —
(Px,)r lifting the group action A, x; Shz , — Shg . In particular, the jr-action on (Pz )7
lifts the y-action on Shg . Moreover, the action of (A% )T on (P% )7 essentially comes from the
action of A’Oo,z on Pg , over S; the yp-action is a global lifting of v and is compatible with the
Hodge—Tate period map, thus it induces an isomorphism of P‘-shtukas (2, ¢) and (2P, b)
over Sh%z.

at o/

0

4. CANONICITY AND FUNCTORIALITY

4.1. Canonical integral models. Mimicking the axioms in [PR24]|, we define canonical integral
models for mixed Shimura varieties coming from the boundary.

Let (G, X) be a pure Shimura datum, let G be a quasi-parahoric group scheme, and let K, =
G(Zy). We fix a cusp label [®] = [(Qa, X, go)] € Cuspg (G, X). Here we can vary K”, and do not
distinguish @ for different levels K? once we have prescribed g = go € G(Ay). Recall that, given G,
we can attach quasi-parahoric group schemes Py (resp. Pg, Pg) to Po (resp. Pg, Pg) as in Section
3.1.

Recall the Pappas—Rapoport integral models:

Axiom 4.1 ([PR24, Conj. 4.2.2], [DvHKZ26, Def. 4.1.2], [DY25, Def. 4.3]). Consider a system
{Ik (G, X)}kr of normal flat schemes over O with generic fiber {Shx (G, X)} kv, with KP varying
over all sufficiently small compact open subgroups of G(AI;). We say {Sk (G, X)}kr is a canonical
integral model of {Shx (G, X)}k» if the following properties are satisfied.

(1) For every discrete valuation ring R of mized characteristic over Op, we have

Shye (G, X)(R[1/p]) = (lim (G, X)) (R).
Kp
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2) For every KP C G(AR) and K’ ¢ G(AR) and an h € G(AL) with h~'K'Ph C KP, there are
f f f
finite étale morphisms
tK/7K(h) Ik (G, X) = k(G X)

extending the generic fiber.

(3) The G¢-shtuka Pk g extends to a Ge-shtuka P on L (G, X)°/ for every sufficiently small
KP.

(4) Consider x € Sk (G, X)(k), with corresponding b, € GC(QP). Let xg be the base point in
/\/lign;bmuc(k). Then there exists an isomorphism of v-sheaves:

Oyt (MEE, L)) = (K (G, X)),)°,

such that ©%(Pk) is the universal G¢-shtuka on MG? b i

We mimic the above definition:

Axiom 4.2. Consider a system { Sk, (P@,D@)}Kg of normal flat schemes over O with generic
fiber {Shg, (P¢,D¢)}K§), with K% wvarying over all sufficiently small compact open subgroups of
P@(Afc). We say {qu)(Pq),Dq))}Kg is a canonical integral model of {Sth)(Pcp,Dq))}Kg if the
following properties are satisfied.

(1) For every discrete valuation ring R of mized characteristic over Op, we have

Shic,, (P Da)(R[1/p]) = (lim Fic, ser (Po, Do) (R).
Kg

(2) For every K} C P¢(A§Z) and K C P@(A?) and an h € P@(A?) with h ' KZh C K%, there
are finite étale morphisms

try ks (h) 1 Tt (Po, Do) = Sk (Po, Do)

extending the generic fiber.
3) The P%-shtuka P, g extends to a P-shtuka Py, on k. (P, Ds)?! for every sufficiently
P @, P @ @

small K%.

(4) Consider x € Sx,(Ps, Da)(k), with corresponding by . € PE(Qp) < G(Q,) (see the first
paragraph of subsection 7.1). Let xy be the base point in Mg}; Do #%(k‘). Then there exists
an isomorphism of v-sheaves:

Oy : (Migngt,bq>,z,u%);\mo = (yfﬂb (PCPvD‘P);\x)O’

such that G§ xFe ©F(Py,) is the universal G§-shtuka on /\/lign&)t,bq)’z,%.

In general, let Yo be a connected subgroup of G satisfying Po C Yo C ZPs, define Yg as
in Definition 3.10, we set up the axioms for the canonical integral model {ng (Yq;,D}g)}Ky,p of
3

{Sth (Yo, Dg)}Ky,p in exactly same way.
2

Remark 4.3. We use the convention that when (Py,De) = (G, X), P§ = Py = G° and P§ =
Ps = G¢, so Aziom 4.2 generalizes Azxiom 4.1.

Remark 4.4. We can consider the following condition (3)" (resp. (4)") compared with (3) (resp.
(4)): in (3) (resp. (4)), replace Pg with Pg in the statement.

By devissage 1.39, since P§ — G§ factors through Py — G$, (4) and (4)" are equivalent. How-
ever, (3) is stronger than (3). In the rest of the article, we use (3) instead of (3)', mainly due to
two reasons:

(1) The Ag jc-action on Shi, (P, Do) fizes the Pg-shtuka rather than the Pg-shtuka,



69

(2) Pg — G° might not be an embedding, in practice, we need an embedding Py — G° to apply
the funtoriality result Proposition 4.9 (which is needed in proving the canonicity of integral
models of abelian-type, see Theorem 6.26).

In order to prove functoriality for such canonical integral models, we need further assumptions

when G¢ # G.

Definition 4.5. Let (P, X) be a Shimura datum, let Z' be a central multiplicative group in P that
contains Z(P)ac, and let (P, X") := (P,X)/Z'. Let P be a quasi-parahoric group scheme of P,
and let P' be a quasi-parahoric group scheme of P’ defined in Definition 3.8. Let K, = P(Z,) and
K, =P (Zy). Consider a system {Sk(P,X)} kv (resp. {Fx(P',X')}ir0) of normal flat schemes
over O with generic fiber {Shi (P, X)} kv (resp. {Shg/ (P, X")} kv ), with KP (resp. K'P) varying
over all sufficiently small compact open subgroups of P(Az}) (resp. P’(Al})).

Let w: (P,X) — (P',X') be the projection. We say { Sk (P,X)}kr and { Lk (P, X")}ir» are
adapted if, for any pair (KP, K"P) such that 7(KP?) C K"P, there is a finite morphism
(41) LVK(P,X)%YK/(P’,X/)
extending the generic fiber Shy (P, X) — Shy/(P', X') induced by .

We say { Sk (P, X)}kr is adapted with respect to P — P’ if there exists { Sk (P, X")}krp
such that { Sk (P, X)} ke and {Sk(P', X')} k1o are adapted.

Definition 4.6. Keep notation in Definition 4.5. Let (G,X) := (P,X)/W. We say a system of
normal flat models { Sk (P, X)}kr of {Shk (P, X)}kr adapted with respect to P — P’ is moreover
adapted with respect to P — G if there exists a system of normal flat models {YKG(G,X)}Kg

of {Shx (G, X)} ke, that is adapted with G — G, where G' = G/Z' (by Lemma 3.1, Z(G)ae =
Z(P)ac C Z') and P' = U = G', such that when Kb and K/ contain the image of KP and K'P
respectively, the induced morphisms on generic fibers

Shi (P, X) = Shg, (G, X), Shg/(P',X')— ShKé(G’,X')
extend to morphisms on integral models

Ik (P, X) = Sk (G, X), k(P ,X")— fK/G(G’,X’),
respectively.

Recall the following fact:

Lemma 4.7. Given a morphism between Shimura data v : (P1,X1) — (P2, X2), then (W) C Wa
and 1(Uy) C Us, and v induces Gi — Go and Vi — Va. In particular, the morphism Py — Py is
compatible with U; x G1 — Us x G in the sense of 1.33.

Proof. Let hy € X1, and set ho = hy ot € X5. By definition, the weight filtration on Lie P; induced
by Adp, o h; is W_;(Lie P;) = Lie W;, W_s(Lie P;) = LieU;. By construction, Lie P, — Lie P, is
a morphism between mixed Hodge structures, and it is strict; thus it maps Lie W; to Lie W5 and
LieU; to Lie Us. ]

Lemma 4.8. Consider one of the following two cases:

(1) Letv: (Py, X1) — (P2, Xa) be an embedding of mized Shimura data, let (G;, X;) = (P, X;) /W
be the induced pure Shimura datum. Let FEq, Es be the completion of reflex fields. Let Py, Po
be quasi-parahoric group schemes of P; and P» respectively, such that

(42) P2(Zp) NP (Qp) =P (Z?)v g2(Zp) N Gl(@p> =G (Zp)-

Let K¥ C PQ(A?) be a sufficiently small subgroup. One can always find K C Pl(Afc) such
that the induced morphisms Shy, (P1, X1) — Shi, (P, A2) ®p, E1 and Shi, (G1, X1) —
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Shig, (G2, X2) ®p, Er are closed embeddings (such levels exist; see [Wu25, Lem. 1.22]),
where K; = Pi(Zy)K?, and K¢, = Qi(Zp)Kgi, where K&- C GZ-(A’}) are the images of K.

Let P! be a quasi-parahoric group scheme of P/ as in Definition 3.8, such that P{ — P}
induces P} — Ph. We assume P — Py is a closed embedding and moreover the smoothing
P; of the closure of Py in Py is a quasi-parahoric group scheme with (P})° = Py°.

(2) Let (P,X) = (P, X1) = (P32, X2) be a mized Shimura datum and (G,X) = (Gi, X;) =
(P, X;) /W5 be the induced pure Shimura datum, let Ey = FEo be the completion of the reflex
field. Let Py — Pa be quasi-parahoric group schemes of P such that Uy = Uy and P; = P;
(i.e. Gy = G3). Define Pi, Ph as in Definition 3.8 such that we have a morphism P — P
(which automatically induces (P)° = (P4)° by construction). Let K; = Pi(Z,)KP for some
neat KP C P(A?), and Kg, = Gi(Zp) K., where K7, C G(A?) are the images of KP. Define
Ki, K¢, similarly, for some K"P C P'(A%).

Assume
{Shry (Po, A2)} iz, {Shi, (G2, Xo) by, {Shugy (Poy X)} e, {Shicy, ( éaXé)}Kg;;
have integral models

43) ATk (P B)brps {FKe, (G Xo)biey, s A1y (P X))}y {7k ( /Q?Xé)}K’G”;

respectively that are normal and flat over Op, and are adapted with P, — P} and Py — Go in the
sense of Definitions 4.5 and 4.6, such that the shtukas on generic fibers extend over these integral
models, i.e., for (Pa, X2) (and similarly for (Py, X3)), given the commutative diagram on the right,
we have horizontal morphisms on the left diagram that make the diagram commute:

iy (Pa, Xp)%! —— Shipy 1 54 Shic, (P2, X2)® —— Shtpy v 5-18pd £
yKGZ(Gz,Xz)O/ — Shtg; v 5=1, ShKG2(G2,X2)<> — Shtg; 1 5=1,5pd E-

Let

{(Fr (P X0} r, ke, (G X)biey, o A5 (PL XD g A7, (G X0 b
be the relative normalizations of ((4.3)20g, ) in

{Shie, (P, ¥)}ier, {Shie, (Gr, X1)}xp, o {Shiq (P X))}, {Shae, (G, X1)}

then these integral models are normal and flat over Og, and are adapted with Py — P and P; — G,
such that the shtukas on generic fibers extend over these integral models, i.e., for (P1,X1) (and
similarly for (P, X])), given the commutative diagram on the right, we have horizontal morphisms
on the left diagram that make the diagram commute:

y}(l (Pl,.)(l)o/ S Shtpi’“/75:1 ShK1 (Ph/l/l)@ e ShtP{,;L’,é:l,SpdE
i, (G, X1)% —— Shtgr v 5-1, Shi, (G1, X1)? —— Shigr v 5—1.8pd -

Proof. We prove these two cases separately.
(1) Since P] — P} is a closed embedding, G| — GY is also a closed embedding. Let G} be the
smoothing of the closure of G} in G). We claim that G} is a quasi-parahoric group scheme

and (G])° = (G})°: condition (4.2) shows that P, — P, is compatible with G; — G by
Lemma 3.6; in particular, we have compatible sections G; — P} and G2 — P> by taking
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generic fibers. Consider the induced compatible sections Gi — P| and G4 — Py, P; — P}
is compatible with G| — G} under such sections. Then the closure of G/ in G} is the same

as the closure of G in P}, hence also the closure of G} in P}. Since (P})° = PJ°, we have
Pp=U x Gy, and (G1)° = (G1)°

Let K, , = G1(Zp) and K¢, = Kg, , K¢, . Then Shf(,Gl( LXDO = Shtg,
extends to Yf(,cl( XD Shtfgv1

7#’76:178pdE
=10 by [PR24, Thm. 4.3.1, 4.5.2] (with modifications

in the quasi-parahoric case using [DvIKZ26, Thm. 4.1.8). Since (G})° = (G})°, we pass
from G/ to G} using [DvHKZ26, Thm. 4.1.15]; ShKé;l( XD — Shtgr v 5=1,5pd & €xtends
to l5”[(&1( /17Xi)<>/ — Shtgi,u’,(s:l'

Let P3 = Uy x(G1, where G1 acts on Us via the embedding G; — Go, and let P3 = Us x Gy.
Moreover, let Py = Uy x G and P; = Uz x Gi. We can always do this since P; — Pa (resp.
P; — P3) is compatible with G; — Go (resp. G} — Gj). Consider P; — P; that is
compatible with G5 = G| — G), by Corollary 1.49, we have a dashed morphism that makes
the diagrams commute:

Sy (P, &)Y » Sy (P, X3)"

Sht'Pé,,u/,é:l —_— Shtpé,,u/,(s:l

yKé;l( ll,X{)O/ E— Shtgi"u/’g:l E— Shtgé,w,&:r

Apply Proposition 1.43 to the exact sequence 1 — P; — P; — Us/U; — 1 (the Part
(2) in the proof of Proposition 1.43 does not need U; being normal in Us). Then the
dashed morphism .k (P}, X)) — Shtp; v s=1 factors through Shtp, ., hence through
Shtpr v s=1; see Corollary 1.47. Compose with

T (P, &) = T (LX) (resp. T, (G, Xa) = S, (Gh, X)),
we have
T, (P, X1)% = Shtpy 51 (resp. S, (G1,X1)% — Shtgr v 521)

extending the one on the generic fiber. The commutativity of the diagram follows from
[PR24, Cor. 2.7.10].
First of all, since (G])° = (G5)° by construction, Sthl (G, X" — Shtgr v 5-1,8pd B €X-

tends to S, (G',X")%) — Shtg v 521, by [DVHKZ26, Thm. 4.1.15]. Composing with
Tke, (G, X) = T, (G, X'), we obtain S, (G, X)) — Shtgr 521
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By Lemma 3.1, P’ = U x G’. By Corollary 1.49, we obtain the desired dashed morphism
that extends the one on the generic fiber and makes the diagrams commute:

O N O
Tt (P, X0 » Sy (P, X1

. l
Shtp{“u/’(g:l R Sht??é,#',5:1
yKé;l (G,,X,)O/ E— Shtgi,ul75:1 E— Shtgé#/?(;:l.

Similarly for .k, (P, X )<>/ — Shtp{7ul76:1. The commutativity of the diagram follows from
[PR24, Cor. 2.7.10].

0

Proposition 4.9 (|[PR24, Thm. 4.3.1, 4.5.2|, [DvHKZ26, Thm. 4.1.15]). Consider one of the
following two cases:

(1)

(2)

Let v : (G1,X1) = (Ga, X2) be an embedding of pure Shimura data, and let Ey, Eo be comple-
tions of reflex fields. Let G1, Ga be quasi-parahoric group schemes of G1 and Go respectively,
such that Go(Zy) N G1(Q,) = Gi(Z,). Let K¥ C G2(A%) be any sufficiently small sub-
group; one can always find K C Gy (Alf’) such that the induced morphism Shg, (G1,X1) —
Shr, (G2, X2) is a closed embedding, where K; = G;i(Z,)K?. Let [®1] = [(Q(pl,Xgl,gq>1)] €
Cuspy, (G1, X1), and [®s] = [1.®1] = [(Qa,, X§,, 98,)] € Cuspp, (G2, X2) (with ga, = ga, ).
Here we can vary KV (resp. K%), and do not distinguish ®1 (resp. ®2) for different levels
K (resp. K%) once we have prescribed g = 9o, = 9o, € G(Ay). Assume
(a) G§ — GS is an embedding, and the smoothing G§ of the closure of G§ in GS is a quasi-
parahoric group scheme with (G$)° = (G$)°.
(b) Pay (Zp) N Pa, (Qp) = Pa, (Zy) induces Ga, h(Zy) N G, n(Qp) = Gy n(Zy)-
Let (G, X) = (G1,X1) = (G2,X2) be a pure Shimura datum, and let Ey = Ea be the
completion of the reflex field. Let Gi — Ga be quasi-parahoric group schemes of G such
that G5 = G5. Fiz (Qo, X, 90) = (Q@l,X[{l,g(pl) = (Q@Q,X(g?,gq)z) as above. Let K; =
Gi(Zp)KP for some neat KP C G(AY).

Assume {Shy, }gp and {Shig}ger have canonical integral models { Sk, } r and {Fkg}tgew re-

spectively that are adapted with Gy — G5. Let {Sk, }r and {Fx¢}gew be the relative normaliza-
tions of {7k, } gp and {Fk¢} gew in {Shi, tgr and {Shie}ger respectively. In case (2), we further

assume {Sx, = Sk¢}gr are étale. Then { S, }gr and {Fk¢}ger are canonical integral models
of {Shk, }gr and {Shy¢}gewr respectively, adapted with G — GY.
Moreover, assume

(4.4)

(Shico, brp o {She Yrgrs  {Shwe,nbey o {Shig, ,Yrgr,

have canonical integral models

(4.5)

Tra, iy kg b ATKeudiy o ATk, ke

2:h ®o,h

respectively, adapted with Pp, — Py, and P, — Go, . Let

(4.6)

{5/}((1)1 }Kg17 {nyf,l }K;)’lpa {yKél,h}Kg ) {nglyh}K;’lp

1:h b
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be the relative normalizations of (4.5) in
(4.7) {Shico, bup o {Shey brgrs  {Shwe ndey o {Shig ,tigr,

respectively. In case (2), we further assume { Sk, — 5”1%1 tip and { Sk, , — yK&«)l WP
1 ’ ’ 1>
are étale. Then (4.6) are canonical integral models of (4.7) respectively, adapted with Py, — Pg,

and Py, — Go, -

Proof. Axiom (1) is automatic; it comes from the construction of the relative normalization, see the
first paragraph in the proof of [DvHKZ26, Thm. 4.1.15]. Axiom (2) can be verified using axiom (4),
since ¢ is full-faithful on the category of flat and normal formal schemes locally formally of finite
type over Op; see [SW20, Prop. 18.4.1]. We only need to consider axioms (3) and (4).

For (G1, X1):

(1) We first verify that {-#k¢(GY, X{)}ge» is canonical in the sense of the Pappas-Rapoport
conjectural framework; this is [PR24, Thm. 4.3.1, 4.5.2] (with quasi-parahoric modifications
using [DvHKZ26, Thm. 4.1.8], and with modifications in the G # G° case using the second
paragraph of the proof of Lemma 4.8, case (1)). Next, we show {-#%, (G1, X1)}gr is canoni-
cal. The extension of shtukas is given by composing ., — Sf¢ with ke — Shtge e 5-1.
Let v € Sk, (k) and T € Fke(k) be its image. The existence of an isomorphism ©, :
((YKI)%)O = (Mg?,bz,u‘f);\xo follows from the same arguments as in [PR24, §4.7, 4.8], and
O, is compatible with Oz by construction. This in turn shows that the finite morphism
Tk, = Sk s étale, and { Sk, }gr is adapted with Gy — G¥.

(2) The canonicity of {-Zk¢(GY, X{)}ger comes from [DvHKZ26, Thm. 4.1.15]. Let us show
the canonicity of { %k, (G1, Xl)}Kf- Note that S, — Sk, is finite étale since Sk, — S
and Sk, — ng are finite étale by assumption, and 5’;(5 — ng is finite étale by axiom
(4); this implies axiom (4). The extension of shtukas comes from Lemma 4.8, case (2).

For (Py,, Dg,) and (G, n, Da,n), apply Lemma 4.8, and let P} = Py, P; = Py . Verify the
conditions in Lemma 4.8:

(1) We need to show that P — P} is a closed embedding and that the smoothing P} of the
closure of P| in P} is a quasi-parahoric group scheme with (P})° = (P})°. Since G — G5
and P/ — G¢, we have P — P;. We have

7)1 (Zp) = Pll(@p) N ’Pé(ip) = Pll(@p) N gg(zp) = P{(Qp) N gf(Zp) = Pi (Zp)-
Since a smooth affine group scheme of a given group is uniquely determined by its set of
ZLy-points, we have P} = P}.

(2) We need to show that G; — Go induces Py, — Pg, such that Pg, = Pg,- This is standard,
since (Pg,, po;) comes from the boundary in the sense of Definition 1.21; see Lemma 3.3.
On the other hand, G{ — G§ induces P} — P such that (P1)° = (P5)°.

Now let us show canonicity of integral models. For (Go, n, Do, )

(1) This is similar to (G1, X1), but we need to handle the case where G, , — G, 5, has non-
connected kernel. By assumption, the smoothing QN&k,Lh of the closure of G:Dl,h in g};%h 1S a
quasi-parahoric group scheme and (gﬁgljh)(’ = (G, ,)°; see the first paragraph of the proof
of Lemma 4.8. For the extension of shtukas, we apply Lemma 4.8, case (1). For axiom (4),
we apply results (1) and (2) successively from the first two paragraphs of this proof.

(2) This is similar to (G1, X1).

For (Pcpl,D@l)I

(1) For extension of shtukas, we apply Lemma 4.8 Case (1). Note that we can adjust level

away from p such that Shg, — Shg,, Shg, — Shg, and Shchl,h — ShK%,h are all closed
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embeddings by [Wu25, Lem. 1.22]. Axiom (4) follows from the same arguments as in [PR24,
§4.7, 4.8]; we only explain where the arguments need to be adjusted or verified in our case.

We use notation from [PR24, §4.7, 4.8|. The base point z( in Mgg — is the image
} 0 0®2,2le,
of the base point in Mt (with be, ; = ba, ). The arguments in [PR24, §4.7.2]

g&)17b<bl,z7y’%1
(with modifications in [PR24, §4.8]) imply that there is a Spd Rg-point (where Spf R, =
TKa, (Py,, D@l)%) of Mt lifting the base point xg, such that the corresponding

G5 ey aobif,
Gg,-shtuka is equal to the pushout Gg, x P21 of the Pg,-shtuka coming from @Kq)l. In the

arguments below [PR24, Prop. 4.7.1|, note that Spd(R,), and (Mggl’bqn,mﬂél);\xo have the
same dimension (see Remark 1.16). Similarly for YK;H(P(;I,DEI), and ©z is compatible
with ©,, where T € y}(;l (k) is the projection of x. This in particular shows that the finite
morphism S, — yK&il is étale, and { S, }Kgl is adapted with Py, — Pg .

(2) For the extension of shtukas, we apply Lemma 4.8, case (2). Axiom (4) for fK&;l: we need
to show YK;)l — 5”1(;2 is étale, and this follows from the same process as the proof of
[DvHKZ26, Thm. 4.1.15]: Note that Sth)1 — Sth2 is a finite étale torsor under the finite
abelian group K3, /K3, , = m0(Pg,)? /m0(Py,)? since (Pf)¢ = P, and by [DvIIKZ26,
Prop. 2.3.1] and Corollary 1.49, we have a cartesian diagram:

Ty, (Pa,» D3,)? —— Shtpg 51

! l

I, (Poy D3,)? —— Shtpy_us5-1,

where Shtp$17”775:17E — Shtp$27ug75:17E is a finite étale torsor under 7T0(73$2)¢/7T0(P$1)¢,
and LS”K;H — yK&ZQ defined via relative normalization is also a a finite étale torsor under
m0(Pj,)? /m0(Py,)?. Axiom (4) for YKy, then follows from the étaleness of Sk, — yK}n
(which also implies ,YK% — yK% is étale since YK% — YK;)Q and yKiq — ngz are
étale).

