EXAMPLES AND COUNTEREXAMPLES OF HODGE-TYPE LIFTINGS

SHENGKAI MAO AND PEIHANG WU

ABSTRACT. This note serves as supplementary material to [MW26]. We compute the kernel of
m1(GY"); — m1(G); for the Hodge-type liftings of [Del79] and [KP7Z24]. We provide some examples
and counterexamples to justify the necessity of finding accessible Hodge-type liftings.

1. INTRODUCTION

This note is not intended for publication. We work out several examples of Shimura data of type
D™ and present some counterexamples to the injectivity of the map 7 (G); — 71(G)7.

The main subtlety is that a naive application of the construction in [Del79] and [KPZ24] might
not be good enough to obtain injectivity. Some counterexamples will be given in §2.2, the main
computation will be given in Proposition 3.7, and the modified construction will be given in §4.
The readers are suggested to jump directly to the corresponding places. Some interesting lemmas
are recorded along the way.

The notation system is the same as [MW26].

Acknowledgment. The authors thank Jie Yang for bringing the reference [Y7726] to their attention
and for many helpful discussions and corrections.

2. PRELIMINARIES

2.1. Deligne’s construction and refinements. Let (G, X) be a Shimura datum. By the axioms
of (G, X) being a Shimura datum, G can be written as G* =[], RFZ./QHZ-ad for totally real fields
F; over QQ; the groups Hf‘d are absolutely simple adjoint reductive groups over Fj. See [Del79, 2.3.4|
and the proof of [Milll, Thm. 3.13|.

Proposition 2.1 (See [Decl79] and [KPZ24]). Given an abelian-type Shimura datum (G2, X2), by
[Del79, Prop. 2.3.10] (see also |KPZ24,7.2]), one can always associate with it a Hodge-type Shimura
datum (G, X)) that satisfies the following properties:

o Gdor — [Lics Rp,joHi, for F; a totally real field over Q, H; an absolutely almost simple
semisimple group over F;, and H; = H;° if H; is of type A, B,C, DR H; = H? /o if H;
is of type DY In the last case, for any embedding F; — R, H;r is isomorphic to SO3,, o
or is compact. The index J is a finite set with a partition J = J.[] Jne, where J. (resp.
JIne) is defined such that, for each i € J. (resp. i € Jnc), RFZ./QHfd is Q-anisotropic (resp.
Q-isotropic).

o G =Gdr.7°G,,. One can choose Z¢ such that Z¢ is Q-anisotropic, and Z¢ = HiGJc RFi/QR%)/F,-Gm’
where K; are CM extensions of F;. Note that our choice of Z¢ does not have factors when
1 € Jne.

o The intersection of G, and G - Z¢ is always ug. In the type DM case, the intersection of
G and Z¢ is [Lics. BE johe-

e The reflex field is contained in E(G*, X2d). [Lics. Ki- The field extensions K; can be taken
such that the field extension E(Ga, X2) - K;/E(G2, X2) splits completely at every place over
p. In fact, K; = F; - K[, where K| is a totally imaginary quadratic extension of Q.
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Remark 2.2. In [KPZ24|, one chooses Z¢ = [];c; RFi/QRg_)/F_Gm to make sure that Z(G) is
connected. With this change, the kernel in Proposition 3.7 is larger. Hence, we still get some
counterexamples to the injectivity. So we can choose a smaller group here.

2.2. Forms of SO and GSO.

Example 2.3. We recall the coordinate system in [Y7726, §2.1] (cf. [PRS10, §2.7]). Let K be a
p-adic local field and t € Ok be a uniformizer (with valg(t) = 1). Let L = K(u) be a quadratic
extension with u?> = —t and valy(u) = 1. Let V be a 2(n + 1)-dimensional K-vector space with
an ordered basis e1,. .., ean, f1, fo. Let ¢ be a symmetric K-bilinear form on V, whose matrix with
respect to this basis is

H2n

(2.1) ¢ = <t 1) :

where Hay, is the anti-diagonal unit matriz of size 2n. G := GO(V, $) is quasi-split over K. Note
that G is non-connected, G = G° U 7G°. Let n : G — G be the similitude character, then
G° = {g € G| n(g)"*" = det(g)}, 7 = diag(idan, —1,1). We denote G := GSO(V,¢) := G°, and
n: G — Gy, the restriction of the similitude character.