O

Proposition 4.10 ([PR24, Thm. 4.2.4] and [DvHKZ26, Prop. 4.1.10]). Lett: (G1,X1) — (G2, X2)
be a morphism of Shimura data (not necessarily an embedding), and let Ey and Es be comple-
tions of reflex fields. Let Gi1, Go be quasi-parahoric group schemes of G1 and Go respectively,
such that G1 — Gy induces Gi — Ga. Let [®1] = [(Q‘I)1’X£la9<1>1)] € Cuspg, (G1,X1), and
[P2] = [14P1] = [(Q%,X%‘Q,g%)] € Cuspg, (Ga, X2). Assume {Sth,i(Pq>i,Dq>i)}Kf have canonical
models {qu)i(Pq)i, Déi)}K; that are adapted with Py, — Pg. and Po, — Go, p fori=1,2. Then
the induced morphism Sth>;(P¢l,Dq>1) — Sth>2 (Py,, Da,) ®p, Ea extends canonically to

<SﬂKq>1(P‘I>17D<I>1) — yK@Q(P‘PzaDq’z) ®OE1 OEQ'

Proof. Consider the diagonal embedding of Shimura data (G, X1) < (G1 X G2, X1 x X2). Then
[(I)ﬂ = [(Qq)l,X(—gl,gcpl)] c CUSpKl(Gl,Xl) induces [(I)l X CI)Q] = [(Qcpl X Q‘1>27X£1 X X‘;Z,gcpl X
98,)] € Cuspr, i, (G1 x Ga, X1 x X3). Note that Gi(Z,) = G1(Qp) N (G1(Zy) x Go(Zy)), (G1 x
G)¢ = G x G$, the closure of G{ in Gf x GS is exactly Gf. Moreover, Go, 1h(Zp) = Ga, n(Qp) N

(Goy 1(Zy) X Goyn(Zy)). Then we apply Proposition 4.9 case (1), and get a canonical model
{ Tk, (Pcpl,D@l)l}Kgl of {Sth>1(P‘I>1>D<I>1)}Kg1- We need to show that the projection to the
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first factor S, (Po,, Do,) — Fkq, (Poy, De,) is an isomorphism. We apply arguments from the
proof of [DvHKZ26, Prop. 4.1.10|, and use the pushout Gg,-shtukas instead of Pg -shtukas. O

Corollary 4.11 ([PR24, Thm. 4.2.4] and [DvHEKZ26, Cor. 4.1.13]). A canonical integral model
{“k 4 (Po, D@)}Kg of {Shk, (Ps, D@)}Kg that is adapted with Py — Py and Py — Go , is unique
up to a unique isomorphism, if it exists.

Proof. This follows from Proposition 4.10 (see the proof of [DvHKZ26, Cor. 4.1.13]). O

5. CANONICAL EXTENSIONS ON TOROIDAL COMPACTIFICATIONS

5.1. Axiomatic setup of good compactifications. Let (G, X) be a Shimura datum. Fix an
open compact subgroup K C G(Ay), and assume that K = K, K?, where KP C G(A?) is neat open
compact and K, is open compact. Choose an admissible (rational polyhedral) smooth projective
cone decomposition X (without self-intersections). Denote the toroidal compactification by Sh¥ :=
Sh% (G, X) and the minimal compactification by Sh¥" := Sh™% (G, X); they are defined over the
reflex field E := E(G, X). There is a proper morphism from Sh} to Sh¥™ that is compatible with
the stratifications on the source and the target.

For integral models, a similar story is expected. The properties of these integral models are
summarized as [LS18a, Prop. 2.1.2] and [MP19, Thm. 4.1.5|:

Axiom 5.1 (Qualitative descriptions of good compactifications; [L.S18b, Prop. 2.2] and [MP19,
Thm. 4.1.5 and Thm. 5.2.11]). Fiz a prime number p and a place v of E over p. Set E :=E,. For
the cone decomposition X above®, there is a normal, proper, flat model y% for Sh%E over O, and

also a normal, projective, flat model y}éﬁn for Sh%{% over Og. The following properties hold for

5”% and Y}{“in :

(5.1.1) There is a proper surjective morphism f; : 5”]% — 5”[‘?1“ with geometrically connected fibers.
The map f? extends the one constructed in the characteristic zero theory. There are open
dense embeddings JE . S — y% and J™n . L Y[‘?in such that f? oJ¥ = Jmin

(5.1.2) There is a stratification of locally closed subschemes for 5/1%,

> .
yK = H Z[(@,o‘)],Ku
T:=[(®,0)]€Cuspg (G, X,X)

and a stratification of locally closed subschemes for 47}}1“1,

SR = H Zla], K
[®]€Cuspk (G,X)

extending the stratifications for Shlz( and Shi¥™ | respectively. Each stratum is normal and
s flat over Op. The same partial orders among strata and the same expressions of closures
of strata as the characteristic zero theory hold for {2 »)) x} and {Ze)k}. The preimage

fE(Z[‘PLK) is the union of the strata labeled by preimage of [®] in Cuspg (G, X, %) under
the projection Cuspg (G, X,¥) — Cuspy (G, X). For the definitions of Cuspg (G, X) and
Cuspg (G, X, X), see, e.g., [Wu25, §1.1 and §1.3].

For any cusp label representative ®, there is a cone decomposition X7 (®) associated, which
decomposes an open self-adjoint nondegenerated cone Pg; the o’s in [(®,0)] are taken from

SH(®).

3In practice, it is usually harmless to refine the cone decompositions, as long as the refinements are still smooth
and projective or are refinements of some smooth projective cone decompositions.
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(5.1.8) There is a partial-ordered set CLR(G, X) of cusp label representatives from characteristic
zero theory; the quotient of CLR(G, X)) by the equivalence relations induces Cuspy (G, X).
For each ® € CLR(G, X), one can associate a mized Shimura datum (Pg, Dg) in the sense
of [Pin90, Def. 2.1|. The mized Shimura variety Shg, := Shi, (Po, Do) admits a tower

Sth) (Pq;, Dq>) — Shfq) (ﬁq;,ﬁq)) — ShK@,h (Gq>,h, Dq>7h),

where the first map is a torsor under a split torus Ex, and the second map is a torsor under
an abelian scheme over Shk, ,. The variety Shy, , is a pure Shimura variety over E.
There is a tower

(5.1) SKe = yfq, - yK@,h

of normal flat schemes of finite type over O, such that the tower extends the one displayed
above. The first map is also a torsor under the same split torus. The second map is proper
and surjective.
For any equivalence ® = ® in CLR(G, X), the corresponding towers of integral models
as in (5.1) are canonically isomorphic.
(5.1.4) There is a commutative diagram

L2 D Z@o)K S TKeo — Ty (0)

/A% Kk l

yK@,h‘

min 5 Z <
K [¢]7K /A<1>,K
In the diagram above, there are groups A%,K 1Ag k acting on Sk, (0) and Sk, , , respec-
tively. Their actions factor through finite quotients, and the quotient schemes have canonical
isomorphisms Z@ o)k = A%\ T Kao d Zio)x = Do,k \Tky,,- The scheme Sy, o is
the o-stratum of the (relative) affine toric embedding Sk, — Lk, (o) with respect to the
cone 0.

For the definitions of Ag ;o and Ag i, see [Wu25, §1.3]. In fact, there is an equivariant
action of Ag i on (5.1), and A&,’K is the normal subgroup fixing the induced action on the
cone decomposition (which is independent of the choice of cones).

Moreover, the quotient S = Ag ( \Tky — ?;ﬁp = A&K\?K@ is also a torsor
under a split torus Ef(q).

(5.1.5) There is a strata-preserving isomorphism

) ~ AO
X1k = X@,0),5 = (FE) 200k = Do x\(Tko (),
(5.1.6) There is a stronger strata-preserving isomorphism

X3k 2 Ak \ (ks (U))2’§
P10

+ — DIAVAN + —
The scheme Sy, denotes Urcores+ (@) Ke,r and X5 g 1= (yK)Z;K’ where Zy ;o =

Urco,res+ (@) Z[(@,7)],K -

Convention 5.2. Denote 5’;&;0 = A%,K\yfgb,a' When ® and K are clear, we denote X~ i,
xS and 25 by Xg, X2, S5 and 2}

e T, respectively.
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Over the generic fiber, good compactifications satisfying the above axioms was proved by Pink
[Pin90] based on [AMRT10]|. The notation system for the generic fiber can be obtained by replacing
< with Sh and replacing Z with Z.

Remark 5.3. The main difference between Aziom 5.1 and [LS18b, Prop. 2.2| is that we need to

treat the case where A%,K is nontrivial. The item (9) in loc. cit. is in fact a consequence of having

a strata-preserving isomorphism between completions as in (5.1.5) (see, e.g., [Wu25, Prop. 4.53]).
Axiom (5.1.6) was proved in the Hodge-type case in [LS18a, Prop. 2.1.3|. In fact, Axiom (5.1.6)

is also true in the abelian-type case. The proof is the same as [Wu25, Prop. 4.32 and Lem. 4.49]
with only some symbols changed; let us record it below.

Proposition 5.4. Aziom (5.1.6) is true for integral models 5”[?;2 stated in [Wu25, Thm. 4.39].

Proof. In this proof, we will use some conventions in [Wu25] without explanation; the readers are
recommended to consult the list of symbols there.

By replacing “Sg 7 with 5”}(;0 = Urcorest (@), » and replacing “Z(zpi(g o))k~ With
Z[}Pb(q) K = YrCorest(@)Z[2Ph (@,r)] K the argument in [Wu25, Prop. 4.32| goes through verba-

tim with the following exception: We need to see that [o]zp and [7]zp are of the same cardinality.
But [7]zp is defined to be the A-orbit in Ayzp g-orbit of 7, where A C Agﬁ( is some subgroup

independent of the choice of 7. Also, the stabilizer Ag];’{o of the Ag%—action is independent of the
choice of 7. We now have

TR0k ) > (S (0)ok,)
( KpKZ)Z[;Pb(@,U)],K,OKZ ( Kq>( ) Kz)yqu,,a,oKZ

Now, with the same replacements, the proof of [Wu25, Lem. 4.49] goes through verbatim. ]

In summary,

Theorem 5.5 ([FC90]|, [Lanl6], [MP19], and [Wu25]). For abelian-type Shimura data, there are
integral models satisfying Axiom 5.1 for all K at the beginning of §5.1.

Remark 5.6. In §5.2, we work over the generic fiber, so all arguments work without assumptions.
In §5.3, we assume Azxiom 5.1 holds for certain compactifications; however, the only condition we will
need is a stratification with formal completions described by toric schemes. In §5.4, we will further
impose Axiom 4.2 to define canonical integral models of compactifications; as we just mentioned, one
does not have to require the stronger conditions in §5.4 to show the canonical extension of shtukas
to integral models of toroidal compactifications.

5.2. Canonical extensions on generic fiber. Let (G, X) be a Shimura datum and 3 be smooth
and projective with respect to K. On Sh?((G,X ), we will explain that the pro-Kummer-étale
G¢(Zy)-torsor induces a log shtuka with a good description at the boundary.

5.2.1. Let Pg :=Pg(G, X) and Pk, := Pk, (Ps, D) be the pro-étale torsor defined as in Defini-
tion 3.13.

Lemma 5.7. Let & (WLQ%K &y be an equivalence between cusp label representatives in CLR(G, X)

(see [MP19, §2.1.14] ). Then we have a canonical isomorphism Pr,, — P, that makes the diagram
commute:

]P)qul > PK<I>2

! |

Sth)l (P@l s D@l) i) Sth)2 (Pq>2, Dq>2).

Similar statements hold for Pg, — Sth) (Pg,;, Dg,) and ]P)K%h — ShK<I>i,h(Gq>i’h7 Dy, p).

i
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Proof. 1t suffices to show that, at each normal subgroup K}’O C K,, we have a canonical dashed
morphism fitting into the commutative diagram

ShKébl (Pq;l, D(bl) - ShK(/1>2 (Pq>2, Dq>2)

| !

ShK<I>1 (P<1>17D<I>1) i> Sth>2 (P<1>2,Dq>2),

where K’ = K,K? and K = K,KP?. Recall that vg1 = gagok for some k € K, we decompose
(7 @2) K as

(5:5) &) W g (Ll gy (W g,

where @ = (Qa,, X3,,791), Py = (Qa,, X§,, g2k).

(7, 1)k Conjugation by v gives an isomorphism [Int(v)] : Shg,, (Ps,, De,) — ShK@,1 (Ps:, Dy, ),
similarly at K’-level.

(1,q2)k: Since (vg1) = (¢2)(92k), Koy, = qgqu)flqg, right multiplication by g2 gives an isomor-
phism [-¢o] : Sth),1 (Py, Dgy) — Shch,2 (Pyy, Dgy), similarly at K'-level since K(’I),2 = qglKZI),qu.

(1,k)x: Note that K¢, = Ko,. The identity morphism induces Sth)/Q (P, Dg;,) = Shi,, (Pa,, Do, ),
similarly at K'-level since K’ is normal in K and Ky, = K, .

2

To summarize, we have a commutative diagram induced by (5.3):
(5.4)
Int : i
Shy, (Poy, D) PO Shyes (Pay Do)~ Shycr, (Pay, Day) —2 Shy, (Pay, D)
1 2

| | | |

Int . .
Shicy, (Po,, D) Shic,, (Pa;, Day) e, Shic,, (Pays Day) —% Shicy, (Pas, Da,).

The statements for P — Shz (Ps,, Dg,;) and Prg,, — ShK(bi,h(Gq)iJ“ Dg, 1) are proved in the

same way. O
Take &1 = &9 = ®. Then v belongs to
Ag i = (Stabg(g)(Ds) N P(Af)geKgs')/P(Q).
For each v € Ag i, we find a g2 € P(Ay) such that ® (VﬂK
on the tower

(5.5) Sth) (P@, D@) — Sh?q) (P@,E@) — ShK@h(Gq),ha Dq>7h),

and by Lemma 5.7, Ag r-action naturally lifts to the tower

®. In particular, Ag g naturally acts

(5.6) PKQ — IP)Fq, — ]P)ch,h.

Proposition 5.8. The commutative diagrams (3.8) and (3.9) in Lemma 3.15 and Corollary 3.16
are equivariant under the Ag g -action.

Proof. We work with Shg, (P, Dg); the other two follow in the same way. This essentially follows
from Lemma 5.7, but we spell out the details for completeness. We abbreviate Shx, (Ps, De) to
Shg,. Let x € Shg, be a closed point. The supported shtuka Sh%q) — Shtpe e s5=1,5pd E at z is
determined by the Hodge-Tate period map HTs ; : Pk, 2 — Grpg e . This map is determined by
the de Rham Pg(Zy)-torsor Py, , itself, which in turn is determined by the Galois representation

pz : Gal(k(x)|k(x)) — P$(Zy). We now recall the construction of p,, following [KKP23, §3.1].
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Fix a lifting € Shg,(Q,) := Sh(Ps, Ds)(Q,), with image zK}, € Shyr (Q,) at each level
K} C Kg. Let S Kl be the geometrically connected component of Shy, containing xKg; it is
defined over some abelian extension F K. of E. For an open normal subgroup Ky C K¢, we have
Cartesian squares of Galois coverings under the right action of K¢/Z(Ps)(Q) g, Kg:

ShK&) — ShK&) KRE EKq,,:c — ShK&) ®ShK¢ SK%x — gK&),r

o | ! |

Shg, +—— Shi, ®F Frp a2 ¢ Skp.2

where S Kha C Sh K, ®F FEk, o is the connected component that contains K}, Let T be a geometric
point over x, then the above diagram induces a morphism

T1(SKg0: ) = AUt(Sk; o/ Sicae)™ C Ka/Z(Ps)(Q)x, K-

Taking the inverse limit, and specializing it to (Spec Fk,, », 5), we have

P : Gal(k(@)|k(2)) = 71 (S &) = Ko/Z(Ps)(Q)5,

The projection of p, to p-factor Pg(Zy) is pa.

Let v € Ag k. Let y = v € Shg, (Q,), as in Lemma 5.7, [7] acts compatibly on the diagram
(5.7), thus p, and p, are conjugated by [v]:

pz : Gal(k(z)|k(2)) —— m1(SKgw,Z) — Aut(Sky o/ ke w)™® — Kao/Z(Pe)(Q), Ky

ml ml Int(qglwl

py : Gal(k(y)|k(y)) —— m1(Skpy: §) — Aut(Sky 4/ Ske )™ —— Ka/Z(Ps)(Q), K-

We fix a representation pg : Pe(Qp) — Pg(Qp) — GL(Wg,), and a lattice Wz, C Wy, such that
pa(Pg(Zp)) C GL(Wyz,), this produces a de Rham local system Ly, w; as in (3.6). For simplicity,
we denote L := Ly, w;, . The canonical isomorphism 7 : Pry o — Pk y induces an isomorphism
v : Ly — L,. We identify the underlying Z,-local systems L, — L,, then the Galois action on
L, is twisted by [y]-conjugation from the one on L, since p, and p, are conjugated by [y]. By
the Cartan-Leray spectral sequence, the identification L, = L, induces a canonical identification
(Dar(Ly), Vi, FilL,) = (Dar(Ly), VL,,Filp,). In particular, in the construction [PR24, Prop.
2.6.3|, [y]-action identifies DRT(L,) and DRT(L,). Therefore, [y] induces an equivariant action on
Shk, (Py, Dg)? — [GTP&;,M&;_I /P§(Zy)] where it acts trivially on the target. Finally, since Ag -

action on Shg, lifts canonically to a Ag g-action on Pk, as in Lemma 5.7, we have a cocycle
condition for the identifications among {DRT (L., (3)) }reaq x» Ao,k acts on the diagram (3.9). O

5.2.2. Recall that we have

~ b))
%?m = A%,K\(Sth)(U))A U Shicy,r — (Shi)" U L@
rest(®), 7Co rext(®), 7Co ’

Here Ag ;- C Ag i is the subgroup that stabilizes o; when K is neat, it is independent of the choice
of o (see [Pin90, Thm. 6.19] and also[MP19, §2.1.19]).
We first consider the torsor defined by the tower @K' Ag K,\ShK&). Denote by ZPs the con-

P
nected component of Zg- Py, and by Z Pp(Q)1 := Stabp, (@) (De). When K is neat, by [Wu25, Lem.
1.11], we have that

A% x\Shi, (C) = ZPy(Q)1\Da x ZPy(Q)1Ps(Af)/ZPs(Q)1Po(As) NgaKygy'.
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Then the Galois group is 47 (®, K) := Gal(l'&nKécKp A% e \Shir /AG (\Shr,)

iy, g, ZPe(Q)1\De x ZPo(Q)1Pe(Ar)/ZPe(Q)1Pe(Af) N 9o K'gg"

ZP3(Q)1\Dg x ZPs(Q)1Py(As)/ZPs(Q)1Po(Ar) NgoK gy
- ZPy(Q)1Pp(Af) NgaKgy'
5s)  (ZQ 09Ky )(ZPa(QPe(As) N gekry")
ZPp(Q)1Po(Ap)goKPg5" N goKpgy'
(Z(Q)-NgoKgy')9aKPg5" NgaKpgy'
(95 ZPs(Q)1Po(Af)ge) KP N K, _,
Z(Q NK)K nEK,  *

The image of the numerator of ¥7(®, K) in ZPg(Qp) = (ZP3)°(Qp) lies in Pg(Q,); this is also due
to neatness and the fact that ZPg/Pj is a cuspidal torus.

= Gal(

Definition 5.9. Denote Py :=lim A%k \Shrer, x %0 (2K) pr(7.).
®7p k) —_—

Pg(Zp)

Then, by Proposition 5.8, the quotient induced by the action of A%’ x descends Pr, X
Py (Zp) to P ; the Hodge-Tate map HTk,, descends to

* . k
HTKCI) e — Grpq,;#gq,

where g is the projection of ue to Py. More precisely,

Lemma 5.10. The commutative diagram (3.9) descends to the commutative diagram:

Ag \Shi, (Pe, Da)® —— A§ x\Shg, (Pa, Da)® —— A§ i \Shk, , (Gon, Don)®

0] | i

P —_— —%  _ _— * * _ .
Shth; 7#([)76_17SpdE Sht’Pé,,u,(’;),é:LSpdE Shtgé’}Lvuq>,h76_1aSpdE

Proof. This follows from Proposition 5.8, Lemma 1.48 and Proposition 1.45. O

Let 20 = Spf(R, I) C X3, be an affine open formal subscheme, we can consider the flat morphisms
W = SpecR — Sh¥ and W — AG g \Shk, (o). Let W9 C W be the common open subscheme
associated with Shy C Sh¥ and AG ¢ \Shr, C AG ¢ \Shk, (o). We have flat morphisms wo —
ShK(G, X) and WO — A%’K\ShKé(Pq,, Dq:.).

We pull P and Py back to WY and denote them by P Kx,wo and Py y0, respectively. Now we
compare these two pro-étale torsors.

Lemma 5.11. Py o = G9(Zy) x P (Zn) Py wo, where Py(Zyp) — G(Zp) is the composition of

N Int(gzl) N ¢
Py (Zyp) - ch>1P<I>(Zp)9<I> — G(Zyp).

Proof. Note that g3 P4 (Zp)ge — G°(Zp) is injective by Definition 3.11. Let K’ C K. The cone
decomposition of the toroidal compactification at level K’ is the cone decomposition induced by
>, which is denoted by the same symbol. There is a transition map 7r12<, K- Sh%/ — Sh}?. Pick a

stratum Zy(g o)), - The preimage of Zg ) x under WIE(,J( is the disjoint union
H Z[((bl,o./)}’Kl7
[(@,0")]=[(®,0)]
where [(®’, 0’)] are cusp labels with cones in Cusp g (G, X, ) that map to [(®, 0)] in Cuspg (G, X, X).
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Let 20 = Spf R C X7, be an open formal subscheme. Let 2’ = Spf R’ be the pullback via WIE{,y K-
Denote W := Spec R and W' := Spec R’. We then have a commutative diagram

Sh%, 1474 11 Ay 1 \Shi,, (')
J l [(@,0")]=[(®,0)]
Sh% « 1% » Ag i \Shic, (0),

where both squares are Cartesian.

Recall that, fixing Qg¢, the set Ix(Qa,X) (see [Wu25, Def. 1.32]) consists of the cusp labels with
cones [(®1,01)] equivalent to [(Qa, X5, g, 0")] in Cuspg (G, X, %) for some (X737, gy, 0'); we add
subscript K here to emphasize the role of K in the equivalence relation. By [Wu25, Prop. 1.4| and
the paragraph above [Wu25, Def. 1.16],

Ik (Qo, X) = 1T Stabg, @) (Da)\[27(Qa, g) x Pe(As)\Ps(Af)gK/K].
[g]EStaqu)(Q>(D¢)P¢)(A‘f)\G’(Af)/K

From this, we see that K permutes all [(®',0')] mapping to [(®,0)]. Restricting to W0, the
diagram above gives

Shyr +—— W0 —— 11 A% g \Shi,,

l l [(®",0")]=[(®,0)]

Shg +— W0 —— A&),K\Sthn

where both squares are Cartesian. Now, we shrink K, and take the inverse limit. The pushout of
the inverse limit of ([(®, )], K') — ([(®,0)], K) on the right vertical arrow gives rise to Py .

We need to see that on W0, Pg o = G¢(Zy) XMP}}@ wo-

transitively on the fiber of @K; I/ (Qa, X) at [(P, )] with stabilizer (g£IStabQ¢(Q) (Da,0)Po(Af)gaKP)N

For this, we compute that K, acts

K,. When K is neat, this intersection is independent of the choice of ¢ € X1 (®) and is equal to
(99" ZP2(Q)1Pa(Af)ga KP) N K.
We finally compute that on W0: [@ AG x\Shk,] x % (®K) ge(z,)

= []&1 A%}K\Sth)] X%;(@,K) Kp/(Kp N KPZ(Q);{) XKP/(KPOKPZ(Q)}) gC(Zp)

_ [ l&n H A%/,K/\Shiﬂb/] XKP/(KPQKPZ(Q);() gc(Zp)
KpCKp [(9,07)]=[(®,0)]

— m ShK/ XKp/(KmepZ(Q)}) gc(Zp)

K,CKp

The only nontrivial part is the computation from the second line to the third line. This is done
by comparing (5.8) with the stabilizer in the last paragraph; note that there is a gg-conjugation
difference in the construction. ([l

Lemma 5.12. We have the following commutative diagram
Py wo —— Prwo

HTﬁ%l HT Kl
Int(gqjl)

GrP* *,—1 —_— Gch uc,—l .
Mo ’
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Proof. Recall that, in (3.6), for any representation p : G°(Q,) — GL(Vg,) and a lattice Vz, C
Vo, such that p(G°(Z,)) € GL(Vz,), p induces a morphism pg : Pg(Q,) — GL(Vg,) such that

pa(Py(Zy)) = plgg' (Ps(Zy))gs) C GL(Vg,). Since Lo, v, wo = Lp(gq—)l(_)gq))’vzp7wo is de Rham
by [LZ17], the association of Hodge-Tate period map is intrinsic (see [PR24, Prop. 2.6.3]). This
gives the desired commutative diagram. U

Corollary 5.13. We have the following commutative diagram

Shy (G, X)® +—— W0 —— AG 1, \Shg, (Ps, Dg)®
(5.10) l l
Int(gqjl)

Shtge ;e Shtpg#g .

Corollary 5.14. For any representation (p, Vz,) of G¢(Zy) where Vz,, is a finite free module over Zy,
the pro-Kummer étale local system J*E}LP’VZP’WO has unipotent geometric monodromy in the sense of

Remark 2.4 (c¢f. [DLLZ23a, Def. 6.3.7]). Hence, by [LZ17] and Corollary 2.53 (2) and (3), there
is a log shtuka 2™ on (Sh%)'°8 9 wniquely extending the shtuka 2, on (Shk(G,X))® associated
with Pg under [PR24, Prop. 2.5.3|.

Proof. Note that it suffices to consider the mixed Shimura varieties in the form of

lim Shg, (ZPs, ZPs(Q)Ds),
K} CKp

where IN(QD = ZPs(A¢) N go K’ gqjl. Indeed, this follows from the description of the boundary
using ZP-cusps (see [Wu25, (1.32)]), and from the open and closed immersion Ag ;/\Shg; <

Shf(&)(ZRb,ZP@(Q)D@) for all K, by [Wu25, Lem. 142 (1)] and [Wu25, Lem. 1.11]. For

unipotence, combine Lemma 5.11 and Lemma 3.27 (the mixed Shimura variety in the lemmas
is Sh; (ZPgp,ZPp(Q)Dg)). Then the action of the geometric Kummer ¢étale fundamental group
factors through E{, on the pro-Kummer étale torsor J(0).Pf, on Ag x\Shr, (Pe, De)(0) C
Shf(@ (ZP@, ZP@(Q)D@)(O’) Here J(O’) : A?{%K\Sh}(@ (P(b, D@) — ACOD,K\Shbe (Pq>, D@)(O’) is the
twisted toric embedding. By the proof of Lemma 3.27 and since we are considering Pg, which is a
quotient from Pg, we can further reduce the problem to the case where P = P¢. The torus action is
defined by (3.14) and (3.15). When K, varies, the action of the torus part is given by the action of
a conjugate of a unipotent element uy € U(Af) as explained at the beginning of §3.4.3. The other
statement is self-explanatory. O

5.3. Canonical extensions on integral models. We formulate and prove two general extension
results for log shtukas. The techniques we use are consequences of toric charts but not the geometry
of integral models of (open) Shimura varieties; this, in particular, enables us to show the main
theorems in satisfactory generality.

5.3.1. Gluing lemma. The rough idea of the following lemma is to glue the log shtukas using toric
charts. In particular, we do not use the geometry of . Let E be the completion of the reflex
field of the Shimura datum (G, X) that we consider.

Lemma 5.15. We still assume that ¥ is smooth projective. Suppose that there is an integral
model /% satisfying Aziom 5.1 for (G, X, K). (In fact, we only need the assumptions for toroidal
compactifications.)

Choose any affine formal open subscheme 20 = Spf(A,I) C Xy. Let W := Spec A. The open
embedding j : Sx — Y% induces an open embedding jw : WO 1= Sk X% W — W, which fits
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into the following commutative diagram

Wo I

b

DA BN}

Denote ./ := Sk and X = 5’% for simplicity. We further assume:

o There is a GC-shtuka P4 on 7%/ extending the one Py = Py|y, on the generic fiber.
Assume that &, extends (uniquely) to a log shtuka P on X;go. Then there is a canonical
isomorphism 0y : i%’* Py = i%*jg,@f]an = j{’jKEiEW;;an on Wg’o.

e For any 2, there is a log G-shtuka Py, on W°B° extending ip Py, such that there is a
untque tsomorphism

0:i%* Py = i Py
on WO extending 0.
Then there is a unique log GS-shtuka P on X'°8° = X180 extending both i and Py

Proof. Induction on the dimension of ¢ in the pair ¥ = [(®,0)]. Note that dimo = codim Zvy k.
When o is trivial, by assumption, there is a shtuka & «.

Assume that there is an extension of log shtuka 2% on X*1°89/ whose underlying scheme X* is
set-theoretically the union of all strata Zy of codimension < k. The strata of codimension exactly
k 4 1 are disjoint in X'. So we add one more stratum Y’ := [(®',0”)] to X* and show that there is
an extension of the log shtuka on (X* U Zy/)189/ or (X% U Zy/)l°8¢. (Here X* U Zy/ denotes the
normal subscheme in X.)

Pick any affine open subscheme V of X that is contained in X*UZ+y and intersects with Zy/. After
taking a suitable étale cover and taking an affine open subscheme again, there is an affine scheme
U = Spec B and étale morphisms ey : U — V = Spec A and ez : U — T = Spec R x Eg, (o) for
some normal flat R, such that the pullbacks of the stratifications on V and T via e; and ey coincide
on U. Indeed, this follows from a refinement of Artin’s approximation theorem (see [Wu25, Prop.
4.53]). We can choose finitely many such U covering Zvy.

Denote by 71, ..., k11 the 1-dimensional faces of ¢’. Denote by D; the divisor on U defined by
e; (T, for 1 <i < (k + 1); denote by U; the complement U\ D;. Denote U’ := [JF ;.

By construction, D; is defined by a principal ideal I; = (s;) C B. Denote by I the ideal
generated by I; for all i. Denote by V the completion of V' along the closed stratum Z C V
corresponding to T,; the stratum Z corresponds to an ideal J. Then Spec A\J xy U = Spec EI and
e; 'V (J) =V (I) = ;' T,:. Denote U := Spec B; and U’ := Spec B/\V (I).

We now claim that there is an isomorphism between v-sheaves

(5.11) (U/)10g<> H ylogo o rrlogo.
(U/)logo

Here, the LHS is defined as the v-sheaf gluing (U’)!°¢® and U'%8°. The map from left to right is
injective. Since both side are v-sheaves by Theorem 2.18, for any affinoid S# € Perfd, it suffices
to check surjectivity over a v-cover. For this, let Z = Spa([[,c C; [1/@i], [[,e7 Ci) — S* be
a v-cover constructed by a product of points, where Ct+ [1/w,] are complete algebraically closed
non-archimedean fields and C;" are open and bounded valuation rings (see [Gle25, Ex. 1.1, Def.
1.2]). This cover is a strictly totally disconnected perfectoid space (see |Gle25, Prop. 1.6]), so all
points are analytic.

For each C’;r , if there is a map f : Spec C’t+ — U, then the map factors through either U or
U’ according to the valuations of {s;} are all in the maximal ideal of C;" or not: Indeed, for any
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(CF[1/w], C;F), the valuation v, : C;[1/wy] — Rsq is given by the w;-topology by [SW20, Lem.
4.2.2, Def. 4.2.3]. Therefore, for any s; € C;F, s; lies in the maximal ideal if and only if v(s;) < 1
if and only if the whole E(si) maps into C;". If v;(s;) = 1 then s;l €C;.

For any (S*, Mg:) € U8° we pullback the log structure to Z and denote it by M. Then the
log structure will also factor through U’ or U, since the log structures on U’ and U are pulled back
from the one on U. The claim is proved.

Note that there is a log shtuka 2y on (U)'8° given by pulling back the log shtuka 27y on
(V)°2° and a log shtuka @{}, given by pulling back 2%, The restrictions of both @5, and Py to
(U")°8° both extend the pullback of P to (U{@p)logo. Now it follows from Theorem 2.55 that

there is a canonical isomorphism between @5, and Py on (U’)l°e°. (Here we can use Theorem
2.55 because U’ is a finite union of spectra of excellent Noetherian normal flat domains; for the fact
that the completion is still excellent in this case, see [[KS21, Appendix A], especially the table in
the end.) Combining (5.11) in the last paragraph with Proposition 2.34, we extend the log shtuka
to U. Taking an étale cover of U’s constructed as the third paragraph and by Theorem 2.55 and
the étale descent of shtukas, we obtain an extension 2% on (X* U Zy/)log®,

Now, we choose another stratum Y’ = [(®”,0”)] with codimension (k + 1) and repeat the
construction above. Since there are only finitely many such strata and finitely many choice of k, we
finally construct an extension on (AX*+1)1°8° and we are done by induction. 0

5.3.2. Extension along an affine toric embedding. Fix E a split torus over Z. Let N = X, (E) and
M = X*(E). Let 0 C N ® R be a smooth convex polyhedral cone, and 0¥ C M ® R be its dual.
We consider the toric embedding E < E(o) = Spec Z[oV N M|. We can naturally endow E(o) with
a log structure associated with D, = E(0)\E — E(0), and we denote it by (E(o), M, ), with chart
P, — M, associated with the monoid ¢V N M/(c¥ N M)*.

Let Y be a normal scheme that is separated, flat, and of finite type over Z,; we also assume that
the generic fiber of Y is smooth.

Let X be an E-torsor over Y. The twisted toric embedding X < X (o) := X x®E(0) is equipped
with a log structure associated with the chart P,.

Let E := fm B =IlmE,, where E, denotes Spec Z[#M]. Write E,,(0) = SpecZ[o¥ N
I%M] and E/_(o) = SpecZ[o" N M[%]]

Note that X < X (o) is equipped with an equivariant E-action over Y. We write this action as
E:Ex X — X and E(0) : E X X(0) = X(0). Pre-composing with po x id: EL_ x X - E x X
(resp. peo X id : E_ X X(0) = E x X(0)), where p : E, — E is the canonical projection, we
obtain an E/_-action Eo, : EL_ x X — X (resp. Ex(0) : EL_ X X (0) = X(0)); the actions Eo, and
E(0) are equivariant with respect to X — X (o).

Construction 5.16. The cover X — Y is faithfully flat. There is a canonical isomorphism between
schemes i : E x X = X xy X; for any Z,-algebra R, e € E(R), z € X(R), and y := e - z, i sends
(e,z) to (x,7). The descent datum ¢ : X xy X = X xy X for the cover X — Y is an isomorphism
o= ((—id)op; xE) : Ex X = E x X after pulled back via i.

Let 0o := i 0 (poo x id). We also pull back ¢ to an isomorphism of E. x X; i.e., we define
Voo i= ((—id) op; X Exo) : Bl x X S E/_ x X.

For toric embeddings, we can also define

oo(0) = ((—=id) o p1 X Exo(0)) : Ely x X(0) = E._ x X(0).

Similarly, we define (o) by projection to E. The action of E on X () is not free if oVNM/(aVNM)*
is nontrivial; in this case ¢(o) is not an fpqc descent datum. O

Definition 5.17. Let (G, ) be as in §1.3, where G is a quasi-parahoric model of a possibly non-
reductive linear algebraic group (it was denoted as P in §1.3). Let (2, ¢») be a G-shtuka (bounded
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by p) on X°. We say that there is an (equivariant) EL_-action on & if there is an isomorphism

P(P) :05(P.bp) = E(P, ¢2)
on (EL_ x X)°® that satisfies the following conditions:

(1) Let s : X — El, x X be the identity section of El,. Then s*p(P) = id(» 4,,);
(2) There is a commutative diagram (we omit ¢ below):

sap( P i 00 )¥(2) ,.
piaps? AL pe Br 2 = (d x Eao)'p; 2 CE ) (14 x B ) B, 2
om | |
(m x id)*ps 2 (mxid)" o) (m x id)*E%, 2
over the commutative diagram
E xE, x X ) @ oy
lmxid J 0o
E_ x X Foo X.

Definition 5.18. Let (2(0), p»(s)) be a G-shtuka (bounded by ) on X (0)'°8°. We say that there
is an E_-action on P (o) if there is an isomorphism

@(P(0)) : p3(P(0), p(0) = Boo(0)(2(0), d52(s)
on (EL x X (0))98° that satisfies similar conditions above.
The following proposition was inspired by [Har89, 4.1.1] (cf. [HZ01, Prop. 1.3.5]).

Theorem 5.19. Let (G, 1) be as in §1.3. With the conventions above, there is a natural equivalence
of categories between

e The category Shtg%E,oo (X) of G-shtukas (2, ¢ %) with one leg bounded by p on X that are
equipped with equivariant E._-actions;
e The category Shtg , g (X(0), Ms) of log G-shtukas (2(0), ¢ »()) with one leg bounded by
pon X189 that are equipped with equivariant E/_-actions.
The morphisms in the two categories are those preserving the EL_-actions. In fact, we show that
every object in the first category can be uniquely extended to the second one.

Note that the last statement in the theorem is stronger than saying the restriction functor is
essentially surjective.
We prove this theorem in §5.3.3. An immediate corollary is:

Corollary 5.20. Let (G, X) be any Shimura datum. If the Pg-shtuka Pp determined by Py~ ex-
tends to a Pg-shtuka & on (AG x\Tks)°, it uniquely extends to a log shtuka P on (AG j\ Tk (0))los°,

Proof. There is a map between Pj(Z,,)-torsors
P%@ — PK@* (Pqt, Dq;.*)

over a map
A%,k \Shi, (Po, Do) — Shi,. (Pg, Do+),
where ®* is the one defined below Definition 3.10.
The first scheme is a torus torsor under E , which corresponds to a lattice (see [Wu25, 1.3.3])

Ax, = p2(Z(Q) x Us(Ay) N goKgg");
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since K is neat, this lattice maps to
Aje, = pa((1x Ua(A)) N g K g5").
Thus, the map
%,K\Sthp (P‘bv D‘i)) - ShK@* (Pg’v D‘I’*)
is equivariant under the isogeny between tori E Re Ek,..
Now we use the proof of Lemma 3.27 verbatim, replacing Shx (P, X) — Shge(P¢ X°) with
AG ¢ \Shk, (P, Do) — Shi,. (Pg, Do+). We then see that there is an E,f(q),oo i=lm  Eg -
action. That is, there is a diagram

/ * *
E. , X]P)K —)PK

| J

Ef(@ X A(&D’K\Sh]{@ E— A%’K\Sh]{@.

Thus, by [PR24, Thm. 2.7.7] and the Tannakian formalism, & is equipped with an Elf( Oo—action.

D,

Note that although E’ 00 X & is not of finite type, the argument in loc. cit. still works. Indeed,
denote % := Ag K\qu) It suffices to work with an affine open Spec A C .. By the proof of

loc. cit., we find a perfectoid cover Spa(R, R*) — Spa(A[1/p], A) by taking the completion of finite
étale extensmns of A[1/p] in its fraction field. Then we can replace Spa(R, R*) with the perfectoid
space Spa(R(R), Rt (R)) (see [DLLZ23a, Lem. 2.2.15]), where R is the character group of E’f{ ;

P,00

and the rest of the proof in loc. cit. works for E’ X Spec A.

We then obtain (o) extending & by applymg Theorem 5.19. The uniqueness follows from
Corollary 2.56. O

5.3.3. Proof of Theorem 5.19. There is a natural restriction functor
Res : ShtguE/ (X(O') M ) — ShtguE/ (X)

It is fully faithful by Corollary 2.56. We show that the last statement in the theorem is true; in
particular, the restriction functor is essentially surjective.

Let P:= P, and Q := 0¥ N M. Let Qo := Q[%]. There is a natural injective homomorphism
between monoids j : Q < Q. Also, there is an injective homomorphism v : Q — Q8P & Qo given
by the embeddings Q — Q8P and j.

Construction 5.21. There is a natural coaction of Q8 on Q% @ Qu.
In fact, the action of E/_ on E/_(o) induces a coaction of Q& on Qs. Explicitly, this is given by

Qoo = Qoo @ QL = — (2, ).

Poo Xid multiplication
EE——

Similarly, the action of E_ on E given by E/_, x E = E x E
comultiplication Q&P — Q&P @ QL.
Combining the two (co)actions, we obtain a map between monoids

doo(O') : Qgp ® QOO - Qgp ® QOO b Q%g, (xvy) = (a:,y, -z +y)

This corresponds to an action du(0) : EL_ x E x E._(0) — E x E/_(0) that pointwisely sends
(g,a,b) to (g~ a, gb). Note that the quotient of E x E/_(c) by this action is E xE~ E/_(0) = E(o).
Denote by ds the E/_-action d (o) restricted to E x EL_(0). O

E also induces a

We need a lemma on saturated fiber products.
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Lemma 5.22. We have that (Qee @, (Q% ® Q)™ = Qoo ® Q82. Moreover, the Q82 -coaction
on the second factor Q%P @ Qo induces the comultiplication on the right-hand side on the second
factor of Qe ® QY.

Proof. We first compute (Qoo ®;,Q,¢ (Q% @& Qoo))i“t. Since Qoo @ Q8P @ Qoo is integral and (Qoo B
Q%P B Quo)® = Q3L @ Q%P @ Q5L by [Oguls, L. Prop. 1.3.4], (Qe ®j,q.4 (Q®P & Qoo))™ is the image
of Qoo ® Q%P ® Qoo in QEE Djep Qe yer (QEP @ QEY). Therefore,

(5.13) (Qoe ®j,q,0 (QF & Qoo))™ C (Qoo + Q%) Bjer qev v (A% ® (Qoo + Q5P)),

where (Qoo + Q8P) denotes the monoid in Q% generated by Qo and QSP.

Denote by (a,b,c) an element in Qoo ® Q%P @ Qoo. Then (a,b,c) ~ (a + b,0,¢ — b) in the RHS
of (5.13) since (0,b,b) ~ (b,0,0) by amalgamated product. Hence, (Qoo @;q.s (Q® & Qoo))™ is
generated by (a,0,0), (0,0,c), where a, ¢ € Qx, and (b,0, —b), where b € Q8P.

Thus, (Qe @j,qu (A% @ Q)™ = Qo ® Q55 Indeed, for any (z,0,y) € (Q5,0,Q55) such
that (nz,0,ny) = (a + b,0,¢ — b), by enlarging n, we assume that nz and ny are in Q®P; and
therefore, a and ¢ are in Q8 N Qo = Q. We then write (a + b,0,c—b) = (a+b+c—¢,0,c—b) =
(a+¢,0,0) + (b —c,0,c — b). Hence, y can be any element in Q8 and x + y can be any element
in Qe. Note that the generators of (Qe @j.qQu (QE @ Qux))™ are (u,0,0) € (Quo,0,0) and
veQ® T Qe 0,QE).

Now we check the last sentence. The induced Q85-coaction on the RHS of (5.13) sends (u,v,w) €
(Qoo + QBP) Bjap Qer e (Q% @ (Qoo + QBP)) to (u,v,w, —v + w); note that this is compatible
with the amalgamated product as the coactions on the last two factors are canceled and therefore
coincide with the trivial action on the first factor. Hence, the induced coaction on (—v,0,v) is the
comultiplication on the third factor, while the coaction on (u,0,0) is trivial. ]

We now go back to the proof. Note that
Lemma 5.23. [t suffices to show the last statement of Theorem 5.19 over an étale cover Y of Y.
Proof. Let )N(N:: Y xy X and X(0) := Y xy X (o). Suppose that there is a log shtuka ﬁ(a)
in Shtg , g (X(0), Mg(,) that extends some & in Shtg , g_(X) to X(o)8°. Since & is the
pullback of some & in Shtau,E{)o (X). By Corollary 2.56, the descent datum of & from X to X

extends uniquely to a strict étale descent datum of ﬁ(o’) from X (o) to X(0), as o is a smooth
cone decomposition and the generic fiber of X is smooth. By strict étale descent of log shtukas (see

Lemma 2.36), there is a log shtuka & (o) over (X (0))'8® descending 2 (o). O

By Lemma 5.23, we can assume that X is a trivial torsor over Y, and that X x E (o) — X (o)
admits a chart Q — Q8% & Quo.
Let (S* = Spa(R, R"), Mg, f) € (X(0), M,)'*8°(S), where

: h+ + I
[ (8%, Mgs) = (S5 1= Spec R™, Mg+ ) ~— (X(0), M).
We assume that Mg = ME" by Proposition 2.38. And f corresponds to an R*-point of X (o)

denoted by f*: (Spec RT, Mgs.+) — (X (o), M) that admits a chart Q — Qoo by Lemma 2.40.
Consider the fiber product in the category of saturated log schemes

"t ——— X x E/_(0)

(5.14) l iaoo

Spec R ——— X (o).

Lemma 5.24. The completion of T4+ with respect to the topology of R is the spectrum of the
integral perfectoid ring R (Q8Y) equipped with an E._-action.
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Proof. Recall that we can work étale locally over Y by Lemma 5.23, and assume that X =Y x E
and that Y is affinoid. Set Xoo(0) := X(0) Xgpecz,[q] SPeC Zp[Qoo]. Then

(S5, Mges) x5y (X X E ( )

= (Spec RT, Mg:.+) X X oo (o) Xoo(0) X Sat o) (X X E, (o))
= (Spec RT, Mg:.+) XXOO(U) Xeo(o )[Q%S].
The second line follows from Lemma 2.40 and the third line follows from Lemma 5.22. |

We now finish the proof. We omit ¢4 in the proof. Suppose that we are given & in ShtE%Ego (X).

Set T* := Spa(R(Q%), RT(Q2)), which is affinoid perfectoid by [DLLZ23a, Lem. 2.2.5].
Note that there is a commutative diagram

dl:=dooo(ixid xid)

E_xE_xX EQOXXLX
2
(5.15) lidﬂpoo * lgooo H
, , _mxdd P2
E xE xX _ E, xX —— X.

Here, do, also denotes the action of the first factor E/_ on E/_ x X that is a (positive) multiplication
on the first factor E and —E. on the second factor X; m (resp. i) denotes the multiplication
(resp. inverse) on E’_; d’, maps (a,b, ) to (a='b,ax).