o Fix the standard maximal K-torus T of G whose set of R-points is

2 2
: Y1 Y2 T1X2n = = = TpnTn+1 = Y7 + tyQ,
diag( z1,..., Ton, € GL R .
{ g( ' o <t3/2 yl)) znr2(R) ‘ L1, Ton, Y1, Y2 € R }

ot )azsn (')}

o . T1T2p = """ = TpTptl1 = 2122,
T(L) = {dlag(xh oy Top, (21, 22)) € GLap4a(L) ‘ L1y Ton, 21,22 € L } .

e Choose

(o2 (Gm)L X (Gm)L = {A S GLQL

e We have the isomorphism T(L)/T(Or) = X.(Ty) C Z27+2:

diag(zy, ..., xon, (21, 22)) — (valp(z1),...,valp(zan), valr(z1), val (22)).
o Under the condition

valp (z1) + valp(xo,) = - -+ = valp(xy,) + valg (zp4+1) = valp(21) + valz(z2)

in X.(Tr), we have an isomorphism X, (T) = Z"+?2
(@1, G, Aty ... A2, b1,02) = (a1, ..., ap,b1,b2).
e 6 € A=Gal(L/K) acts on X,(T) = Z"*2 as
(a1y...,an,b1,b2) = (a1,...,an,b2,by).

In particular, X.(T)n = Z" © Z2)Z(1,—-1) = Z"; here Z2)7(1,—1) = Z : (b1, by)
b1 + bs.
e The coroot lattice Q¥ C X.(T) is

{(al,...,an,bl,bg)EZ”+2 ’ a1+ -+ a, + by is even, andb1+b2:0}.

In particular, the image of QX in X.(T)a =2 Z"1 can be identified as {(a1, . ..,a,,0)} =2 Z",
and 11 (G)a = X (T)a/QA = Z.

Neat, we consider the derived group G = SO(V, ¢) = kern.



o Let T C T be the mazimal torus of G with
T (L) = {diag(z1, ..., o, 0(21,22)) € T(L) | 2122 = 1},
X (T = {(a1,...,an,b1,b2) € Xo(T) | by + by = 0}.
o Inside X, (T) = Z"*2, we view
X (T = 72" 3 7(1,—1), X (TYA = Z" S Z(1,—1)/Z(2,-2) = Z" & 7./ 2.

Here we take Z(1,—1)/Z(2,-2) = Z/27Z, (b,~b) — b mod 2.
o Inside X.(T9)a, the image of QX is

{(al""vaTHM)} =7".

In particular, m (G A = Xo(T)A/QX = Z/2Z. The unique nontrivial element is the
image of (0,...,0,1,—1) € X, (T9r).
We see that w1 (G A — m1(G)a is Z/27 — 7, it is not injective, even if p > 2.
Finally, let us compute Hy (A, 71(G)). Consider the surjection

WX*(T) —)Z@Z/QZ, (al,...,an,bl,bg) — (b1—|—b2,a1—i—---—|—an—|—b1).

We have kerm = QV; then m(G) = Z/2Z & Z, and § € A acts on m(G) 2 Z/2Z & Z as (u,€) —
(u, e +u). Recall that Hi(A,m(G)) = ker(d —1)/Im(1 4 6). Given (u,€) € m1(G), (6 — 1)(u,€) =
(0,@), and (1 +0)(u,€) = (2u, ). In particular, Hi (A, 71(G)) = Z/2Z.

Remark 2.4. Any reductive group over (@p s quasi-split and moreover residually split. When
p > 2, any quasi-split non-split form ¢ over @p has standard basis expressed in Example 2.3 (see
[PRS10, §2.7]). When p = 2, ¢ might not have expression (2.1) due to the complexity of @;/(@5)2
Nevertheless, in Tit’s classification [Tit79, §4.2, 4.4], any residually split absolutely almost simple
group SO(V,q) in dimV = r variables with Witt index v’ satisfies r = 2r" or r = 2r' +2. When
r = 2r', the group is split. Whenr = 2r'+2, V has an orthogonal decomposition by a 2r'-dimensional
hyperbolic subspace and a 2-dimensional anisotropic subspace, where the quadratic form q on the
latter space can be expressed as the Norm map (see |Tit79, §1.16]). Under this decomposition, the
standard mazimal torus can still be written as T' = G}, X Rp xGm, under which Tder = Gn x

(1)
Ry K
as in Example 2.3, and the Galois action of A switches the last two coordinates in X, (T); the

calculation remains the same.