Let &5 be the pullback of & to (E._ x X )¢ along the projection py to the second factor. Note that
p2odl, = P20 e 0opi3 = Eosopy3. From this, we obtain a descent datum (%) : pqs P = dir Py
by pulling back p(2) : p5 P = i ps P = K P along p13. The cocycle condition is given by the
group action ¢(Z). Therefore, &5 descends to &' on X with this descent datum.

On the other hand, denote by &3 := Ei & = ¢} p5Y, we have a standard descent datum
©(P3) @ PPy — dEPs given by the pullback of & along Ew. Note that ¢(2?) gives an
isomorphism between descent data (P2, p(P2)) — (3, ©(H3)), and it descends to an isomorphism
P 5 2. Indeed, define a : E x E_ x X = E/_ x E/_ x X by the assignment (a,b,z)
(a='b,a,x). Then pa3 o = p13, (id X Ey) 0o @ = d’, and (m x id) o & = pa3. Pulling back (5.12)
along o, we obtain a commutative diagram

plgﬂp( ) dggap(,@)

Pisps P PRSP = dips P dLE:, 2
(5.16) H ‘
D3 P5s#7) piES P
We write (5.16) above in the following form:
P53 Pis#(7) pisEL P = dixfp;@
lpsgeo(ﬁ’) J’do’o*so(y)
P3P = (id X 000 )PP ——— (id X oo )*(m x id)*ps P = dSE: P,

this implies the claim that ¢(2?) is an isomorphism between the descent data of &2y and Zs.
Moreover, we show that &' =+ & is an automorphism of &?. Consider the canonical section
s: X — El_ x X sending z to (e, x), it is a section of both Eo and py. Then,

P =EL P =5 Py =5s"psP = P.
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Also, the descended automorphism & = & is an identity, as it can be realized as the pullback
s*p(P) 1 P 5 P of the morphism () between the descent data; here we use the fact that the
following composition is the identity:

Poo p
XSE xXTIE_xX3X.
This automorphism is an identity by the first condition in Definition 5.17.
Next, we extend the first row of (5.15) to

dlo(0):=doo (0)o(ixid xid)

(517 E_xE/ (o) x X E/ (o) x X
. p23

B2, X (o).

Here, Eoo(0) is defined by E/_(0) x X — E(0) x X — E(0) x¥ X = X(0) and it extends the
map E. Again, we equip E/_(0) with the positive multiplication of E/_ and X with the negative
action. Thus, do(0) extends do (resp. d (o) extends d..).

Denote by 2 the pullback of & to (E/ (c) x X)!°° via the projection to the second factor X.

For any f* : (Spec R*, Mpg+) — X (o) as above, the evaluation 2z, of 2 at T — T+ —
X x E/_(0) is equipped with an E/_-action given by the pullback of d_ (o) by construction and by
Lemma 5.24. By v-descent of shtukas (see [SW20, Prop. 19.5.3]), the shtuka 2z, descends to a
shtuka 2gs.

This assignment can be easily checked to be functorial, and we denote the obtained shtuka on
X (0)°8° by P(0); the E/_-action on Z(0) is descended from that of 2 by the multiplication
action of E._ on E/_ (o). Moreover, when we restrict this construction to (E x X)°, we have seen
that we obtain a shtuka &2’ = &2. Now we have completed the proof of last statement in Theorem
5.19. O

5.4. Canonical integral models of compactifications.

5.4.1. Assumptions. As mentioned in Remark 5.6, the extension of shtukas to toroidal compactifica-
tions Y% can be achieved without understanding the geometry of the interior .#%. To highlight this
point, we present a sequence of assumptions and definitions at slightly different levels of generality.
Let (G,X) be a Shimura datum, let G be a quasi-parahoric model of G = Gg,, and let K, =
G(Zp). Let {prKp(G,X)}KpC(;(Az}) be a family of integral models of {SthKp(G,X)}KpC@(Az;).
To study the boundary stratification of the integral model of the toroidal compactification and
to construct log shtukas on it, we assume:

Assumption 5.25. For each neat K? C G(A%),

(1) Sk (G,X) has a good compactification theory as in Axiom 5.1. (In fact, we only need the
assumptions for toroidal compactifications.)

(2) For any ® € CLR(G, X), the Pg-shtuka (Po g, ¢z, ;) over Shr, (Ps, Dg)? with one leg
bounded by p} associated with the push-out of the de Rham pro-étale Pg(Z,)-torsor Pg, —

Shi, (Po, Da) via Pg — Pj extends to a Pg-shtuka (P, ¢z, ) over S, (Po, Dq>)<>/.

To consider the boundary stratification on the integral model of the minimal compactification
and prove the well-positionedness of various strata on the special fiber, we further assume:

Assumption 5.26. For each neat KP C G(Afc), assumptions 5.25 hold. Moreover, for each [®] €
CLRK(G,X), A%,K\y?(p (Pg,Dg) — A%’K\yj{@yh (Ga,h, Do ) is an abelian scheme torsor.

To consider functoriality and uniqueness of integral models of toroidal (resp. minimal compacti-
fications), we make the following definition:
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Definition 5.27. Fiz K' = K,K'? for K, a quasi-parahoric subgroup and K"P neat open compact.
Assume Sk = Ski(G,X) has a good compactification theory as in Aziom 5.1 and let ¥ be a
projective smooth cone decomposition for (G, X, K').

We say that { S} ke (resp. { BB} kp) is a system of canonical integral models (in the
sense of Pappas-Rapoport) of toroidal compactifications {Sh%}Kp (resp. minimal compactifications
{ShiF™Y ey ) if, for any ® € CLR(G,X), the integral model of mived Shimura variety { S, v
(resp. {Fkq , Yicr) is a system of canonical integral models in the sense of Aziom 4.2 (resp. Aziom
4.1). The inverse system runs over a cofinal collection of neat open compact subgroups KP C K'P
with the cone decomposition the induced one (see [Wu25, Def. 1.18(2)]).

Theorem 5.28. Let (G, X) be any abelian-type Shimura datum, let p > 0 be any prime, and let
G be any quasi-parahoric model with K,, = G(Z,). Then {SthKp(G,X)}KpcG(Asz) has a canonical

integral model {prKp}KpC@(Az;) in the sense of Aziom 4.1 that satisfies Assumption 5.26. More-
over, {YKpr}KpcG(A?) has canonical integral models of toroidal compactifications and minimal

compactifications for any given neat open compact K'P.

Proof. In Theorem 6.26, we will check Assumption 5.25(2) and the second assertion using the con-
struction in [Wu25| (specializing to Case (STB;) and its normalization models with corresponding
quasi-parahoric levels; see loc. cit. Sec. 4.2). Assumption 5.25(1) (i.e., Axiom 5.1) is Theorem 5.5.
The second statement of Assumption 5.26 is [Wu25, Prop. 4.59]; as one will see later, this, in fact,
requires Proposition 6.21. O

5.4.2.  We mention some important consequences. The following proposition means that the shtukas
on the strata automatically glue together.

Proposition 5.29. Under Assumption 5.25, there is a unique morphism
(S%)1°8% — Shtge e 51

extending Ylg/ — Shtge ,c. Moreover, there is a commutative diagram

()80 e WBY s (A [\ Ty (0))2 %

(5.18) l l

Shtp$7u$75:1.

Shtge e 5=1 <
g S 75_1 Il’lt(g;l)

By Lemma 2.31, there is no difference of using log ¢ and log )/ on the top-left corner of (5.18)
since ,7[% is proper.

Proof. Let Sk be an integral model satisfying the Assumption 5.25. By Corollary 5.13 and Theorem
2.55, there is a unique Pj-shtuka 27§ on A&K\YIX such that the commutative diagram (5.10)
extends integrally. Then the first sentence follows from applying Corollary 5.20 and Lemma 5.15 in
order. The diagram (5.18) follows from the proof of Lemma 5.15. O

Combing Proposition 5.29 and Corollary 2.58, we see that

Corollary 5.30. The log shtuka in Proposition 5.29 induces a non-log shtuka on the special fiber

E?<> _ Z,O
<y[(7(9E/);|,U - yK7OE/pU — Shtgc,uc,ézl
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with a commutative diagram

(SRop )P —— WEH —— (A5 \ Tk ()5

(5.19) l l

w , w
Shtgc,uc,(S:l < ShtP:f)

* —1
Int(g(;l) 1 ,0=1

Corollary 5.31. Under Assumption 5.25, for any T = [(®,0)] € Cuspy (G, X, %), there is a map
(Zﬁ[()bg? — Shtgc7uc75:1,

where 7 = O, 0 or O/ and the log structure on 2y i is defined by pulling back the log structure on
5”% In particular, there is a morphism

SR — Shtge e 51
- o/
extending S — Shtge ;e 5-1.

Proof. Since . is proper, ()80 = (72)°80/ = (#2)°8° (see Lemma 2.31). For a map
between fs log schemes (X, Mx) — (Y, My) that are separated and of finite type, by definition,
there is a map between log diamonds (X, Mx)!8” — (Y, My )'°8”. For the last sentence, note that
the pullback log structure to the interior is the trivial log structure. Then it follows from Corollary
2.39. O

5.4.3.

Lemma 5.32. Under Assumption 5.26, for any ® € CLR(G, X), the Pg-shtuka (@QE,%@E)
over Sh%<I> with one leg bounded by [ty associated with the push-out of the de Rham pro-étale f;(Zp)-

torsor Pr, — Shg, via Py — ﬁ; extends to a f;—shtuka (P, qﬁﬁé) over Y%f} In other words,
. ° N0/ . . . L
we have a morphism (A@K\YK@) — Shtp@mb extending the one on generic fiber. Similarly, we

have a morphism (A%’K\YKWL)O/ — Shtg: . 2 . extending the one on generic fiber.

®,h

Proof. Zariski locally over % =: C(®), Sky — “F, 1 the projection E(®) X5peczC(®) = C(P).
It admits the zero section C(®) — E(®) x C(P). We have the following commutative diagrams:

(E(®), x C(®))? — Shtpy 42 (E(®) x C(9))% —— Shtpz
C(®)y —— Shtp: [0f(:) S ZAE > Sht+ ..

n 7/1;)7 P@:Mq;

The composition C(®)%/ — Shtfg qz exists Zariski locally on C(®). Since, over generic fiber, we
He

have a globally defined morphism C’(<I>)7<7> — Shtﬁ; i and the commutativity of the left square

implies that the morphism is independent of the choice of (Zariski local) section C(®) — E(®) x
C(®), we obtain a globally defined morphism C(®)%/ — Shtzx i using [PR24, Cor. 2.7.10]. This

further descends to (A?{,, K\yfé)o/ using the descent data coming from the generic fiber. We can
apply this argument to S, , since yf@ — SKe,, 18 an abelian scheme torsor by assumption. [

In particular, we have
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Proposition 5.33. Under Assumption 5.26, the commutative diagram (5.9) in Lemma 5.10 extends
over integral base. That is to say, for any [®], we have the following commutative diagram

A% 1k \ Ky (Po, D)% —— A§  \ %, (Pa, Da)% —— AG 1\ Ty, (Gon, Dan)/

! ! !

Shtp$7u3),5:1 Shtf;,ﬁg,ézl > Shtg?i,h»uahﬁ:l'

Proposition 5.34. Under Assumption 5.26, the commutative diagram (5.10) in Corollary 5.13
extends over the integral base. That is to say, for all such coverings WO (where 20 are open affine
coverings of SEE’(I> oK here for each ®, we let o run over all X(®)T ), we have following commutative

diagram

5”]((6?,)()<> — Woe —— A%J{\y[(q)(Pq),Dq))O E— A%7K\qu>,h(Gq>7h,D<p7h)o

(5.20) l o l l

Shtgc7uc75:1 < Shtp;)’“;’(;:l > Shtg;),h’uah,(g:l.

Taking the special fibers (apply the reduction functor), we have
(5.21)

T (G, XV —— WP —— NG\ Ty (P, Do)2 —— A 1\ Tk, (o, Do i) e

| | |

Int(gzt)
W D
Shtgc,yc,5—1

w w
Shtp;,ﬂg,(;:l Shtg;)’hnu‘*q)’h76:1'

Note that W79 is not of finite type over Zyp; nevertheless, since WO is affine, noetherian and flat
over Zjy, one can still apply [PR24, Cor. 2.7.10| (see the first paragraph of the proof of Theorem
2.55).

5.4.4. The compactifications satisfying Definition 5.27 are fully functorial.

Proposition 5.35. Let f : (G1,X1,G1, KV, 31) — (Ga,X2,Go, K¥,%9) be a morphism. Here,
the meaning of a morphism is: (1) f : (G1,X1) — (Ga,X2) is a morphism between Shimura
data; (2) Gi — Go is a morphism between quasi-parahoric group schemes whose generic fiber is
[ G1 — Ga; (8) KY — K% is a morphism between neat open compact subgroups compatible with
Gy (A’}) — Gg(Afc); (4) 31 and X9 are smooth projective and are compatible in the sense of
[Wu25, Def. 1.18(3)].

Let YEZ(GZ-,XZ-) be a canonical integral model of Sh%(Gi,Xi) for i = 1,2. Then there is a
unique morphism fx, s, : 45”]%11 — 45”]%22 extending the one f : Shx, — Shg, over the generic fiber
by functoriality between Shimura data, and makes the following diagram commutes:

b
()18 9 —— Shige e 5-1

! |

b
(S2)1°89 —— Shige s 5-1-

Proof. By Proposition 4.10, for any cusp label representative ®; mapping to ®5, there is a morphism
fo, ¢ yK‘I’l — YK% extending the one on the generic fiber. Note that this morphism is automat-
ically a morphism between torus torsors equivariant under (E Ko, = E K%) by separatedness and
normality. Hence, we obtain a morphism of integral models fo,(01) 1 Sk, (01) = Lk, (02)
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for o1 mapping to o2; we also have a morphism between closed strata fo, . Axiom (5.1.4)
requires that A%, x acts on Sk, . By separatedness and normality again, there are morphisms
130 Dae \Fra, = Doy s\ Frays 13,(01) 1 A% 1\ i, (91) = A%, 16\ i, (92) and also
a morphism between their corresponding closed strata. We have the desired morphism between
compactifications by [MP19, Lem. A.3.4]. The commutativity of the diagram is guaranteed by
Theorem 2.55, and by the commutativity of the diagram on the generic fiber. ]

In particular,

Corollary 5.36. Fiz (G,X,X). The inverse system of canonical integral models {/&} kv is unique
up to a unique isomorphism.

Upon restricting the maps to the open dense strata, we obtain that

Corollary 5.37. Fiz (G, X). Let Gi — Go be a morphism of quasi-parahoric group schemes, then
there ewists a proper morphism Sk, — Sk, extending Shi, — Shg,.

Similarly, one has canonicity and functoriality of canonical integral models of minimal compact-
ifications.

Proposition 5.38. Let f : (G1,X1,G1,KY) — (G2, X2,G2, KY) be a morphism as in Proposition
5.35. Let Y}?iin(Gi,Xi) be a canonical integral model of Sh%n(Gi,Xi) fori=1,2. Then there is a
unique morphism f™n Y}?lin — y}g“ extending f : Shyx, — Shg, over the generic fiber between
Shimura varieties induced by functoriality between Shimura data.

In particular, the inverse system of canonical integral models of minimal compactifications {Y}}ﬁ“}Kp
s unique up to a unique isomorphism.

Proof. The argument as in [MP19, Lem. A.3.4] still works. See [Wu25, Lem. 5.5] and [Mao25a,
4.1.84.1.9]. O

6. SHTUKAS ON INTEGRAL MODELS OF BOUNDARY MIXED SHIMURA VARIETIES OF ABELIAN
TYPE

In this section, we construct shtukas on integral models of boundary mixed Shimura varieties of
abelian type, and verify the axioms 4.2.

6.1. Hodge-type case.

6.1.1. Set up. Let (G, X) be a Hodge-type Shimura datum, and let G be a stabilizer quasi-parahoric
model of G, with K, = G(Z,). We fix an adjusted Hodge embedding (G, X, K}) — (GI,XI,K;{;)
in the sense of [Mao25a, Def. 3.16, Rmk. 3.17], where G* = GSp(V, ), GSP = GSp(Vz,) is a
hyperspecial model of G¥, K}E = GSP(Zy) is the stabilizer group of the self-dual lattice Vz,, and
K, = G(@Q,)N Kg. Explicitly, we work with the construction in [KPZ24], combine the chain of
lattices into a single lattice and then apply the Zarhin’s trick to get a self-dual lattice in the Siegel
side. We fix such an adjusted Hodge embedding instead of a random one as in [PR24] in order to
have a good theory of compactifications as in [MP19] and to ensure good compatibility of levels
at the boundary; see [Mao25a, Prop. 1.2|. The induced morphism G — GSP factors through a
smoothening map G — G, and G < GSP is a closed embedding. Let (s,) € VZ®; be the Hodge

tensors that cut out the closed subscheme G. Note that s, can be defined in VZ‘% X
P

Remark 6.1. In the Hodge-type case, the center Z(G)° is an almost product of a split Q-torus and
a compact-type Q-torus; thus Z(G)qc is trivial, G = G¢, P = Pg = P}, and A%,K 1s trivial. See
[MP19, Lem. 2.1.20].
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On the boundary, since the level group K¢ g = gKg~! is twisted by g = gp € G(Ay), we need

to twist the Hodge tensors. Let (sq0) € VZg(’Q? (where VZQ( = 9Vz, N V) be the collection of
P p

Hodge tensors that cut out the closed subgroup scheme Go — GSPyi; here Go and GSPy: are
the left g-conjugates of G and GSP, respectively. Indeed, we take g,-conjugation, where g, is the
p-component of g; we do not distinguish g and g, when the difference is clear from the context. Let
Go — Go be the dilated morphism; Gg is a smooth affine model of G.

Over Zp, (sq) and (sq,0) are related as follows:

VZ®TL 9 VZQ:®TL
p p

l&a lsa,é

v L v,
P P

6.1.2. Reduction. Recall that over Shx (G, X), the family of Hodge tensors (s,) € VZQ?] defines a
family of étale tensors (fq¢t) on the Tate module T),(A), where A is the universal abelian scheme
over Shg (G, X), pulled back from Shy:(G*, X¥). We denote by Lp,v;, the local system given by
T,(A), where p: G — GSp(V) — GL(V). Let Pk be the pro-étale torsor under K, defined by

(6.1) Isomy, . (s0) Lpva, V2, Shic (6.5))

this coincides with the pro-étale torsor (3.5).

One can repeat the above process with A replaced by the universal 1-motive Q over Shg, :=
Shc, (Po, Dg), pulled back from Shy , := Shg_, (Pyt, Dgt). Here @ € CLR(G, X1) is the cusp-
label representative induced by ®.

By the work of Brylinski, all Hodge classes on 1-motives over C are absolute Hodge cycles; thus
(Sa,0) induces (ta,aet) € Tp(Q)® over Shg,. We denote by L,, k, the local system given by the
Tate module T,,(Q). Consider the following torsor under Gg(Z,) over Shy,:

(6'2) PK@G = Isﬂ(ta,é,éc),(sa,é)(LF@»K‘P’ Vng,ShKé )

Consider the following torsor under K¢ g, = Qa(Zy) over Shi,:

PK@,W' = Isﬂ(ta@,ét),(sa@) (WO]LP@K@? W'VZQP,Sth) )v

where the filtration W,L,, k, comes from the weight filtration W,7,(Q) on T),(Q). Since the weight
filtration is constant, both the Hodge tensors and the weight filtration are trivialized when T},(Q)
is trivialized. Therefore, we have a canonical embedding IP’K@’W, = Pry.gs which induces

(6'3> gq)(Zp) XMPK«b,W. - PK{),G'

On the other hand, there is a natural pro-étale torsor Px, under K¢ over Shg,, as defined in
Definition 3.13.

Lemma 6.2. T,(Q) is trivialized over @K%CK@ Shyer gev -

Proof. 1t suffices to show that for each n, T,(Q)/p" is trivialized over Sh () g It also suffices
d,p P

to work with the Siegel case, where the result follows from the moduli interpretation; see [MP19,

§2.2.14). 0

Corollary 6.3. Pr, , reduces to Pr .
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Proof. Along the standard representation Py — GL(Vng), the push-out torsor of Pg, is the frame
bundle associated with 7),(Q). By Lemma 6.2, we have a morphism

Pry — M(LP@K@ Vng,Sth) )s
that factors through P, , and thus factors through Pry ., - 0
6.1.3. Hodge-Tate period map. The de Rham pro-étale torsor Px under K, over Shg produces a
Hodge-Tate period map (3.7), which is the sheaf-theoretic version of the Hodge-Tate period map

Sth ~ I'&HSthKp — .FZG7N71
KP
from the perfectoid space Shg» to the flag variety Flg ,-1. Here (Shgr)? = @KP Sh?(pr. Recall

that given a geometric point @ € Shg»(C, CT), we have an abelian variety A, over C together with
a trivialization (Tp(Az), (taste)) = (Vz,, (sa)), then HT g (z) € Flg ,~1(C,C™) corresponds to the
Hodge-Tate filtration:

0 — (Lie(Ag))(1) = T,(Ag) @z, C — (Lie A7) — 0,

see [CS17, Thm. 2.1.3|.
Similarly, let Gg be the Qp-group gGg, g~!. One has a perfectoid space together with a Hodge-
Tate period map

' . O _ i Qno
HTr, q : Shyy = Flg, 10 Shyp ~ %(131 Shycy iy, Shin = I%Ln Shy, ko>
D,p ®,p

defined as follows: given z € Shg, (C,C™), by Corollary 6.3, we have a 1-motive Q, over C together
with a trivialization (T,(Qz), (ta,®.ct,2)) = (Vng, (Sa,@)). Then HT ke, (2) € Flg, M;(C, C™) cor-
responds to the Hodge-Tate filtration

0 — (Lie(Qz))(1) = Tp(Qs) ®z, C — (Lie Q)" — 0.

By Corollary 6.3, HTk, ., factors through HT g, : Shpr — Flp ! and is the sheaf-theoretic
version of the Hodge-Tate period map (3.7).

Corollary 6.4. Over Sh<>q>, the Go-shtuka associated with (Px, o, HT K, ;) with a leg bounded by
pae reduces to the Py-shtuka associated with (Py,,HT i, ) with a leg bounded by pe.

6.1.4. Comparison. Let Shx (G, X)? — Shtg ,, (resp. Shg,(Ps, De)® — Shtp, .,) be the shtuka
associated with Pg (resp. Pg,). We use the notation from subsection 5.2.

Lemma 6.5 (See Corollary 5.13). We have a commutative diagram:

Shy (G, X)® «—— W% —— Shg, (Py, Dg)®

l Int(gz") ‘L

Shtg# Shtpq>7u¢.

Remark 6.6. This is a special case of Corollary 5.13; see Remark 6.1. We give a more direct and
intuitive proof in the Hodge-type case.

Proof. By Corollary 6.4, it suffices to work with Shx, (Ps, Dg)? — Shtgy g In [MP19, Prop. 3.1.6]
(using fpqc descent from | |V — WY; see [MP19, §3.1.5] for the notation V'), we have comparisons
over W0:

Q™| = Ap™], Tp(Q) =Tp(A),  (faer) = (ta,0.et);
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~

the tensor comparisons are compatible with (so) = (Sq.4), in the sense that the diagram commutes:

g®

VE = VIS 5 T (Qupo)® — Ty(Ayo)®

| o] (ta@,énl (ta,éal

VE = VIS = Ty (Qupo)® — Ty(Apo)®.