Gm. Using the standard coordinates of Gy, X Ry xGm, the coroots Q" has the same form

Remark 2.5. Let K = Q,. We start with a group as in Example 2.3 or [KPZ724, 6.2.2(b)|; we
can choose a quadratic form ¢ there such that it can be globalized to a form ¢ over Q and the
group G = GSO(V, @) splits over a totally imaginary quadratic extension. Then G can be upgraded
to a Hodge-type Shimura datum by [Del79, 1.3.9 and 2.3.13|. Then the computation above implies
that Wl(G%ir)I — m(Gq,)1 is not injective, even if p > 2! This demonstrates how the type DH
complicates the situation, and also justifies the necessity of having [MW26, Def. 6.16] and the
computations below.

Example 2.6. Keeping the notation from Ezample 2.3, we consider the split form of GO. To
be compatible with the coordinate system of the quasi-split form, let G = GO(V,¢), and G :=
GSO(V, ¢) = G°, where V' has ordered basis ey, .. ., e, f1, fo, and ¢ has the matriz with respect to

this basis:
H2n

(70



Fix the standard mazimal K-split torus T of G whose set of R-points is

. T1X2n = - = TpTn4+l1 = 2122,
diag(zy, ..., Ton, 21, 22) € GL R .
{ g(x1, ..., %o, 21, 22) on+2(R) B

Descriptions of X.«(T), QV, T, X,(T9) are the same as those in Example 2.3.
A acts trivially on everything.
Under 7 : Xo(T) — 727 & Z, the sub-lattice X,(T) maps to 727 @ 0. In particular
71 (G = Z,/27.
(id,0)

Under the above identification, m1(G") — 71 (Q) is 7./27 (140 Z)2Z® 7.

3. CALCULATION OF HODGE-LIFTING

Convention 3.1. Let H and G be two connected reductive groups over Q or Qp with a map f :

H — G. Denote ker(f : 7T1(HQ )1 = (G ) ) by m(H, G).

Given f: H — G and g : G — G', we have, by definition, an inclusion n(H,G) C ©(H,G’).

3.1. Reduction to type D™. We factor G into G x G$**, where G is a group with types A-,
B-, C- and D®-factors, and where G$" is a group with only type D"-factors. Let G{*" — G and
G$e" — G9 be the objects obtained from the Deligne’s construction. Let G := G Xy, G G2 C
G1 X Go, where n; : G; — Gy, are the similitude characters for ¢ = 1,2. Let n : G — Gy
be the similitude character. By construction, G‘fer is simply connected, i.e., 7T1(G(lier) = 0; thus,
71(G) = 0 @ 711(GSe"). We have a natural projection G — Go, but we do not have a section
G2 — G in general.

Lemma 3.2. With the conventions above, T(G", G) = (G5, Ga).

Proof. Consider the exact sequences:

-1
1 s G —2 G xGy M G 1
"J (m,??z)l 1dl
1 Gy —2 Gy x Gy pri Py G 1.

Note that the lower line has a section s : Gy, = Gy X G, © +— (2, 1) to the projection Gy, X Gy, —
Gm, (z,y) — zy~'. Taking the long exact sequences, we have:

Wl(Gder)[ — 09 st (Gger)]

| el

Hl(I,ﬂ'l(Gm)) —L> 7r1(G)1 % 7T1(G1)]€B7T1(G2)] E— 7T1(Gm)[

_ _ l l _

Hi(I,m(Gp)) =% 71 (Gm); —— 71(Cm)1 ® m(CGm); — m1(CGm)1.

The long exact sequence are the rows.
It suffices to show j is an injection. This is equivalent to showing that « = 0. Consider more
terms in the long exact sequences:

Hy(I,m(Gh)) @ Hi(I,71(Ga)) 2 By (1, 71/(G)) —— m1(G);1

(p1,p2 )l = ‘ l

Hl(I,ﬂ'l(G ))@Hl I 71'1 M H1 I, 71'1 )) iﬂ) 7T1(Gm)[.



Note that ¢ = 0 is equivalent to (71, 72) being surjective. We claim that 7 is already surjective.

On one hand, we show that p; is surjective, which is equivalent to 71 (G{*"- Z§); — 71(G1)1 being
injective. Here kern; = G{° - Z{ by construction. Consider G{¢" - Z{ — G = G1/G{*. Since
7T1(G(11er> =0, and pus = Gy N (G‘lie}r - Z) is contained in G(lier N Z¢, there is a section Gm/,ug — Gab
in the exact sequence 1 — (G{°" - Z§)%® — G4 — Gy /uz — 1; thus 71 (G - Z§)®); — Wl(G‘fb)I
is injective, we are done.

On the other hand, the section s induces a section of 71; in particular, 7y is an isomorphism.
Since m1 = 71 o p1, 71 is surjective. The inclusion in the lemma follows from the paragraph under
Convention 3.1. O

3.2. Further reductions. We introduce some building blocks of the main calculation.

Lemma 3.3. Let G1 and Go be reductive groups over Qp whose centers contain po. Set
Hy := (G x G1)/p2, Hz:=(Gy x Ga2)/ua2, H :=(Gn x G1 x Ga)/pa.
(1) Assume that m(G2)r — m1(Ha)r is injective. Then
m(G1 x Go, H) = w(G1, Hy) x 0.

(2) Assume that w1 (G1)r — m(H1)r and m1(G2)r — m1(Ha)r are both injective. Then w1 (G X
Go)r — m1(H)g is injective.

Proof. (1) This can be read from the long exact sequences associated with the commutative
diagram with exact vertical rows:
G1 — G1 > H1
G1 x Ga » H Hy x Hy
G2 > H2 = H2.
The (C) direction is easy. Now, let [a] € ker(m1(G1); — m1(Hy)r) and let [a] € w1 (H);

be the image of [a]. We can lift [a] to [b] € m1(G2); using the exact sequence m1(Ga)r —
m1(H); — m(Hy);r — 1. The image of [b] in m1(H; X He); = m(Hy)r X m1(Hz)s is the
image of [a]; thus, it is the image of [a], which is trivial. Since 71(G2)r — m1(H2)1, [b] itself
is trivial; we get the (D) direction.

(2) This is because G1 x Go — Hj x Hs factors through H.

O

Lemma 3.4. Keep the notation from Lemma 3.3. For i = 1,2, let G; be a reductive group over
Q,p, with an ‘embedding Gi — Gi such that m (Gy); — 7r1(G )1 is an isomorphism. Let H =
(Gm X G1 X GQ)/,UQ. Then 7T(G1 X GQ,H) = 7T(G1 X GQ,H).
Proof. We have exact sequences

1>GixGy— H— Gy — 1, 1—>§1x§2—>ﬁ—>(@ — 1,

where the surjections are given by G, — G, « — 22. Consider the long exact sequences:

Hl(I,ﬂ'l(Gm)) E— 7T1(G1)[EB7T1(G2)[ E— 7T1(H)[ e — Wl(Gm)[

- B | J:

Hi(I,m(Gp)) —— m1(G1); ® m(Ga); —— m(H); —— m1(Gm)1,

By Five Lemma, 71 (H); — 71 (H); is an isomorphism. O
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Lemma 3.5. Let G := GSOg,12 be either split or quasi-split over Qp. Set H = (G xGSO2p42)/ 2.
Then m(G)r — mi(H) is injective.

Proof. Consider the exact sequence 1 - G - H — Gy, — 1 and the induced long exact sequence
Hl(l,ﬂ'l(Gm)) — 7T1(G)[ — 7T1(H)[ — Wl(Gm)[ — 1.

When G is split, I acts trivially on everything, (m(G)r — m(H)r) = (m(G) — w1 (H)) is injective.
When G is quasi-split, in the calculation 2.3, the I-action on the modules factors through A = (),
62 = 1. Since § acts on Gy, trivially, Hq (A, m1(Gn)) = ker(6 — 1)/Im(§ + 1) = Z/27Z, m1(G)a = Z.
Thus, H1<A,7T1(Gm)) — 7T1(G)A is a trivial map, (7['1(G)[ — 7['1(H>[) = (ﬂl(G)A — 7T1(H) )

injective. g

Lemma 3.6. Leti € J={1,2,...,n}, and G; := SOay,+2 be a quasi-split non-split form over @p,

By Ezample 2.3 and Remark 2.4, m(G;)r = Z/2Z. Let G = (([Lic; Gi) X Gm)/p2, where pp embeds
diagonally on every factor. Then the embedding [[,c ; Gi — G induces