This gives the isomorphism Int(gz') : (Px, HT k) = (Pk,, HTk,). O
6.1.5. Gg-shtukas. We move on to integral models.

Proposition 6.7. The Gg-shtuka (Zs ..k, 024 ¢ ) OVET Sh%@ — Spd(E) with one leg bounded by
pe ertends (uniquely) to a Go-shtuka (P G, ¢z, ;) over Y[X — Spd(Ofg) with one leg bounded
by po-

This proposition follows almost verbatim from [PR24, §4.6.3]. We only need to replace the BKF
module of the universal p-divisible group A[p>] over .k by the universal p-divisible group Q[p™]

over .%k,. The uniqueness of the extension follows from [PR24, Cor. 2.7.10]. Let us write down
some key steps in the construction in order to fix notation.

Proof. By Tannakian formalism, under
po : Po — GSP(V ) — GL(V{ ),

the Go-shtuka (P ¢ g, @54 ) OVer Sh%@ — Spd(FE) gives a vector shtuka (Yo g, dys ) over
Sh%(b7 associated with the de Rham local system L, i, as in (6.2). We have a family of tensors
(ta,0,8) € (Yo,B, dvy. )%, which can be viewed as shtukas homomorphisms over Sh%@:

(64) toc,@',E : (697'7/‘1)@»)2'%’ ¢®2y§gl) — (@z%p@,)gﬂ ¢€Bf//¢,®gi)'

Given S = Spa(R,R") € Perf, a map S — Sk, 18 given by an untilt S# = Spa(R*, R*) —
(?K\q,)ad. We pull back the universal p-divisible group Q[p™] to Spec R**, and let My o (R*) be
the BKF-module of Q[p>] with one leg at ¢(£) = 0. Denote (7 s, ¢y ) by the corresponding
minuscule vector shtuka with height 2n and dimension n over S with one leg at S¥, given by the
restriction of (¢~1)* Miy.e(R*) to Spa(W(RM))\{[w] = 0}. By [PR24, Thm. 2.7.7], the tensors
(ta,e,5) in (6.4) extend uniquely to tensors (ta.s) € (Yo,5, 01y )%

By exactly the same arguments as in Steps 1,2,3 in [PR24, §4.6.3|, the v-sheaf over S defined by

(65) @q)vaS = Isﬂ(ta@.),(sa’@)@id(%@vS? Vng ®Zp OS X Zp)

is induced by a Gg-torsor P ¢ 5 over S X Zy, via, ﬁgqg = GgpxYe Ps,a,s- The Frobenius structure
G4 s comes from the Frobenius structure ¢y, 4 of ¥ 5. Then (Zs.G,5,00,G,5) gives a Go-shtuka
over S. It has a leg bounded by pe by its nature over the generic fiber: one can reduce it to
(C,O¢)-points and then apply arguments in [PR24, §3.3.7]. By varying S, and using descent data
from the generic fiber, we finish the proof. ([l

6.1.6. Qa-shiukas. We follow the notation from the proof of Proposition 6.7. The BKF module
Myt (R¥) associated with the universal p-divisible group Q[p™] has a canonical filtration coming
from the weight filtration on Q[p>]; therefore, the associated vector shtuka (75 s, ¢y, ) is equipped
with a canonical weight filtration We (7o s, ¢y, 5). Consider the v-sheaf over S defined by

Pow.,s = Isomy, ) s, p)eid(Wea,s, WV @z, Og57,).

Note that ﬁcp’w.,s has a natural Qg-action factoring through Q.
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Lemma 6.8. The Go-torsor Pe s reduces to a Qo-torsor Pow, s (i.e. Poas = Ga x Qo
Pow..s), and Pow, s = Qo X 2 P w.,s- Moreover, the Go-torsor isomorphism ¢z, ., , Teduces
to a Qg-torsor isomorphism

24 wes  Frobs(Paw, )ls 2\ 5t = PoWe,sls 5 z,\5%

Proof. This follows from the fact that the weight filtration on Q is constant. To be more precise, in
the construction [PR24, §4.6.3|, one first deals with geometric points, and then deals with products
of geometric points. Let T' — S be a v-cover such that T is a product of geometric points. By
[SW20, Prop. 19.5.3], the category of Ge-torsors (resp. Qg-torsors) on S x Z, is equivalent to the
category of Gg-torsors (resp. Qg-torsors) on T X Z, with suitable descent data (resp. descent data
for Gp-torsors plus descent data for the weight filtration).

Denote T = Spa(B, B), where BT = []; C’;r. The Gg-torsor on T x Z, comes from the re-
striction of the (trivial) Gg-torsor on Ajns(BT) = W(B™) given by the (trivial) Go-BKF-module
7o, constructed in [PR24, Lem. 4.6.6]. Recall that the weight filtration on My ¢ is the filtration
of BKF modules of 0 C T[p™] C G[p>] C Q[p>]. Over W(BT) = []; W(C;-r), this filtration
becomes constant, thus the Gg-torsor T ¢ reduces to a Qg-torsor 7o yv,. We have descent data of
the weight filtration since the weight filtration over T is the one pulled back from S, the Gg-torsor
Ps a,s reduces to a Pe-torsor P w, s, and @q,,w.,g = Qg xe Po WS-

The Frobenius structure ¢ z,, . ; comes from the Frobenius structure ¢y, , on ¥ g, which comes
from the restriction of the Frobenius structure ¢y, , on the BKF module My o (R*") of Q[p™].
Since the Frobenius structure on Minf,(p(RH) preserves the weight filtration, ¢ Po.c.s reduces to the
Qg-torsor isomorphism ¢z 4. - 7 O

Lemma 6.9. The Go-shtuka (Po.G, ¢z, ;) over YI% — Spd(Opg) with one leg bounded by pe
reduces to a Qg-shtuka (Pp we, qﬁt@q)’w.) with one leg bounded by pie.

Proof. By Lemma 6.8, it suffices to show that the leg of the Qg-shtuka (P e, gbg%yw,) is bounded
by ue. It suffices to check the geometric points. Over generic fiber, this follows from Corollary 6.4.
Over special fiber, let D be an algebraically closed field, and x : Spec D — Yk, be a geometric
point on the special fiber, we need to show the pullback Qg-shtuka z*(Zs w.,, qS:@q)’W.) is bounded
by pue. Asin [PR24, §4.6.3, Step(3)], we lift Spa D to a point Z : Spa(C, O¢) — (?K\q))ad, where C
is a complete non-archimedean algebraically closed field of characteristic 0, such that O¢/me = D.
By [PR24, §4.6.3, Step(2)], the Gg-shtuka 7*(Ps G, ¢z, ) on Spa(C,O¢) extends to a Gp-BKF
module (7o, 75 ;) on W(Og») and then to a Go-BKF module (T ¢, ¢7, o) on W(D). By the
correspondence of Go-BKF modules on W (D) and Gg-shtukas on Spec D (iPR24, Thm. 2.3.8]),
and by [PR24, Prop. 2.4.6], the Gp-shtuka 2*(%s ¢, d 2, ) on Spec D is the specialization of the
Go-shtuka *(Pe.G, 92, ;) on Spa(C, O¢). In the proof of Lemma 6.8, we see that the Gg-torsor
To,c on W(Op») reduces to a Qe-torsor To w,, thus the Ge-torsor 7-<1>7G on W(D) reduces to a
Qg-torsor T o w,. In particular, the Qg-shtuka :L'*(,@<1>,W_,<Z>gzq)7w.) on Spec D is the specialization
of the Qg-shtuka T*(Psw,, ¢z, ., ) on Spa(C,O¢).

In particular, the relative position of G2y e (Frob™(Pg we)) and Pg we at T gives a Spa(C, O¢)-
point in GrQ@,u;I’ which lifts to a Spa(OC;)—point in Grg, whose specialization gives the relative
position of ¢z, .. (Frob*(Z¢ we)) and P e at .

: _ wgc wygce
By construction, Mg, ., = \GrQ%M;\ X|Grog.0p | GTQs,08 (where ‘GrQéyl‘«;l’ is the

weakly generalizing closure of | Grg, ! | in |Gro,,0, |)- Since | Spa(C, O¢)| is open and dense in
| Spa(O¢)| and the image of | Spa(O¢)| in | Gro,. 0, | is weakly generalizing, then Spa(O¢) — Grg,
factors through Mgy 14, the Qe-shtuka 2*(Pe w,, d 2, ,,, ) on Spec D is bounded by pe. O
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6.1.7. Py-shtukas.

Proposition 6.10. The Gg-shtuka (P G, 92, ;) over 5”;?;) — Spd(Opg) with one leg bounded by
pae reduces to a Pe-shtuka (Pe, ¢z, ) with one leg bounded by po. This extends Corollary 6.4 over
the integral base.

Proof. By Lemma 6.8 and 6.9, the Gg-shtuka (Zs g, QS:@@’G) with one leg bounded by pug reduces
to the Qg-shtuka (Po e, (ﬁgéﬁw,) with one leg bounded by ug. Corollary 6.4 says that the Qg-
shtuka (Zs we B, ¢9”<1>,w-,E) with one leg bounded by ug reduces to a Pg-shtuka (Q%,E,gzﬁgzqw)
with one leg bounded by pe. Then the result follows from Proposition 1.43. U

6.1.8. Rest of axioms.

Proposition 6.11. Let (G, X) be a Hodge-type Shimura datum, and let G be any quasi-parahoric
model of Gg,. Then there exists a family of integral models {-Zk, (Pe, D@)}Kg that is canonical in
the sense of Definition 4.2, and is adapted with Py — Gg p, in the sense of Definition 4.6.

Asin Remark 6.1, Py = Pg, so it is trivially true that the integral model is adapted with Py — Pg
in the sense of 4.5.

Proof. Tt suffices to deal with stabilizer quasi-parahoric G by the functoriality result (Proposition
4.9, case (2)). Let G be a stabilizer quasi-parahoric. We show that the family of integral models
{“k+(Ps,Ds)} K? defined via relative normalizations is canonical. This follows from the Siegel
case (Lemma 6.12) and the functoriality result (Proposition 4.9, case (1)). Note that the condi-
tion (b) is not automatic, we verified it in [Mao25a, Prop. 1.2(2)] under a fixed adjusted Hodge
embedding. Also note that, for the integral canonical model /% (G, X) of a Siegel-type Shimura
variety Shy (G, X) with K, being hyperspecial, Zk, ,(Ga n, Do ) is again the integral canonical
model of the Siegel-type Shimura variety Shg,, , (G, Don) with Kg 5 being hyperspecial, for each
® € CLR(G, X), see [Mao25a, Thm. 3.58(2)]. O

Lemma 6.12. Proposition 6.11 holds when (G, X) = (G*, X*#) is a Siegel Shimura datum and when
G is hyperspecial.

Proof. In this case, we have moduli interpretations for the smooth integral models .7k, (Pg, D) and
Ko p(Gony Do) ([MP19, §2.2.14, 2.2.15]), and a projection Sy, (P, Do) — iy, (Gony Do p)
defined via the forgetful functor ([MP19, §2.2.16]); then .k, (Ps, Do) is adapted with Pp — G .
Now we verify those axioms in Definition 4.2.

Axiom (1) follows from the Néron-Ogg-Shafarevich criterion for 1-motives; see [MP 19, Appendix,
Lem. A.3.5]. Indeed, recall that .k, (Pso,Dg) represents the following moduli functor: given a
Zy-scheme S, Sk, (Pp, Dg)(S) is the set of isomorphism classes of tuples (Q,\, o, ", €) over S,
where (Q, A) is a polarized 1-motive over S, equipped with isomorphisms of sheaves of Z-modules
over S:

a: Grgv VIZ) = o oV Grgv VYI(Z)(v) = QVet = Qm‘ﬂt,
where V'V (v) is the dual representation V' twisted by the similitude character v : GSp(V, %) — Gy,
and e € HY(S, m(vg(zp),fp(g))/f{g,g) is a Kg o-level structure, where K , = g? KPg"~". See
[MP19, §2.2.14] for conventions.

Let € Sk, , (P, Da)(R[1/p]), it gives a tuple (Qy, Ay, ay, !, €y) over Spec R[1/p]. By [MP19,
Appendix, Lem. A.3.5], @, (resp. Q) extends to a 1-motif Q (resp. Q") over Spec R. Note that
Qs Q) L €, extend to «, a1, e respectively by the étaleness, and A, extends to A using the rigidity
theorem for homomorphisms of semi-abelian schemes (thus of 1-motives), see [FC90, I, Prop. 2.7].
The tuple (Q, A\, a, @™, €) over Spec R gives the wanted lifting.

Axiom (2): This follows from moduli interpretations. Also see [Wu25, Lem. 4.25].

Axiom (3): This is a special case of Proposition 6.10.
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Axiom (4): We replace the Serre-Tate theorem for abelian schemes with the Serre-Tate theorem
for 1-motives. Fix a k-point z € Sk, (P, Do )(k). We have a tuple (Qo, Ao, ag, a, €9) over Speck,
the formal completion S, := (k, (Ps, D@));\m represents the functor Def : Artyy(;) — Set sending

S to isomorphism classes of deformations over S of the tuple (Qq, A\, ap, o, €0)-
On the other hand, MM = At is a Rapoport-Zink space, the deformation space of

g@,bé’w,u¢

p-divisible groups, for example, see [SW20, Thm. 25.1.2|. Let (X3, A1) be a polarized p-divisible
group in the isogeny class determined by [be ] € B(G,{u"'}) = B(Ga,{ug'}), given a Z,-scheme
S, M™t(S) is the set of isomorphism classes of (X, )\, p) over S, where (X, \) is a polarized p-
divisible group over S and p: (X, \) x55/p — (X1, A1) Xz S/p is a quasi-isogeny. Let 2o € M (k)
be the base-point associated with (X7, A1,id). Since the quasi-isogeny p over S/p is rigid in the
sense that there is a unique p lifting the isomorphism p ® S/mg, for example, see [Kiml8, §2.3].
Therefore, (Mi“t);\zo represents the functor Def(x, \,) : Arty ) — Set sending S to isomorphism
classes of deformations over S of the polarized p-divisible group (X1, A\1).

Let (Xo,Ao) be the p-divisible group (Qp, Ao)[p™°], then we have an isogeny po1 : (Xo,\o) —
(X1,M1). (Xo, Ao, p) gives a k-point in M1 which we denote by 7.

By the main theorem of [BM19], the Serre-Tate theorem holds for 1-motives: let R € Artyy (),
M (R) be the category of 1-motives over R. Let M (resp. B) be a l-motive (resp. a p-divisible
group) over R, My (resp. Bp) be its reduction over Spec k. Let Def(R, k) be the category of triples
(My, B, e), where M is a 1-motive over Spec k, B is a p-divisible group over R, and e : By — My[p™]
is an isomorphism of p-divisible groups. There is a natural equivalence of categories:

AR : Mi(R) — Def(R, k), M — (Mo, M[p™],natural e).
Consider the morphism S, — (./\/lim);\gc1 defined by sending (9, \, ,a,¢€) to ((Q,\)[p™],id).

We claim this is an equivalence of categories. By Serre-Tate for 1-motives, and by the fact that
(a, ") and e are rigid by the étaleness (thus determined by their reductions (ap, oyf) and €y over
Spec k respectively), it suffices to show that, given a polarization of p-divisible groups A[p™] :
Q[p™] — QVY[p*>], we can lift it canonically to a polarization of 1-motives A : @ — QY. Recall
that a polarization A\ : @ — QV is a morphism between 1-motives such that Aeb . gab _, gV.ab
is a polarization of abelian schemes, A% : Q% — Q™ is injective, and (A®*)Y = A™t The full-
faithfulness of Ag gives a unique morphism X : @ — QY and its proof also shows that \*" is a
polarization, A and A™" satisfy the properties since they are étale in nature and A&t and )\amﬂt do
satisfy the properties.

Therefore, we have an isomorphism S, (Mint);\xl. We show that the isomorphism S, =

(/\/lim)//\gg1 matches the supported shtukas. By [SW20, Thm. 25.1.2], the identification of the
Rapoport-Zink space with M is to evaluate the universal p-divisible group at perfectoid space
S = Spa(R, RT) € Perf to get a BKF module over Aj,¢(R, RT), and then restrict the BKF module

to SxZ, to get the desired shtuka; also, the quasi-isogeny p provides a framing. Under this iden-
tification, since S, = (./\/lint);\yc1 matches the universal p-divisible groups, it matches the supported

shtukas. Finally, after changing the base point, (M™)2 = (M™)2  we are done. O

Finally, to prove the axiom (1) in abelian-type case, we need following enhanced result:
Lemma 6.13. Keep the notation from Proposition 6.11. Letl be a prime # p, K(ll;p = K$QP¢(A’}’Z),
be = KQPK(%I. For every discrete valuation ring R of mized characteristic over Og, we have

Shy (Pe, D) (R[1/p]) = k1 (Po, Da)(R).

Proof. This follows from the proof of the Siegel case (Lemma 6.12) and the proof of the functoriality
result (Proposition 4.9, case (1)). Note that in [MP19, Appendix, Lem. A.3.5], one only needs to
trivialize 7'(Q,), rather than the whole 77(Q,)). O
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6.2. Abelian-type case.

6.2.1. Construction. Let us recall the construction in [Wu25|. The key steps are listed in Construc-
tion 6.14, 6.15, and 6.16 for convenience.

Construction 6.14. Let (G2, X2) be an abelian-type Shimura datum with an associated Hodge-
type Shimura datum (G, X); note that, in [Wu25], it was denoted by (Go, Xo). There is a central
isogeny 7d°r : GIer Gger with kernel C9¢r.

Let G/ := Gy x@27 (G/C9r). There is an embedding 7@ : Gy — G’ and a map 7° : G — G’ such
that they induce morphisms between Shimura data 7@ : (G2, X2) — (G', X,) and 7 : (G, X) —
(G', X3). By replacing (G, X) with a conjugate by g € G*4(Q), we assume that the images of X
and X in X2 have nontrivial intersection. We then have that the images of X, and X, in X?2d
coincide. Then 7% and 7° satisfy the conditions in [Wu25, §1.4.3]. See [Wu25, §1.4.3 and Const.
1.46).

We recall more group-theoretic preparations.

Construction 6.15. We start with Ky = K27PK§ C G2(Ay) and an admissible cone decomposition
22 for (GQ,XQ, KQ).
e By [Wu25, Prop. 1.35, Prop. 1.37 and Prop. 1.47], we can find K' := K,K"? C G'(Ay)
containing K, and an admissible smooth projective Z P-invariant cone decomposition ¥ for
(G', X4, K') and (G', X}, K') inducing a cone decomposition Y refining X for (G, Xa, K3),
such that the strata between toroidal (with cones chosen as above) and minimal compactifica-
tions of (G, X2) and (G’, X,,) are all open and closed embeddings, and such that the map be-
tween mixed Shimura varieties for any cusp label representative ®3 € CLR (G2, X2) mapping
to a cusp label representative ® € CLR(G’, X,,) is an isomorphism. (Note that Kzlo is chosen
such that K}, N Go(Qp) = K2,.) There is an identification CLR(G', X,) = CLR(G', X;) by
definition and construction.
e Denote I/ i == Staber(g) (X)) (G(Af))\G'(Af)/K'. Choose a complete system {ga a1,

of representatives of I/ g+ in G'(Ay). Let K := ﬂb’*l(gaKz’jggl) C G(Qyp). Choose suit-

able neat open compact K*P C G(N}), and denote K := KJK“P. We obtain the induced
cone decompositions ¢ := 70*(%).

e In our case, we assume that K]’D is a quasi-parahoric subgroup, which is the Z,-points of a
quasi-parahoric group scheme G’ corresponding to = € B(G’, Q).

Following the construction in Case (STB) of [Wu25, §4.2|, there is a Siegel-type Shimura
datum (G*, X*) = (GSp(V, ), Xt) with an embedding p : (G, X) < (G¥, Xt) obtained as
follows:

For any «, we choose KQE*"‘ C G*(Q,) and neat open compact K+*P C Gi(Ai’c) such that

/G.K'

p* (G, X, Kg) — (G+, Xbe Kby
is an adjusted Hodge embedding satisfying the setup in both [MP19, §3.1] and [DvHKZ26].

In fact, GH := GSp(W®, %), Kg’a’ﬁ = StabGi,a(Qp)(WZap) for some self-dual Z,-lattice
WZO‘p in W@p. Moreover, WZO; comes from a self-dual Z-lattice W'

Furthermore, there are positive integers n, such that (W, ¢®)+tne = (V1)) for a sym-
plectic space (V,1)) for all a. By defining Vi := Wr_f"L"“ for 7 = Q,Z,Zp, (G}, X*) as the
Siegel Shimura datum defined by (V, ), and Kg’a := Stabgs(q,)(VZ, ), we obtain from p®
the Hodge embeddings

1 (G, X KD) < (GH XY KD™).
After this slight modification, [Mao25a, Thm. 3.58] still holds.
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e By [Wu25, Prop. 1.47| again, cone decompositions ¥+ can be chosen for (Gi,Xi,Ki’a)
such that, for any a, ¢ is induced by both ¥ via 7°(gs) and ¥5® via (%, and such that
S%. can be constructed satisfying Axiom 5.1 according to [MP19].

We now recall some schematic constructions in [Wu25].

Construction 6.16. We recall the construction of integral models of boundary mixed Shimura va-
rieties S, for @2 € CLR(G2, X2) following [Wu25, Sec. 4.2] in Case (STB) and its normalization
(DL) case to parahoric levels.

(1) We introduce more group-theoretic setup related to Bruhat-Tits theory. In general, there
are maps between groups 7% : Ka, < K{D and 7°(gq) : Ky — gaK]’oggl. Starting with
®y € CLR(G2, X3), let @ be the image of @5 in CLR(G', X,) = CLR(G, Xp).

Fix a point in the reduced building « € B(G2,Q,). We denote by K3, (resp. KS':}; and
K5 ;) the parahoric (resp. the stabilizer quasi-parahoric and resp. a general quasi-parahoric)
subgroup of G2(Q,) corresponding to x. For @9, define Kgﬁr; = Py, (Qp)Nga, K5 pg;; (resp.

K<Sl>t2bp = Po, (@p) mg@QKStbQDQ and resp. Ko, p := Pa, (@P) mg‘I’2K2,Pg<I>2) note that K%sz

is still a stabilizer quasi-parahoric subgroup. Let Kp’Stb be the stabilizer quasi-parahoric
1
2

and IN(EI;“; = ZPsp(Qyp) ﬂg%KI/;Stbg;;. Note that we can still use Definition 1.13 and Lemma
3.3 to get that I?flfg is a stabilizer quasi-parahoric subgroup. The prime-to-p neat open
compact subgroups are chosen and written in an obvious pattern.

(2) Denote by (P, D%) (resp. (P, D$)) the mixed Shimura datum associated with ® €
CLR(G, Xp). We construct {Yf{%b(ZPq), ZPs(Q)DY)} g0 and {yf{f;b (ZPp, ZPp(Q)Dg)} ir.p
Note that the Shimura datum (G, X) is chosen such that any place v/ of E' := E(G, X) -
E(G2, X2) over a place vy of Eg := E(G2, X3) over p splits completely over vs.

We define yf(%b (ZPp, ZP3(Q)DY) over O := O R0, Ok, (v) for any place v of E :=
E(G, X). For any cusp label ® € CLR(G’, X3) extending to a ZP-cusp label [ZP%(®)], by
[Wu25, (4.22)], we construct

(6.6) Yf(%b(ZP@ZP@(Q)D%) =] 11 1T Sicag | Dag s (ZP).

a€lgr g rrstb (9§ )angt [0®]€[o] zp

subgroup in G'(Q,) corresponding to z. Similarly, define K%tg = Pp(Qp) N g%K;;Stbg;

The group Aq)gz s (ZPg) is a group that acts on .k, through a finite group; this group
’ 0

is defined and functorial in all neat K'S%; its quotient is finite étale by [Wu25, Lem. 4.25].
Writing in this form a priori depends on the choice of 5”[%2 and, in particular, on the choice
of ¥*. But we can also re-label the disjoint union in (6.6) as

(6.7) Sz (ZPo, ZPs(Q)D}) = ] T ke, | Dy 190 (ZPo),

5€I®7K/,stb

where ®3 are cusp label representatives in CLR(G, X) that occurred in (6.6) and the index
set Ig gorsu is defined in [Wu25, 4.2.6]; it depends only on @, K" the Shimura data (G, X)
and the group G, satisfying obvious functoriality for varying K’ C G'(Ay). The level group
Ko, is defined as Pp,(Ay) N g%Ko‘g;l, where K = b= (gaK' Stbggl).

Replacing .7 stb(ZP(p,ZPq)(Q)Db)vmth yﬁtb(zpcp,ZP@(@)Db) (resp. Fam (Z Py, ZPs(Q)DY)),

the integral model is constructed by replacing the Hodge-type mixed Shimura Varletles YK%
in (6.7) with YK% (resp. yK%,h)- Again, the group action of Ag, factors through a finite
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group that acts freely on YKP (resp. YK% ,)- Moreover, there is a sequence of morphisms
5 ,
(6.8) Sz (ZPs, ZPp(Q)D%) — S (Z Py, ZPy(Q)D%) — Sz, (ZPa, ZPp(Q)DY).
o} s

The first morphism is a torsor under a split torus Ef(q), and the second morphism is an
abelian scheme torsor by [Wu25, Prop. 4.30].

To construct Yf((sbtb(ZP@, ZPs(Q)D$), we first base change yf(%b (ZPp, ZPs(Q)Db) to
O"" such that O = Ogr ®o, O () where E” is finite extension of E’ that is unrami-
fied over p, and that the generic fiber of the base change yfffﬁb (Z Py, ZPs(Q) DY) our is
Sh]}gb (Z Py, ZPy(Q) DY )gr. Thus, the integral model Yf((s;b (ZPsp, ZPp(Q)D3) is obtained
from desending the model Yf{gb (ZPp, ZPy(Q)DY)our with the descend datum given by
the Shimura datum (G, X,). There is also a sequence of morphisms as (6.8) replacing “b”
with “a” having the same property.

(3) Let K, be a quasi-parahoric subgroup associated with K{O’Stb. Denote I~(<’D7p = ZPs(Af) N
gcpK]’Jg(I:l. We construct {-%% (ZPs, Z Py (Q)D4)} kv as the normalization from the tower
{Yf{%tb(ZPq), ZPy(Q)D4)} k0. More explicitly, we also construct iy (ZPo, ZPy(Q)DY)
as Hﬁ’elq),x/ yK%//A%,,K,(ZP@). Each YK%/ is constructed as follows: For Any ®g €
CLR(G,X), the integral model chsch, at stabilizer quasi-parahoric level is constructed

as before. Then YK%/, the integral model assciated with the same cusp label represen-
tative but at the quasi-parahoric level, is defined by taking relative normalization from

y@; (Z Py, ZPy(Q)DY). There is a finite map

qu)ﬁ/ /A(PB/,K’(ZPQ)) — yK;t;’/ /A@'B/,K/’Stb(ZPq>)'

There is also a sequence as (6.8) for S (ZPsg, ZPs(Q)DY).
We can also construct % (ZPs, ZPy(Q)Dg) with the same method as above. See
[Wu25, Prop. 4.30 and Const. 4.33].
(4) We construct {ngin} k2> {7Ka, txp and {chsDtb} kp- In fact, they are constructed by tak-
2 2
ing the relative normalization of {yf(;tb(ZP(p, ZPs(Q)D$)} kv in {Sth;n}Kg, {Shry, trr
and {Sh Ky }ip, Tespectively.
([l
6.2.2. Choosing accessible Hodge-type liftings.

Definition 6.17. Fiz a prime number p. Let (G, X) and (Gy,X1) be Shimura data with a central
isogeny T : G — G‘fer such that m induces an isomorphism between the two adjoint Shimura data.
Let Gy, be a parahoric group scheme corresponding to x in the building B(G1,Qp), and G be the
corresponding parahoric group scheme of Gq, .

We say that Kg := G2(Z,) is accessible to K, := G5 (Zy) if the map 7 : GI(Q,) — G (Q,)
restricts to a map
(6.9) K3 N G(Q,) — K7, NG (Qy).
We say that (G, X) is accessible to (G1,X1) (at p with respect to 7) if, for any point x in the
reduced building of G1q,, K} is always accessible to K7 ,.

Convention 6.18. Let H and G be two connected reductive groups over Q or Qp with a map

f:H — G. Denote ker(f : Fl(HQp)[ — Wl(G@p)]) by m(H, G).
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Given f: H — G and g : G — G’, we have, by definition, an inclusion 7(H,G) C n(H,G").
It follows from the definition of (quasi-)parahoric subgroups that

Lemma 6.19. To show that (G, X) is accessible to (G1, X1), it suffices to show that
(G, G) C 7(G,G).

Proposition 6.20. Fiz a prime p. Let (Ga, X2) be an abelian-type Shimura datum. We assume
that there is always a Hodge-type lifting (G, X) of (G2, X2) such that

(1) For any place v' of E' over a place va of By over p, v' splits completely over vy;

(2) (G, X) is accessible to (Ga, X3) at p.
Then, for any cusp label representative @3 € CLR(G2, X2) and any quasi-parahoric subgroup Kg., p
as in Construction 6.16(1), the maps Sr,, — ng;;; 5”?@2 — 5”?2; and Sk, , — yK;t;h are
finite étale.

Proof. With these two assumptions, the equality Wb(K;)Tra(KZp) N G2(Qp) = Kz holds. Indeed,
it suffices to show that ﬂb(K]‘;) N G2(Qp) C Kayp. Since 7°(G(Qy)) N G2(Q,) C GI(Q,), we show
that TI'b(K;) NGIT(Qp) C Koy NGS(Q,). Since the kernel of m° is in the center of G4, we know
that if 2 € G(Q,) maps to G"47(Q,) = G (Q,), then z € GI°(Q,). Thus, wb(K; NG (Q,)) =
7(Ky) N G"4°'(Qp). Finally, we know from the assumption that 7°(K; N G4 (Q,)) = 7°(K;) N
G,’der((@p) C KapN Gger(Qp)-

When this equality holds, for any quasi-parahoric Ks;, C G2(Qy), we can choose K, C G'(Qp)
such that K;,NG2(Q,) = K2,. Moreover, Wb’*l(KI’)) are quasi-parahoric subgroups. See [Wu25, Lem.
4.57]|.

N]OW, 5% K can be constructed by choosing the corresponding stabilizer quasi-parahoric subgroup

IN(%}; of ZPy(Qp), and ngqun can be constructed from Yf% such that f(q),p is an open compact

subgroup whose preimage in G(Qp) contains the corresponding parahoric subgroups of Pog (Qp).
Then, by the statement that the quotient of each Ag , i (Z Pg) is finite étale proved in [Wu25, Lem.
4.25], we are reduced to showing the corresponding statement for Hodge-type Shimura data. This
follows from Proposition 4.9(2), noting that the assumption there is trivial by [Wu25, Cor. 1.9]. O

The crucial part is to show that

Proposition 6.21. There always exists a Hodge-type lifting (G, X) such that the assumptions in
Proposition 6.20 are true.

Construction 6.22. For an abelian-type (G2, X3), we associate a Hodge-type (G, X) such that it
satisfies (1) of Proposition 6.20; this can be done by the construction as in [Del79, Prop. 2.3.10]
and |KPZ24] for any prime p. We now modify the Shimura datum to make it to satisfy (2) of
Proposition 6.20.

Let (T, h) C (G, X) be a special point with 7" a maximal torus. We first consider G% := G X gas G
where the map G — G = G//G9" is the natural one. Denote T% := T/(TNG9"). Define a refined
construction G™ 1= G x ga T.

Since (G, X) is of Hodge-type, we can decompose G to an almost-direct product G = G- Z¢.G,,,,
where Z¢ is an R-anisotropic torus. Then G = (G x Gder). 7¢. G, € G x G.

In the second expression of the above line, Z¢ - G,, maps to G x G diagonally into (Z¢ - G,,) X
(Z°-G,y,). Alternatively, G = (G x G4*) x Z¢-G,,,)/Z° - G N GIT, where the last intersection
maps to the first factor diagonally and to the second factor naturally.

Denote the corresponding Shimura data by (G%, X%®) and (G, X"7), respectively. There is a
natural map (G™f, X7F) — (G%®, X%®). Then both of them are of Hodge type because they are both
contained in the Hodge-type Shimura datum defined by G %, g,,» G-
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Proposition 6.23. Proposition 6.21 is true for any prime p. Given (Ga, X2) of abelian type, the
accessible Hodge-type lifting is (G™f, X"F), as given by Construction 6.22.
More precisely, W(Grf’der, Grf) s trivial. In particular, the intersection of any parahoric subgroup

K, of G"1(Qy) with G™4(Q,) is parahoric.

Proof. Tt suffices to show that m(G"/4¢" G"7) is trivial. We first consider 7(G%®d¢* G%). By Lemma
6.24 below, we have that
71_(Gdb,der7 Gdb) — diag{172}{7r(Gder, G)},

where the index {1,2} labels the two factors of Gdb-der = Gder x Gder,
Note that G"/der = Gder x {1} ¢ G, Then 7(G9 x {1}, G®) C n(G™der, G4) is trivial. So
m(Grider Grly c n(Grhder G s trivial. O

Lemma 6.24. Let G be any reductive group, 7 : G — G, G® = G xcas G. Then
m(GPIr, GP) = diag 0y 7(GY, G) C 7(GYT x GI, G X G).

Proof. Consider the commutative diagram of exact sequences:

Gder % Gder Gder % Gder
L
0 , G i, axe T ) g g
l l id,id~! ‘
0 s G A gabygab W) cab g

Take the long exact sequences of it,

Hy(I,m(G%) ) —2— H{(I,m1(G®);) x Hy(I,m(G®);)

|a@ |69

7I.1<Gder)l % Wl(Gder)[ = 7n(c;der)[ % 7.‘.1(Gder)1
Wl(Gdb)[ i a 7T1(G)]><7T1(G)]

From the diagram, we see that 7(G®d°r G%) = im A(§), and 7(G" x GI*,G x G) = imd x 6. Tt
follows from definition that im A(J) C imd x ¢ is exactly diagg o1 imd = diagg o 7(Ger.G). O

Proof of Proposition 6.21. Now let (G, X) be any Hodge lifting of (G2, X2). Since G¥® C G x;,G,..1
G, where 17 : G — Gy, is the similitude character (here 7 factors through G%), (G%, X%) is a
Hodge-type Shimura datum. Therefore, (G™f, X"7) is a Hodge-lifting of (G2, X2) and satisfies the
second condition of Proposition 6.20. |

Remark 6.25. We remark that, in our construction, G = G"f might not be R-smooth when p = 2,
and that Zg might not be connected. Some supplementary examples are provided in a note |[NW26].

6.2.3. Main theorem for boundary mized Shimura varieties of abelian type.

Theorem 6.26. Let (Go2, X3) be an abelian-type Shimura datum, and let Gy be any quasi-parahoric
model of Gaq,. Then the construction above gives a family of canonical integral models

{qu>2 (P, D¢’2)}K§)2

that is adapted with Py, — Go,p and Gy — GS. Here we can take {KL} to be the collection of all
neat open compact subgroups in GQ(A?).
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Proof. As the first step, we show that {Yf(stb = Sz (Z Py, ZPq;(@)D(%)}K/,p is a canonical inte-
3] i3]

gral model adapted with ZPpy — ZGo ), := ZPs/Wo and ZPp — ZPg in the sense of Definition

4.6 and Definition 4.5, respectively.

Note that there is a morphism w%gb : yf(%tb — Yf(gb,c(ZPg, (ZPs(Q)D5)°) by construction.

Indeed, in Construction 6.16, we replace G’ in (G’, X;) with G"¢. Since G' = G» x G5 (G/Cder)
and G = G¢, we see that 7¢ : (G, X) — (G"¢, Xf) also satisfies the setup in Construction 6.14.

The morphism 7%, is finite étale since we can write the map as
P

[ Zxe,/Bapursn(ZPs) = [I  Fko,/Bape i (Z2P5),

Belq)’K/,stb ﬁcelqﬂ:YK/,stb,C

and for each 8 mapping to 3, there is a commutative diagram

yK‘}B > qu)ﬁc

| !

chbﬁ /Aq,&K/,stb(ZPq;) —_— qu’BC /Aq)ﬁc’K/,stb,c(ZP(g),

such that all but the bottom arrow are already known to be finite étale.

We check that the models {Yf(sﬂ,} x+» are Pappas-Rapoport canonical integral models in the

P
sense of Axiom 4.2. For (2), it follows from the construction and [Wu25, Lem. 4.25|. For (1),
we choose any discrete valuation ring R with fraction field F. Choose any prime I # p. Choose
a F-point x of e Then it follows from Construction 6.16 (2) (and (3)) and the proof of
23

[Wu25, Prop. 4.30] that the action of yLnKl, Ag, 1w (ZPo) on I‘&HKZ VK% factors through a finite

group. Thus, by Lemma 6.13, there is a finite field extension F’ of F', such that x lifts to an F’-point
Z of some nyp :

Denote by R’ the normalization of R in F”; this is still a discrete valuation ring. Then we
can apply Lemma 6.13 in the Hodge-type case to get a unique extension of T to an R’-point ¥ of
i . This point maps to an R'-point y of s, The uniqueness of this lifting follows from

o

separatedness. Now (a stronger version of) (1) follows because R’ N F' = R.
We now check (3) and (4). Denote by (%, ¢g) the Pg,-shtuka on . given by Proposition
8

1
®g

6.11. We push out &g via Pe, — g%Zprgq_,; = ZPS; we denote by (23,15) the pushout. By

checking over the generic fiber, the Ag;-action lifts to an action on (Zs,1). By étale descent, there

is a ZPg-shtuka (2,¢) on /% This checks (3). For (4), it follows again from corresponding
2

(4) in the Hodge-type case and [Wu25, Lem. 4.25] and from the dévissage of integral local Shimura

varieties by [PR26, Prop. 5.3.1].
We can also verify Axiom 4.2 for {Zz, (ZPs, ZPs(Q) DY)}, {Lzstv.c (2P, (ZP3(Q)D4))} and
P, h P

{ S s (Z Pg, (ZPs(Q)D5))} in exactly the same way. We now have finished the first step.
o, h

For the second step, we show that above properties for integral models associated with (G', Xy, K fbtb)

can be transferred to the integral models associated with (G’,Xa,f(fbtb): All geometric proper-
ties required here can be checked over an étale cover. We base change to O"" and descend the

schemes to yf}stb(ZPq>7 ZP@(Q)D%) — y[}stb (ZP@, ZP@(Q)D%) and y}?“b (ZPq), ZP@(Q)D%) —
5 &, h o

y[};tb (ZPg,(ZPp(Q)D$)¢). The latter map is again finite étale by étale descent. Note that the

Weil descent datum of shtukas extends from the generic fiber by [PR24, Cor. 2.7.10].
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For the third step, we show that {yK;tb}, {YKgbh}, {F s}y, {F e} satisfy Axiom 4.2
2 25 Doy Po,h

and has the desired properties. We apply Lemma 4.8(1) to the embedding of mixed Shimura data

(Pyy, Da,) = (Pp, Do) = (ZPs, ZPs(Q)Dg), to verify axiom (3) (and also axiom (1), (2), as in the

proof of Proposition 4.9 (1)). Note that, since the whole tower {7z (Z Po, Z Ps(Q)Dg ) } i.» is con-
ol

structed, we can adjust prime-to-p levels so that the cited lemma can be applied. In fact, we adjust

K"P so that both yK;)th — Yf(%tb(ZPq), ZPp(Q)Dg) and YKCSI:;,C — yf(gb,c(ZPqﬁ, (ZP5(Q)Dg)°)

are open and closed embeddings. We see from this that yK;tb — Sesoe 1 finite étale for any
2 Po

K (S;;”p . In particular, axiom (4) follows easily, using the dévissage of integral local Shimura varieties
([PR26, Prop. 5.3.1]).

Now, we consider a general quasi-parahoric level K3, and finish by applying Proposition 4.9(2)
to Kop — KS:“}; . We just need to verify the condition highlighted there. We adopt the conventions
in Construction 6.16. In fact, YK3>2 — YK(S;;,C is finite étale by applying Proposition 4.9(2), whose

condition is trivial for this case. Now, it suffices to show that YK% — yK(sbtb, yf(p — yfstb and
2 2 ®

qu,Q,h — ,YK%;}L are finite étale. This is done by Proposition 6.21 and Proposition 6.20. U

7. WELL-POSITIONED SUBSCHEMES

Fix a Shimura datum (G, X) and a quasi-parahoric model G of Gg,. For each ® € CLR(G, X),
we denote Gg = gGq, g~1, where g = gop, € G(Qp). In this subsection, we generalize the results in
[Box15], [LS18a] and [Mao25b]. In order to present the nature of those well-positioned subschemes,
we work under Assumption 5.26.

Let us recall the definition of a well-positioned subscheme.

Definition /Proposition 7.1 ([LS18a, Def. 2.2.1 and Lem. 2.2.2]). Let T' be a locally noetherian
scheme over Op. A locally closed subset (resp. subscheme) Y of Sk = (Lk)r is called well
positioned, if, for each ® € CLR(G,X), there exists a locally closed subset (resp. subscheme)
YE®) C Z(®)r = Z([®))r such that for some (thus for all) cone decompositions ¥, and for each
o € X(®)T, there are some (thus for all) open affine coverings 23 of X2 satisfying the following
property: the pullback of Y(®) along

Wp = A \E(®)r = AG K \C(®)r — AG L\Z*(®)r — Z(D)r

coincides with the pullback of Y along W{} — Sk as a subset (resp. subscheme). If this is the
case, we say Y is well positioned with respect to Y := {Y1(®)}g, and Y? is associated with Y .

In practice, we usually take T' = s = Speckp or T = 5 = Speckg.

Remark 7.2. Compared with [LS18a, Def. 2.2.1 and Lem. 2.2.2|, we need to consider the AG k-
action. Note that Ag j is trivial in the Hodge-type case, and thus was not considered in [LS18a].
With this modification, if we replace everything

(7.1) Z*(®), C(®), E(®), Z(®)(0), Z(P)o, Ex, Xja)s Xipop Xs

by their quotients under the A j--action, then the statements and proofs in [LS18a| and [Mao25b]
work without change.

Remark 7.3. The quotient map Z*(®) — Z(P) is finite étale by [Wu2b, Cor. 4.27|. It follows
that AG  \Z*(®) — Z(P) is also finite étale. Under Assumption 5.26, Ag  \C(®) — Z(P) is
flat with geometrically reduced fibers, which verifies [Mao25b, Assumption 2.7|. In this situation,
well-positioned subschemes enjoy more satisfactory properties.
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Definition 7.4 (|[LS18a, Def. 2.3.1]). Let Y be a locally closed subscheme of L. Let'Y be the
closure of Y in Sk, Yo =Y\Y the complement of Y inY. Let ™" and YU pe the closure of
Y and Yy in y}(mjl respectively, Y™™ be the complement of Yomin n Y™™, Stmilarly we define ?E,
YOE, Y. We call Y™ (resp. Y*) the partial minimal compactification (resp. the partial toroidal
compactification with respect to ¥) of Y.

If Y € Yk is well positioned with respect to Y := {YV5(®)}s, then §I§T : LS”I?T — 5”}?1;
induces a morphism 555 :Y® — Y™ Moreover, ( fET)_l(Ymi“) = Y*, and the compactifications
Y® — Y™ of YV satisfy Axiom 5.1 except for the flatness and normality of Y, of Y™ and of
their boundary strata. See [LS18a, Thm. 2.3.2]. Note that, in Axiom 5.1, for any scheme (or formal
scheme) in (7.1), we replace (?) by Y(h?), which is defined as the pullback of Y*(®) along (?) — Z(®).
The identification Z(®) = Z([®]) induces a canonical morphism Y(®) — Yz(a)) = (Y™ NZ([D])),
which induces a bijection on the underlying sets.

7.1. Newton strata and central leaves. We define Newton strata and central leaves following
[PR24]. Let € .k (G, X)(k). Pulling back the universal G¢-shtuka (2, ¢») over Sk (G, X)%/,
we get a G-shtuka (P, ¢, ) == 2" (P, p») over Spec(k), which is associated with a G°-torsor on
Spec W (k) together with an isomorphism ¢4, : ¢*(22,)[1/p] = Z.[1/p]. A choice of trivialization
of &, defines an element b, € G°(Q)); a different choice of trivialization gives G¢(Zj)-o-conjugation
of by. Let C(G°) = G°(Qp)/G%(Zp)s and B(G®) = G°(Qp)/G(Qp)s; we have
(7.2) Tr(k): k(G X)(k) = C(G°), k(k): Sk (G, X)(k) — B(G°).

Since (£, ¢ ») is bounded by u€, the o-conjugation class of b, sits inside B(G¢, {u®~1}) C B(G°).

One can define YTg, dx globally, without referring to k-points. In fact, in subsection 1.3.3, we
recall a natural projection Shtgﬁw’(;:l — G°-Isoc,e,—1. By construction, T (k) and dx (k) in (7.2)
are the k-points of .7k (G, X )P — Shtg/c’uc’(;:l and .k (G, X2 — G°-Ts0Cye, -1, Tespectively.
Note that perfection does not change the underlying topological space, so we have a morphism

0K : yK(G,X)g — B(GC, {uc’il})
whose k-points are 0 (k). Given [b] € B(G, {u>'}) with b € G¢(Q,), let NV ¢ . % (G, X)s be
the preimage 65" ([b]); we call it the Newton stratum associated with [b]. [RR96, Thm. 3.6] says
that 7k (G, X)s — B(G® {u®~'}) is semi-lower continuous; therefore, Newton strata are locally
closed. We endow them with the unique reduced subscheme structures.

Now we define Y globally. Given [[b]] € C(G¢) with b € G°(Q,), let ClPl(k) ¢ 7k (G, X)(k)
(resp. NUI(E) € 7 (G, X)(k)) be the preimage Y g (k)L ([[b]]) (resp. dx (k)1 ([b])).

Lemma 7.5. CIM(k) ¢ Nl(k) is closed.
Proof. Consider the diagram

Freo (G, X)) Ly Fe (G, X)L (G, X0

(7.3) | . |

Shtgo.c ye 5=1 — Shtge ye 5-1.

where .7 (G, X)"%/ is the fiber product, and .- (G, X) is the relative normalization of .7 (G, X)
in Shgo(G, X). Since Shtgeo ye s—1 — Shtge 4c s—1 is a finite étale torsor under the abelian group
70(G)%, LK (G, X)°/ is represented by a normal flat scheme .k (G,X), and .k (G, X) —
Sk (G, X) is a finite étale torsor under 7o (G¢)?, thanks to [DvIHIZ26, Prop. 2.3.1]. We take the spe-
cial fiber of the diagram (7.3), and denote the Newton strata and central leaves in .k (G, X)'(k) by
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ClP (k) and NI (K), respectively, using Shtgi,o#c?g:r Since N (k) is locally closed in .7k (G, X ) (k)
by [RR96], we claim that CIPI (k) is closed in N'P)(k). If this is true, by using torsors, a central leaf
in .7k (G, X)(k) is the image of some Cl®(k) under f, and its preimage under f is a topologically
disjoint union of some €] (k); then the lemma follows from the fact that f is finite étale.

Let z € CP(k). In [ITK25, §2.14], given a perfect scheme S and a G°-shtuka (&, $5) on S, the
authors define

)y, = {s€815(2,65) = (Z0.05) 5}

and similarly define /\/(@ b5 USING isocrystals. [HK25, Prop. 2.15(3)] says that C[[bH ) C N[b]

(2 (2.¢2)

is closed. Now let S be the perfection of N then ./\/'(@ ) is the whole space N [b perf - Thys,
b .

cll(k) = c([yw)(k) c NPI(k) is closed. O

By some standard arguments on Jacobson schemes, (e.g., [Mao25a, §3.2|), there exists a unique
closed subscheme CPl ¢ N with induced reduced subscheme structure such that the set of k-
points of ClPW is C[ll(k). Finally, let

C(G° {n"™1}) = Shtge ye 51 (K),
then we obtain a globally defined Y, which is determined by its values on k-points Y g (k):
T : Sx(G,X)s = C(G° {1},

and we call the fibers central leaves. In the proof of Lemma 7.5, fix a k-point s € ClPll, we see that
cl) = {u € F1e(G, X)sl (Pos 6 7 = (P, 007} -

Remark 7.6. The above arguments and definitions also apply to (G;h, Qj%’h). The central leaves on

. w ; w
qu)’h (Go,hy Do p)s, defined using Shtgfp,h,ufp,hﬁ:l’ are finer than those defined using Sht%,hv%,hﬁ:l'
Nevertheless, the index set of Newton strata (and of KR strata, of EKOR strata, recalled in the next
subsection) depends only on the adjoint group, so there is no difference in whether one uses G§, ; or

*
g<I>,h'

Proposition 7.7. Newton strata are well positioned. Moreover, let N be a Newton stratum

on Sk (G, X)s with some [b] € B(G® {u>~1}). Then, for each ® € CLR(G,X), (N[b])uz*(cb) is

either empty or a Newton stratum Nanl on 75 (®); = y[(q)’h(ch,h,D@’h)g, for some [bgp] €
B(G% {,u* 1Y), The relation between [b] and [ba.p] is given in the proof.

Proof. We pass the commutative diagram (5.21) to isocrystals:

yK(G, X)}S_)erf — Wg(hperf — A%}K\y[(q) (Pq), Dq))gerf — A;K\YK@,h (Gq>7h, D(I)’h)};erf

| i | |

C_ pi *_ * _
G ISOCMC,—I X Py ISOCM;;—I Gq:,h Isocug’;l.

We further take the underlying topological spaces and get the commutative diagram

Tk (G, X)s < w? A3\ ks (Po, Da)s —— AF ( \TKa,(Gons Do p)s

| l |

. o Int(gz ") N .
B(G, {u""}) . B(Py, {ug™}) ————— B(Gy {1,

*,—1 )
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Let [b] € B(G {u®'}). If NV € % (G, X)s is non-empty over W, then [b] is in the image of
Int(g5") : B(Pg, {ng~'}) = BG®, {~"}) for some [ba] € B(Pg, {15~ }).

On the other hand, let [bg 5] € B( q)h,{u* ~11) be the image of [bp]. Since B(Pg,{ug_l}) 5
B(Gy M(I,’ h 1) is a bijection, the preimage of N ] over W9 is the finite union of preimages of those
Newton strata A'®.:l on qu, W(Gon, Do h)g, where [bg 5] are the preimages of [b] € B(G€, {u®~1})
under B(Gy . (g, 1) = B(Pg. g '}) — B(GS {u}).

We further clalm that B(Pj, {ug 1) = B(Ge, {ue1}) is injective; then there is a unique [ba 1]
associated with [b]. By [HNY24, Lem. 2.1], we have injectivity:

B(Ly, {ng ~'}) = B(Qs, {ng 1) = B(GS, {Mgfl}) — B(G®, {u=~1Y).
Also, note that B(Pj, {ug o B(Qs. {qu),—l}) is bijective:

(th{u*_l ):B( E,hv{ﬂ* W ): ( @h?{ﬂad_l )7

B(Qi. {ny ") = B(Ly. {ug'h) = B, {ug D),
and

(Lad7{,uad_1 )= B(G cbhv{,uad_l )XB<G‘I>Z7{1d}): B(G @hy{ﬂad_l ).

Finally, to show that Newton strata are well positioned, we pass to Z(®) = Ag x\Z*(P). It
suffices to show that Ag g stabilizes each Newton stratum; then there is a unique subscheme
(NP8 © Z(®)s whose preimage in Z*(®)s is (/\/'[b])hz*(‘b) = Nlarl Such (NP ¢ Z(®)s is
automatically locally closed if it exists; see [LS18a, Lem. 2.3.10]. Consider the Ag g-action on
Newton strata; now we apply Proposition 5.33. O

Remark 7.8. As explained in [Mao25b, Lem. 2.16, 2.20, Prop. 2.30]|, the connected components
and closures of Newton strata, as well as N=I for any [b] € B(G, {u®~1}), are all well-positioned.
The same applies to central leaves, KR strata, and EKOR strata proved in later sections, and we do
not repeat the arguments there.

The following proof was explained to us by Sian Nie.

Lemma 7.9. Let G be any reductive group over Q,, M be any proper Levi subgroup of G, i be a
cocharacter of M that is non-central in G. The image of B(M,{u}) — B(G,{u}) does not contain
the basic element of B(G,{u}).

Proof. Given [b1] < [ba] in B(M,{u}), then [b1] < [b2] in B(G,{n}). Since basic elements are
minimal, it suffices to show that given the basic element [b] € B(M,{u}), its image in B(G, {u})
can not be basic.

We fix a pinning and assume p is dominant in G. Let u® be the o-average of p, recall that

B(M,{u}) = {[b] € B(M)| s([b]) < s(p),vs < p}

Let [b] € B(M,{u}) be basic, then v, = u® — h is central in M, where h is a non-negative linear
combination of positive coroots of M. Recall that [b] is basic in B(G,{p}) if and only if v} is
central in G if and only if («, ) = 0 for all simple roots in G. For those simple roots o not in M,
(o, u®) > 0 since p® is dominant in G, and (a, h) < 0 by the Cartan matrix, then

(o, vp) = <a,,u°> —{a,h) >0

it takes equality if and only if (a, u®) = (o, h) = 0. This implies that h = 0. Since v}, = p° is central
in M, then p° is central in G, we get a contradiction. |

Corollary 7.10. Basic Newton stratum has no boundary.
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Proof. As in the proof of Proposition 7.7, it suffices to show that the basic element [by] € B(G¢, {u®~1})
does not come from any Levi subgroup; this is proved in Lemma 7.9. Note that the Hodge cochar-
acter u is central in GG if and only if G = T is a torus, and the Shimura variety associated with
(T,{h}) has no boundary. O

Definition 7.11. Let Y be a scheme and {Y;}icr be subschemes of Y. We say that Y is a topo-
logically disjoint union of {Yi}icr if Y = | ;c;Yi and all Y; CY are open and closed.

Proposition 7.12. Central leaves are well positioned. Moreover, let CIP be a central leaf on
Sk (G, X)s with some [[b]] € C(G°, {u>~'}). Then, for each ® € CLR(G, X), (C[[b”)uz*(cb) is either
empty or a topologically disjoint union of central leaves ClP®.1ll on 75 (®)s = y[(é’h(G@’h,D@’h)g,
for some collection of [[ba ]| € C(gg,h,{ﬂgf ). The relation between [[b]] and the collection of
[[bonl] is given in the proof.

Proof. Let [[b]] € C(G¢, {u>~1}). If Clb] ¢ 7% (G, X)s is non-empty over W2, then [[b]] is in the
image of some [[bg]] under Int(gy") : C(P&i,{ug_l}) — O(G, {u>"1}); here C(P},,{ug_l ) =
Sht}%,“g(k). We let [[bg 1]] € C(G5 s {,ufb”;l ) be the image of [[bg]].
We claim that there is at most one [[bg]] € C'(P;, {,u;’_l}) in the image of S, (k) — C (P, {ug_l )
*,—1

that has fixed image [[bg n]] € C(G . {1 }). If this is the case, the preimage of CIY! over W2

is the finite union of preimages of those central leaves Cllb+nll on SKpps Where [[bg p]] are the
preimages of [[b]] € C(G¢, {u>~1}) under

* *,— * *.— Int(gil) c c—
C(Gop (g ') + CPe g™ ) 8 068 (1),

Let us show the claim. We first work with abelian scheme torsor part. Let z € ClPerll(k) c
FKon(k), y1,y2 € S5, (k) be in the preimage of z. Since S — Sk, , is a torsor under the
abelian scheme A (®) — Sk, ,, there exists v € A (®)(k) with image = such that yy1 = ya.
We could lift y1, yo, x, v to some Op-points 41, 92, T, 7 respectively, where F' is a finite extension
of Qp, such that 471 = ¥ with image Z. By Lemma 3.34 and [PR24, Corollary 2.7.10|, there
exists an isomorphiim of ffb—shtukjs (Zo,05,) ani Y (Po,¢5,) over S, -, thus there exists
an isomorphism of Pg-shtukas yi(Zg, ¢5,) and y3(P, ¢, ). Next, we show that given different
z,2’ e CPerll(k), one can take some points in the fiber y,y € Yfé(k) respectively such that
y*(ﬁq),gb@@) is isomorphic to y’*(?q),qb?@). Etale locally T — FKy > there is a section T —
SReT = Ak (®)r, we can take it to be the zero section of the abelian scheme, such that its generic
fiber T, — Ak (®)7, coincides with the base change of the zero section Shk, , — Shxg  urg.,-
This can be done using the group structure of Ax(®)p. By Lemma 3.19 and [PR24, Cor. 2.7.10],
we have a unique extension of morphism of shtukas:

o o/
N ym,T

J |

Shtgah#;’h R — Shtf;,ﬂ(’;,'
In particular, for any = € Cllb*rll(k), we can find a preimage y € qu)(k) such that the f}—shtuka
v (Po, ¢z, ) is isomorphic to the pushforward of the Gg ,-shtuka (P, ¢@q>,h)' This finishes
the claim for the abelian scheme torsor part. Similar arguments can be made for the torus torsor
part S, — VKP, with Lemma 3.34 replaced by Lemma 3.29.
To show central leaves are well positioned, we need to pass to Z(®) = Ag x\Z*(P) and show
that Ag g stabilizes each central leaf. See the last paragraph of the proof of Proposition 7.7.
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Finally, to show topological disjointness, note that central leaves are closed in Newton strata;
this follows from Proposition 7.7 and the fact that if Y7 C Y5 is a closed embedding of well-
positioned subschemes, then Ylh,z*(qn C Y2h,Z*(<1>) are closed embeddings for all ® € CLR(G, X). See
[Mao25b, Lem. 2.17, 2.18, 2.19]. O

7.1.1. Toroidal compactifications. Recall that we have globally defined shtukas on the special fiber
of the integral model of the toroidal compactification by Proposition 5.29 and Corollary 5.30:

(7.4) SR(G, X 5 Shtfl e sy — G°-Tsoc,e1,
which induces

TE(R) - SE(G, X) (k) = O(G {(1o1Y), 6%+ FE(G, X) = B(GE, {5 1)),
Proposition 7.13. Let [b] € B(G¢,{u>~'}), and let NP ¢ .Fx (G, X)s be the Newton stratum.
Then its partial toroidal compactification (NP> (see [LS18a, Definition 2.3.1] ) is the fiber (512{’_1([1)]).

Proof. By restricting the diagram (5.18) to the special fiber, we have a commutative diagram:

(7.5)

TG, XM e—— WP —— A\ Tk, (Po, Do) (0)2" —— A\ Tk (Gon, Dop)2™

| 1 L

Int(g_l)

W P w \ w

Shtge e 51 Shtps s 51 g Shtg;;’h,u;h,aﬂ

G¢ Is%c X Int(g,") P Isic s Gx Iic
pe—1 4 e i rUon ui};,;l'

By Proposition 7.7, N is well positioned, and its preimage in W2 is the preimage of some
N W)hz*(q)) C Z*(®)s = Sky,s- The preimage of its partial toroidal compactification (N11)®
in W;s should also be the preimage of the same (N)%, - thus (M) is contained in the fiber

Z*(CI))’
(6%)71([p]). On the other hand, Newton strata form a (weak) stratification Sk 5 = U NV ®l: thus
IE(G,X)s = |_|[b](/\/[b})2 (see [Mao25b, Lem. 2.20]). This forces (N = (6%)~1([0]). O

Proposition 7.14. Let [[b]] € C(G%, {u>'}), and let C1YN C F (G, X)s be the central leaf. Then
its partial toroidal compactification (CIPI)* has the set of k-points Y3 (k)= ([[b]]). In particular, we

can upgrade T3 (k) to T3 : SZ(G, X)s — C(G¢, {u>1Y}), and (CI> = T%fl([[bﬂ),
Proof. We cannot directly apply the proof of Proposition 7.13, since
(7.6)  OPh Ay ™) o= Ss o s (B) = C(Gh (1) = SMlE e 5y (B)

is not injective.
Taking the set of k-points of the diagram (7.5), we have

TG, X) (k) —— W(k) — A\ ko (Po, Do) (0) (k) —— A§ \ Tk, (Gon, Dop) (k)

! | |

o Int(gg ") o ow— . .
C(Ge, {ue1Y) « * C(Py (™)) » C(Gh o L )

By Proposition 7.12, ClIl(k) is well positioned, and its preimage in W (k) is the preimage of a
union of central leaves (C[[b”)hz*(q))(k) C Z*(®)(k) = Lk, (k). The preimage of (> (k) in W (k)

should also be the preimage of (C[[b”)hz*@)(k). Let Cllbenrll ¢ (C[[b”)hz*@)) be a central leaf. The
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arguments in the proof of Proposition 7.12 show that the preimage of Cllberll(k) in ., (k) is a
central leaf ClP#]l(k) with a unique [[bs]] € C(P§, {ug ' }).

Let us denote by Cllb*ll(g) (k) (resp. N')(5)(k)) the preimage of Clbe.rll(k) (resp. NPe.rl(o)(k))
in Sk, (0)(k). By Lemma 7.15, Cllbell(k) ¢ Nel(k) and Cllberll(k) ¢ NPerl(k) are closed. Then
cllell(5) (k) is closed in N')(5)(k) and has to be the closure of ClP2ll(k) in N#l(o) (k). Applying
Lemma 7.15 again, the central leaf in . (0)(k) associated with [[bg]] is closed in the Newton
stratum and contains Cll’ll(k); therefore, it must contain Cll»l}(¢) (k). In particular, the preimages
of Clberll(k) in W(k) and in WO(k) have the same image [[bs]] € C(P§,{ug '}). Therefore,
(Clt)=(k) is contained in (T% (k)= ([[]). Then we apply the last paragraph of the proof of
Proposition 7.13. g

Lemma 7.15. Let S be a perfect scheme and let P be a quasi-parahoric group scheme. Given
p:S— Sht}/;v — Isocp, we define (the set of k-points of ) central leaves to be the fibers of S(k) —
Sht)¥ (k), and define Newton strata to be the fibers of S — B(P). Then Newton strata are locally
closed in S, and central leaves are closed in the (set of k-points of ) Newton strata.

Proof. When P is parahoric, this follows from [HK25, Prop. 2.15]. Note that in [HK25, §2], it is
not necessary to assume that the generic fiber of P is reductive; the setup applies to any flat affine
group scheme of finite type over the base with connected fibers. The references [ARH19], [ARH21],
and [[KY24, Thm. A.14] also work in this general setting.

When P is quasi-parahoric, we instead apply the arguments in the proof of Lemma 7.5, using
[DvHKZ26, Prop. 2.3.1] with mo(P¢)? in place of mo(G¢)?. O

7.2. KR strata and EKOR strata.

7.2.1. Algebraicity. Let us recall the setting in [Gle25, §3]|. Given a morphism f: S — T of affine
perfect schemes, f is a universally subtrusive cover if and only if the induced morphism f¢: §¢ — T°
is a v-cover.

Lemma 7.16. Let S be a perfect scheme, and let H be the perfection of an affine group scheme of
finite type. Then HL (S, H) = HL(S°, H®), where H], is defined under the universally subtrusive
topology.

Proof. Since ¢ is fully faithful on the category of perfect schemes and preserves surjections, and
by definition preserves fiber products, we have a morphism H} (S, H) — H}(S°, H°). On the
other hand, given an affinoid perfectoid space U = Spa(A, AT) — S° that trivializes the given
He-torsor F on S°, U, is represented by Spec Areq (Areq = (A/A - AP see [(1e25, Prop.
3.18]), and Spec A;eq — S = Spec R is surjective (indeed, we have the surjective specialization map
spy : Spa(A4, AT) — Spec A:“e 4)- We claim that Fieq is represented by a perfect scheme. Following
this, since the reduction functor preserves finite limits and ¢ is fully faithful, taking reduction gives
a section H!(S®, H®) — H., (S,H). Moreover, by adjointness, (Fyeq)® — F is a morphism of
H®-torsors, which is automatically an isomorphism; then H}(S°, H°) = H} (S, H).

Let Hg be a linear algebraic group such that H = ngrf. We claim that a Hp-torsor on S
is the same as a H-torsor on S: recall that a H-torsor over S can be viewed as a trivialization
U — S with a section H (U x g U) that satisfies cocycle conditions. Since for any perfect scheme T,
H(T) = Ho(T), we have H., (S, Hy) = H.,(S, H).

Now we work in the topos SchPerf. Assume Hy = GL,. A GL,-torsor P on S can be viewed
as a vector bundle on S via P x%n 02 By [BS17, Thm. 4.1], vector bundles over S form a
v-stack, thus P xGkn 0% is representable by the full-faithfulness of ¢. By taking the framing,
P = Isomg(Og,P x GLn O%) is representable. In general, take a closed embedding Hy — GL,
such that the quotient is quasi-affine (see [PR0S, Prop. 1.3]), then GLPe™ /ngrf is a perfect quasi-
affine scheme. Let G = GLgerf, H = ngrf. Consider the push-out torsor Q@ = P x G, Q is
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representable, in particular, @ — S is fpqc. Consider the quotient sheaf (under fpqc topology)
Q/H = Q x G G/H =P xH G/H, it is trivialized over the fpqc cover @ — S, thus Q/H itself is
a perfect quasi-affine scheme by the fpqc descent. Since the v-topology on the category of perfect
qcqs schemes is subcanonical (see [BS17, Remark 4.2]), then Q/H = P x G/H (viewed as a
representable v-sheaf) has a section over S, thus P is representable. O

7.2.2. Kottwitz-Rapoport strata. Recall that in [PR24, §4.9], given a quasi-parahoric group scheme
G, the authors constructed a v-sheaf theoretical local model diagram:

(7.7) Shtg,, — [G9\M§,,],

where G(S) (S = Spa(R, R*) € Perf) consists of pairs (S, g), S* = Spa(R*, R*") is an untilt of S
and g € G(R"). Such constructions are functorial.
On the other hand, we have a local model diagram

(7.8) Shtg‘fu — [go\ng;]

constructed as follows: let Spec R € PCAlgP, Shtgff(R) classifies tuples ((Z2,¢%),«), where
(Z2,02) € Shtgf#(R) and a : Py = ¢*(P) is a trivialization of the G-torsor ¢*(Z?) over W(R).
Then Shtgf(R) — MéOfL(R) that maps ((£,¢2),a) to (2, ¢z oa) is LT G-equivariant. Note that
the LT G-action on Mé"; factors through Gy, and the trivialization « is uniquely determined by its
reduction over R by the smoothness of G, then we get (7.8).

Remark 7.17. Let us also compare (7.8) with the one constructed in [XZ17, §7.2.3| (cf. |SYZ21,
§4.2.2]). The local Hecke stack Hkg‘fﬂ(R) (resp. MéOZ(R) C Grg (R)) classifies the modifications
v ﬁ ——-)2 (resp. Py --+» P) of G-torsors over W(R) of type p. By choosing a trivialization
a: Py = P, we have Hkgfu = [L*g\Mg’Z] Also recall the truncated Hk?j}fl) = [go\Mé‘)Z] We
have a morphism Shtgfu — Hkgfu that maps (P, ¢») to (? = ¢* P, ﬁ =P,y =¢zp). Compose

with Hkgfu — Hkgﬁfl), we get (7.8).

Lemma 7.18. Let Gy be the special fiber of G. We have a projection [QO\Mgvu]red — [QO\MéC:fL] In
particular, from (7.7), we further have Shtgu — [QO\M&Z] which coincides with (7.8).

Proof. Take the reduction of (7.7). Let S € PCAIg®P be an affine perfect scheme,
[GOAME,Jrea (S) = Hom(S°, [GV\Mg )
gives S° L s Mig)’”, where p is a GO-torsor, and ¢ is G-equivariant. Take reduction again,

we have (5°)req ¥ Sed 5 M ka, where p is a (G )reqa-torsor, and ¢ is (G§)req-equivariant: given a
perfect algebra R, by [Gle25, Theorem 2],

(G9)rea(Spec R) = G%(Spd R) = G(R) = Go(R) = (G)rea(Spec R).

Since § = (S’Q)red,N(gS)red ~is represented by ggerf, Lemma 7.16 shows that Syeq is represented by
a perfect scheme Sy and Sy — S is a ggerf—torsor. On the other hand, since ¢ is fully faithful

and Méoz is represented by a perfect scheme (which we still denote by Méoi), Sred — Mé‘)i is

represented by a Qgerf—equivariant morphism Sy — Méoc

" between perfect schemes, thus we have a
point in [Gh*\ME<](S). This gives a morphism [GO\ME Jrea — [G5"\MES] = [Go\ME<]. By

constructions, these two Shtgfu — [go\MéOZ] coincide. O
We apply this to .7k (G, X)O/ — Shtge e, and use Lemma 7.16 again. We then have a morphism:
(7.9) Fic(G, X )P = [G5\MES,c].

c 1 C
sH
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When G€ is parahoric, it is homeomorphic to
Admee ({n° 1)) o 1= KO\K® Admee ({n 1)K /K
= Wgke\Wgke Admge ({,u,c’*l WWie /Wge C Wge\W¢/Wke,

where we use the induced Bruhat order (from the affine-Weyl group We of G°) on WKC\WC /Wie,
thus the morphism (7.9) induces a continuous morphism of underlying topological spaces
lK : yK(G, X)g — Adec<{,u,c’71})Rc.
When G¢ is quasi-parahoric, since Mge.o ,c = Mge e, we identify
MES o (k) = K°° Admge ({1} K¢/ K.
It is equal to K¢ Admge({p® 1})K¢/K* since the conjugation of K¢/K%° < 71(G€); acts trivially
on Admge({p~1}).. Thus
Jo,perf ,— _ ,— —
1G5 P NMEGSe o]l = Admge ({17} e = Admge({p771) oo = [[G5\MES, ]

We define the fibers of [ as Kottwitz- Rapoport strata. In particular, KR strata are locally closed.
By applying the exact same arguments, given a quasi-parahoric group scheme P such that (P, u)
comes from boundary (see Definition 1.21), and by Corollary 1.32, the L™ P-action on Mp u factors

through P9, we have morphisms
Shtp, — [PA\M3 ], Shty, — [Po\MpS].
Proposition 7.19. KR strata are well positioned. Moreover, let KR, be a KR stratum on Sk s
with some w € Admge({p>"'}) .. Then, for each ® € CLR(G, X), (KRw)hZ*(q)) is either empty
or a finite union of KR strata KRuwg,, on 72X (P); = qu)’h’g, for some collection of we €
Admgs h({,u;’;l )i g The relation between w and the collection of we p, is given in the proof.
, ’ o,

Proof. KR strata are locally closed and are unions of central leaves. Since central leaves are well
positioned by Proposition 7.12, KR strata are well positioned; see [Mao25b, Lem. 2.20|. We describe
their boundaries. Using the main diagram (5.20), we have

5”[((671,)()<> — WO — A;K\f;{@(Pq),Dq))Q — A;K\qu}’h(G@’h,D@’h)o

| l |

Int(gg")
[gc’O\Mvc#c,q] : P [P;’O\Mv* *’71] - [g;;% MY

* *7*1]‘
oM ’ gfb,h’“q»,h

Applying the above arguments, we have

T (G, X)s < wy » Ay \ Tk (Po, Da)s — AG x\TKyp(Gon: Don)s
J/c— Int(gz") l* —1 =(1.5) J'* -1
Admge ({1} ke . Admp; ({pg™ gy — Admey,, ({ug), D -
The arguments in the proof of Proposition 7.7 can be adapted here without much change. O

Remark 7.20. We expect that the boundary of a KR stratum should be a single KR stratum, as
proved in |L.S18a| for PEL types and in [Mao25b| for Hodge types. In other words, we expect that

Admey,, ({0573 D s = Admrg (57 s Admae (a1 o

1S an injection.
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Next, we work with partial toroidal compactifications of KR strata. Equations (7.4) and (7.9)
give

(7.10) SR(G, XM 5 [GOAMEE ), T+ SR(G, X)s — Admge ({1 '}) e

Proposition 7.21. Let w € Admge({p®1}) o, and let KRy, C Sk (G, X)s be the KR stratum.

, , . , . , B,-1
Then its partial toroidal compactification KRZ, is the fiber 13> (w).

Proof. Similar to the proof of Proposition 7.13. U

7.2.3. Relation with schematic local model diagram. In [AGLR22| and [GL.24], it was proved that
Mg, is represented by a normal scheme Mg , that is flat and of finite type over Og. In [PR24,
§4. 9 1] it is conjectured that there exists a schematic local model diagram; that is to say, there
exists a smooth morphism

TdR,Ge * yK(GMX) — [gC\Mgc,/Lc]u

such that we have a (2-)commutative diagram

yK(G, X)O/ _— Shtgc7uc

(7.11) lﬂ(%,gc i

[gc7<>/\Mvc’Mc] — [gc7<>\Mvc”uc] .

Here Mg{ pe = ME. pe = Mg.. e by properness. In most cases of Hodge type, the Kisin-Pappas-
Zhou integral models have schematic local model diagrams; see [KPZ24, Thm. 7.1.3] and [DvHEKZ26,
Appendix A]. In these cases, by the (perfect) smoothness of the morphism, we have a closure relation

(7.12) KR, = | | KRy,

w' <w,aw’€Admge ({u®~1}) i
Here the KR strata are defined using the fibers of mqr ge, and this coincides with the fibers of [
(7.9), by the commutativity of the above diagram (7.11).

We focus on the abelian-type case. Assume G is parahoric. In [KPZ24, Thm. 7.2.20 and Rmk.
7.2.22| (with supplements in [DvHKZ206]), the authors showed that, given an abelian-type Shimura
datum (G, X), when p > 2 (we use (G, X) instead of (G2, X2) to keep consistency of the notation
in this subsection), there exists an integral model .7k (G, X) of Shx (G, X) that has a list of good
properties (see [KPZ24, Thm. 7.2.20]). Among these properties, we have a smooth morphism

(7.13) 7TdR7gad : yK(G, X) — [gad’o\Mgad,o”uad].

Since Admge ({p®™1}) e 2 Admgaa ({2471} joaao (see [SYZ21, Lem. 5.1.4]), we have a stratifica-
tion (7.12), here the KR strata are defined using the fibers of m4g gaa.

Proposition 7.22. When G is parahoric and p > 2, we have a (2-)commutative diagram
Ik (G, X)) Shtge e
| |
dr,gad,o
[gae <>/\Mgddo e (i <>\Mgddo al-

Proof. When (G, X) is Hodge-type, this is essentially [DvHKZ26, Thm. A.3.3, Prop. 4.3.3]. We
generalize this result to the abelian-type case. We argue as follows: we first show the proposition
when G = G®4, and then show it for a general abelian-type Shimura datum.
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When G = G?, by the construction in [[KPZ24], there is a Hodge-type Shimura datum (G’, X')
and a parahoric group scheme G’ lifting (G®4, X4 Gad:°) that satisfy Conditions (A)—(E) in §7.1 of

loc. cit.. Consider the diagram:

yK/(G/,X/)O/ Shtg/“u/
Shtgad,o 7Mad

T

[V /
7 o (@X) P (GR, x2d) Y

% (Gad7Xad) J{ /

dR,gad»O

[gad’o7<>/\M1g)ad,0,uad] [gadp’o\Mgad’oyﬂad] ’

The left triangle is commutative by the construction of the G24° local model diagram from the
Hodge-type case in [KPZ24]. The right triangle is canonically commutative. Since we can cover
Feaa (G2, X2) by a disjoint union of .. (G, X') satisfying (A)-(E) (where K is K;*K"®P for
Ky* the conjugation of K, = G'(Zy) by an element o € G'(Q,) and K"*? neat open compact), it
suffices to show the commutativity of the bottom square by composition with YI?,/ — yﬁéd. Note
that %5 (G, X")/ — Shtgr ;v — Shtgad.e yaa = Lx (G, X)) = Fpaa (G2, X24)0/ — Shtgado jaa
by functoriality of Kisin-Pappas-Zhou integral models (see [DY25, Thm. B and Cor. C]). Then
the desired commutativity for adjoint Shimura data follows from the Hodge-type case and diagram-
chasing.
For a general (G, X), the assertion follows from the last paragraph and the commutativity of

yK(G,X)O/ > Shtgc#Lc

lﬂad,O/ l

yKad (Gade&d)O/ _— Shtgad,o”uad

by [DY25, Thm. B and Cor. C] again. Note that, since the local model diagram of an abelian-
type integral model .7k (G, X) in [KPZ24] is constructed by first pushing out the G"°-local model
diagram of .7k (G’, X') to a G*d°-local model diagram and then passing to . (G, X) as in [KP18,
Cor. 4.6.18], we still have Wgé Gadso (G2, x2d) o g2d 0/ = ngém gad.o (G, X). The proposition is now

proved. ]

Corollary 7.23. Such constructed KR strata (using mqg gaa) coincide with the ones defined in the
last subsection (using lx ).

Corollary 7.24. Under the setting of Proposition 7.22, we have a closure relation:

KR = | | KRZ,.

w' <w,w' €Admge ({ps71})

Proof. This follows from (7.12) and the compatibility in Corollary 7.23 (see [Mao25b, Prop. 7.1]).
]

Remark 7.25. In [DY25, Thm. A|, the authors constructed a shtuka map on Kisin-Pappas-Zhou
integral models when p > 2 with parahoric level structures; the construction of the integral model
and the shtuka map Sk (G, X) — Shtge ,e in this paper coincides with loc. cit. by the uniqueness
of canonical integral models (see Theorem 6.26 and |[DY25, Thm. B|) and by the unique extension
of shtukas from generic fibers to integral models ([PR24, Cor. 2.7.10]). Proposition 7.22 relies on
the work [KPZ24] on the existence of local model diagrams when p > 2. When p = 2, see [Yan25|
for recent progress.
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7.2.4. Ekedahl-Kottwitz-Oort-Rapoport strata. It is difficult to study EKOR strata only using shtukas;
nevertheless, let us mention some easily deduced properties. By the constructions in [SYZ21, §4.1],
for parahoric G, from .k (G, X)f;erf — Shtg/c’#c, one can define

(G, X ) — (St )Y vy L S (G X5 — K Admee ({o1)),
where (Sht‘évc#c)loc(m’l) is the stack of (m,1)-truncated shtukas. It is an algebraic stack, with

underlying topological space homeomorphic to KcAdec({ucﬁl}). We define the preimages of vk
as FKOR strata. EKOR strata are locally closed.
Similarly, we can consider the partial toroidal compactifications of EKOR strata. (7.4) gives

er oc(m va c,—
SE(G, X s (Shelll )t D R R (G, X)s = " Admge ({uS7)).

In the abelian-type case, when G is quasi-parahoric, we further define the EKOR strata on .k 5
(resp. 77 ;) as the images of EKOR strata on .%o 5 (resp. .##%, ;) under the finite étale surjection
Fros = Sk (resp. Yzos — Y%’g; the étaleness can be easily seen using the étaleness of

Sy — Sk, for any @ € CLR(G, X)).

Proposition 7.26. EKOR strata are well positioned. Let w € KcAdec({,uQ_I}), EKOR,, C
Sk (G,X)s be the EKOR strata; then its partial toroidal compactification EKORE is the fiber
¥,—1

v (w).

Proof. EKOR strata are locally closed and are unions of central leaves. Since central leaves are well
positioned by Proposition 7.12, EKOR strata are well positioned (see [Mao25b, Lem. 2.20]). Write
EKOR,, = Uielc[[biﬂ as a union of central leaves; then EKORZ = |_|ZEI(C[[I”H)Z by [Mao25b, Lem.

2.20]. By Proposition 7.14, (ClP1)* ¢ E’_1( ); then EKORZ C I/IE{_I(w). Since fK(G X) =
Ll,, EKOR,, .7%(G, X)s = | |,, EKORY, by [Mao25b, Lem. 2.20]. This forces EKORZ = v2 ™' (w )

Remark 7.27. Finally, let us briefly discuss the Ekedahl-QOort strata. Assume that G is hyperspecial.
Then, for any [®] € Cuspy (G, X), Go,p, is hyperspecial. In [X717, §5.3|, there is a natural perfectly
smooth morphism

(ShtW )loc(m ,1) G- lepe_r{,

where G-ZipP®"! is the perfection of G-Zip. By composing with (FK.5)P — Shtgi’uc and (yﬁg)p”f —
Shtg/ev,uc, we obtain

K (T = Gzl e (SRIPT - 6ozl

We can define the EO strata as the fibers of ex, endowed with induced reduced subscheme structures,
and similarly show that the FEO strata are well positioned.
Thus, we obtain a similar diagram for ex and e?{ as those in Proposition 7.19, so that we deduce
that, when Y is smooth, ey is perfectly smooth if and only if €3 is so (cf. [Wu25, Cor. 4.51]).
Moreover, the partial toroidal compactification of the EO strata coincides with the EO strata
defined using eK Also, when G is hyperspecial, EKOR strata are the same as EO strata; thus, we
omit the proof for EO strata here.

Remark 7.28. For the KR strata, we expect the existence of schematic local model diagram. For
EO strata, one expects that these morphisms arise from a prismatic or syntomic approach, where the
coherent and infinitesimal structures can be directly seen; that is, the morphisms ex and e%( should
respectively be the perfections of smooth morphisms

s = GLipye1, SRy — GZipe.
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For the interior morphism e, the most general result currently available is given by [MY206]; let us
also mention the previous works [Oor01]|, [VW13], [PWZ15], [Zhal8|, [[KY23], etc. Indeed, when
(G, X) is of abelian type or when p is large enough, Madapusi and Youcis constructed a formally
étale map of p-adic formal stacks over Spf Og: 3’} — BTg;’_“C, where BTg;’_“C serves as the
stack of 'p-divisible groups with G¢-structures’ without actually working with p-divisible groups. The
compositions 3’;( — BTgCﬁ“C are smooth and surjective, for alln > 0. There is a smooth surjection
Bch’fﬂc ® kg — G-Zip,e.-1. The composition gives the deperfection of €k .

APPENDIX A. SOME CATEGORY THEORY

This appendix serves as a complement to the categorical language employed throughout the
paper, offering a direct reference applicable to the context considered herein.

A.1. Morphisms between presheaves in categories. Let C be a (1-)category. Let Categories
(resp. Groupoids) be the 2-category (resp. (2,1)-category) of categories (resp. groupoids). Let Fj
and Fy be two (2-)functors (or presheaves) Fi, Fy : C°P — Categories.

As in [Sta25, Ex. 02XV], there are fibered categories p; : X1 — C and py : Xo — C corresponding
to I} and Fb, respectively. More precisely, a category X with a functor p to C is called a fibered
category if, for any x € X with f : V — p(z) € More(V, p(z)), there exists a strongly Cartesian lift
y — x over f (cf. [Sta25, Def. 02XM]).

A (1-)morphism F : (X1,p1) — (Xo,p2) is a 1-morphism in the 2-category of fibered categories
over C. That is, # is a functor from X; to Xy such that py o . % = p1, and % sends a strongly
Cartesian morphism to a strongly Cartesian morphism (see [Sta25, Def. 02XP]).

On the other hand, we define 1-morphisms between presheaves in categories.

Definition A.1. Define a (1-)morphism (or a natural transformation) ¥ : Fy — Fy to be the
collection {F(U); (U1, Uz, f)}v,0, v5e0b e, feMore (U,U5) 8 follows:
(1) For any U € ObC, F(U) : Fi(U) — Fx(U) is a 1-morphism (i.e., a functor) between
categories.
(2) For f € Mor¢(Uy, Us) with Uy,Us € ObC,
¢(Ur, Uz, f) : F(UL)F1(f)(F1(U2)) — Fo(f)F (U2)(F1(U2))
is a natural transformation between functors F(Up)Fi(f) and Fao(f)F(Uz) mapping from
F1(Usy) to F»(Ur) such that,
(a) ¢(U,U,idy)(z) = idp(), for any U € ObC and x € F1(U).
(b) For any morphisms in C, f :U; — Uy and g : Us — Us, and any x3 € Ob Fy(Us), we
have F5(f)(¢(Uz2,Us, g)) o ¢(Ut, Uz, f)(Fi(g)xs) = ¢(Ur,Us, g o f)(x3).
(¢) For any pair (Uy,Us) and f : Uy — Us, the diagram

F
Fl(UQ) % Fl(Ul)

lF(U2) lF(Ul)

Fa(f)
F3(Us) - Fy(Uh)
is commutative up to composing ¢(Uy,Us, f).
In fact, the definitions of 1-morphisms in the two contexts correspond to each other.

Lemma A.2. % determines and is determined by a morphism ¥ from Fy to Fy.

Proof. Recall that the fibered category p; : X1 — C is defined as follows: the objects are (U, x)
such that U € ObC and z € Ob F;(U); the morphisms are Mory, (U1, z1), (Ua, z2)) = {(f, 9)|f €
More (U1, Us), ¢ € Morg, ) (w1, Fi(f)z2)}. The composition is defined as (g,v) o (f,¢) = (g o

L)) e ¢).


https://stacks.math.columbia.edu/tag/02XV
https://stacks.math.columbia.edu/tag/02XM
https://stacks.math.columbia.edu/tag/02XP

119

The 1-morphism .% maps (U, z) to (V,y) € Ob X;. Since py 0 % = p;, we have that V = U and
y € Ob F5(U). This determines an assignment .% (U) from Ob F;(U) to Ob F»(U).

Hence, the functor .% maps Mory, ((U1, 1), (Uz,22)) to Morx, (U1, F(Uy)z1), (U2, F(Usz)x2)).
More precisely, a pair (f, ¢) as above is sent to (Z(f), % (¢)). But Z(f) = f since poo.# = p;. So
F(¢) : F(Ur)x1 — Fo(f)(F (Uz)z2) is a uniquely determined morphism in F5(U;) induced by .Z.

Now let (Ui, z1) = (U1, Fi(f)x2) and let ¢ = id. Then .7 (¢) =: ¢2 (U1, Us, f)(z2) is a functor
F(¢) + F(U1)(F1(f)x2) = Fo(f)(F (Uz2)xz). Moreover, fix any (t : x2 — x5) € Morp, (1) (72, 75)
and consider the commutative diagram

(Ur, Fi(f)an) — 2 (U, )

lFl 0 lt

Jid
(U, Fy(f)ah) — L s (U, ).

The diagram above is commutative after applying .# as .% is a functor, which implies the commu-
tativity of

¢.7 (U1,Usz, f)(x
F (U (s T2 By () F (Us)y
L?(Ul)Fl( i F(f)7 (@)
U1,Us, f) (2
FOF )y Z DR ()7 (U)h,
This implies that ¢4 (U1, Us, f) is a natural transformation.
Hence, the diagram of functors

—_— Fl(Ul)

F(Us) lj(“)

is commutative up to uniquely determined 2-morphisms. Then it can be checked that {.# (U); ¢.# (U1, Us, f)}
determines a 1-morphism F : F} — F5. The second condition of F listed above follows from the
fact that .% is a functor that preserves compositions.

Conversely, suppose that there is a 1-morphism F : F} — F» given by the collection {F(U); ¢(Uy, Us, f)}.
Then set y(U,$1) = (U,F(U)$1) Let (f UL = U, 21 — Fl(f)ZL‘Q) € MOI")(I((Ul,{L‘l), (UQ, IL‘Q))
Set eQN(]@’ ¢) = (fv d)(Ula U2> f)(l‘g) o F(Ul)(¢))

Then it can be checked that .% is a functor. We only check that it preserves compositions because

the other conditions are easier. Suppose that we are given Uy L Us LU, ;€ Fy (U;) fori=1,2,3,
and ¢ : 1 = Fi(f)x2 and ¢ : 23 — Fi(g)xzs. We have F(go f, F1(f)(¥) o ¢) =

(go f,6(U1,Us,go f)(x3) o F(U1)(F1(f)(%) © §)).

The last expression is computed as

(g0 [, F2(f)(9(U2,Us, g)) 0 ¢(Ur, Uz, f)(Fi(g)xs) o F(U1)(F1(f)(¥) 0 ¢)) =

(9o f, Fa(f)(¢(Uz,Us, g)) o ¢(Ur, Ua, f)(Fi(g)xs) o (F(Ur)(F1(f)(4)) o F(U1)(¢))) =
(go f, Fa(f)(¢(U2,Us, g)) o Fo(f)F(Uz2) (%) 0 $(Uv, Uz, f)(x2) o F(U1)(9)) =

(go f, Fo(f)(¢(Uz, Us, g) o F(U2) () 0 (¢(Un, Uz, f)(z2) o F(U1)(0))) =

(9, 6(Uz,Us, g) o F(U2)(v)) o (f, ¢(Ut, Ua, f)(w2) o F(U1)(9)) = F(g,9) o F(f, )
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The second line to the third line follows from the fact that ¢(Uy, Us, f) is a natural transformation,
from which the diagram

#(U1,U2,f)(w2)

F(Up)Fi(f)x2 Fy(f)F(U2)z2
[FOnm () |Pr@)
F(U)F(f)(Fi(g)as) “C DL by 1y R(0) (F (g)s)
commutes. O

A.2. 2-limits.

A.2.1. We explain what a 2-limit is, specialized to our situation.

Definition A.3. Let p : X — C be a fibered category in groupoids constructed from a presheaf
F : C°P — Groupoids (see [Sta25, Def. 003T] and [Sta25, Ex. 0049]). Define
2-lim X
for
as a groupotd. More precisely,
(1) The objects of it are of the form

L= {(U,zv); Tf, }uecobcor, fiy eMorcop (U,V)

where xy € ObF(U), Ty, € Morxer((U,zv),(V,2v)) such that p°®(Ty, ) = fuv,
TfUz,Ul °© TfU3,U2 = TfU3,U1 for fu,u, © fus,u, = fus,u, in CP.

(2) The morphisms from L to L' = {(U, :Eb);T}U,V} are of the form {Cy}uecobcor, where Cy €
Moryor (U, zrr), (U, x7;)) such that TJ’CU’V oCy=CyoTy,,.

In Definition A.3, an object L determines and is determined by a functor .Z : C — X sending U
to (U,zy) and fi} to T}JSV such that po.Z = idc.

Let Fy, Fy, (X1,p1), (Xg,pg), F, and % be as in §A.1. Suppose that there is a 1-morphism
m: Xy — A (such that p; om = pg, and) such that (Xs,p) is isomorphic to the fibered category in
groupoids over X associated with a functor mpresh . Xlop — Groupoids. Denote by ® : F5, — F) the
1-morphism between presheaves corresponding to 7 according to Lemma A.2.

Lemma A.4. In this setup, an object in 2’@2{"" Xy determines and is determined by a section
1

S X = Xy of i Xy — Xy in 1-More(Xy, Xs), which, from Lemma A.2, corresponds to a 1-
morphism U : Fy — Fy such that ® o ¥ = idg,. Moreover, the groupoid of such sections . (with
morphisms among them defined by the natural transformations between functors from Xy to Xs) is
isomorphic to the groupoid 2—@ e Xo.

Proof. In the context of this lemma, we have py 0 ¥ = p; o w0 % = p;, which means that & is
automatically a morphism in 1-Mor¢ (X, X2); note that every morphism is strongly Cartesian by
[Sta25, Lem. 003V]. The first part of the lemma now follows from Lemma A.2. The isomorphism
of groupoids follows from the construction in Definition A.3(2). O

P4

Remark A.5. By Lemma A./4, the three notions “an object in 2—1'&11)(0p o7, “a 1-morphism section
1
of m: Xy = X17, and “a 1-morphism section of ® : Fo — F1” can and should be used interchangeably
i this paper.
Assume further that XJ™ :=

2-lim lim F(U)
UcObcer )


https://stacks.math.columbia.edu/tag/003T
https://stacks.math.columbia.edu/tag/0049
https://stacks.math.columbia.edu/tag/003V
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exists. If it exists, this is a groupoid since the inner colimits hﬂ P (U) F1(U) (that is, the colimit in

the category F;(U)) are groupoids, as they are unique up to unique isomorphisms by definition.
Denote by &7 the full subcategory of X; consisting of objects of the form (U, thl(U) Fy(U)).

Note that there is also a projection ¢ : X3 — X] according to the definition of colimits, which makes
natural inclusion i : X{ — A a section of ¢, i.e., £ oi = idy,.

Lemma A.6. With the assumptions above, there is a natural equivalence of groupoids

2-1'&112(‘2 = 2- w XQ.
Xlop Xl/,op

The second limit is formed for the projection o : Xy — Xj.

Proof. The functor F; from the LHS to the RHS is the natural projection; the functor Es in the
other direction is defined by pulling back objects of X3 over X{ C &) via the morphisms defined by
colimits (since 7 : X9 — A is a fibered category by assumption). The fact that Fyo Ey ~ id(of LHS)
is due to the universal property of strongly Cartesian morphisms and the assumption that A5 is
fibered in groupoids: Write an object in LHS by L = {(z1, z2); szl,z,l }. Suppose that z; € Ob Fy(U)

maps to 7 € Ob thl(U) F1(U). Suppose that p : 5 — 7 is the object in the data of L. Then
there is a (strongly Cartesian) lift g : z, — x5 of f: 21 — 2}. As Xy — A} is fibered in groupoids
and there is a isomorphism szl«@’{ : k9 — x5, there is a unique isomorphism Cy, : 9 — ).

The commutativity in Definition A.3(2) is obtained in a similar way. In fact, let y1, v}, v3, ¥,
and yo be the objects constructed in the same way for another V' — U in C. We have a diagram

{5
Y2 m/2 5

(A1) Ya 1 i

i Y5

i

To show the commutativity of the diagram formed by yo, x2, ) and y}, it suffices to show the
commutativity of ys, 2, 5 and y35. This follows from the definition of 2-limits. O
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