(H?Tl [-)7'('1( )[) :Z/QZ‘gHZ/QZ:HT(l(G)]

ieJ ieJ ieJ
Proof. Write G; — H; = GSOgp,42, and let 1; : H; — Gy, be the similitude character. Then
G = Hi X, Gz """ Xn1,Gmpn Hn C H 1= Hy X+ -+ x Hy, GY =T, ; G;. We use the coordinates
in Example 2.3. Let T; C H; be the standard maximal torus, and Tider =T;,NG; C G;. Then
T = ((ILesTi) x Gm)/p2 (vesp. T = [,c; T, Ty = [1;c; i) is the standard maximal torus
of G (resp. G°*, H). The coroot QV of G is [[; Q). Fix the coordinates:

H{ bit, bi2) ean+2} HZm+2

ieJ ieJ
where a; = (a;1,...,ain,) € Z™. The I-action factors through A = (), §2 = 1, and § acts on

X«(Ty) as:
H zla bi2 HH 127

ieJ ieJ
Under the coordinates above, we have

X.(T) = {H(ai,bn,bw) € Xu(Tw)

i€J

bi1 + biz = bj1 + bje for alli, j € J}v

X (T9) = {H(az‘abil,bﬁ) € Xu(Th)

icJ

bil—l—biQZO,V’iEJ},

Q' = {H(apbu,bm) € Xu(TH)
ieJ
Fixing a realization of I-modules X, (T) 2 [[,.; Z™ " x Z with assignments

[1(as bir, bi2) — ((H(ai,bn)) ;b1 +512> ;

ieJ e

(1) (3 )

Let e;; = (0,...,1,...0) € Z"*! be the j-th factor (j € J; := {1,...,n:}), fi = (0,...,0,1) €
zm and k = ([1;,e;0,1) € [l;e;Z™™ x Z be the last coordinate. We have d(e;;) = e,

Qi+bi1 are even ,b;1 + by =0,Vi € J} .

the action of § is
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6(fi) = —fi, (k) = (3;cy fi) + k. Then (0 — 1) X, (T) is generated by {2f;}ics and X fi. We
can identify

T)IZHZ”z'le[Z/QZxZ, ((H(a b, ) ) (H a;, [ ] o >

e ieJ ieJ ied ied

where * means * modulo 2, and HzeJ Z./2Z is the quotient of [ [, ; Z/27Z modulo the diagonal Z/2Z.
Inside X, (7T)s, the image of QY is generated by (ei; + fi)icsjes;, and is free of rank Y, n;;

m(G); = X.(T)1/QY = HZ/ZZXZ (H%vai,C)H(HbivC)-

icJ iceJ iceJ ieJ
Since the unique nontrivial element m (G;); = X.(T9);/(QY )1 = Z/27Z is generated by the image
of (0,b;1,—bi1) € X*(Tl-der) with odd b;1, we are done. O

3.3. Main calculation. Let (G2, X2) be an abelian-type Shimura datum and (G, X) be the asso-
ciated Hodge-type Shimura datum defined using Deligne’s construction as in Proposition 2.1.
Write Gder = HzEJ R, ioHi, and let J., J,. be the sub-index sets defined as before. Let J' € J

(resp. J? C J) be the sub-index where H; is of type D™ (resp. A, B, C, or D®). Let J! = J.N J',
Jt .= Jne N JY for t = 1,2. After the base-change to @p, we have

Gdf;r = ( H X H X H X H X H )RFH/QPHU
i€J2,jETS  iedljedl® i€l g€y iedh jell® i€ jed;
Here J; is the index set of (F; ®q Q) ®q, Qp = HjeJ Fij, Fi; are field extensions of Qp, J# (resp.
J{?) are the sub-index where the Fjj-group H;; is split (resp. quasi-split non-split). Note that every
reductive over Q, is always quasi-split, .J; = J5 LI Ji.

When i € J2, H; are simply-connected over Fj, thus m1(H;i;) =0 for all j € J;. When i € J, H;
is of type D™, any Fjj-group H;j is SOy, 12 for some positive n;, either split or quasi-split non-split.
Let I;; = Gal(Q,/Fj;). By Shapiro’s lemma, m(Rp, /8, H;j); = mi(Hij)1,; = Z/2Z for any j € J;.
See Examples 2.3 and 2.6, and Remark 2.4.

Proposition 3.7. In this case, (G, G) is

Ox ] zrzxoyxzpezc ] zpzx [ z/2zx [ z/2zx ] z/2zZ
ieJt jeJ’ icJt,jess i€ gt jeJi® i€, geT3e i€JL, jeTI®

Here, the last 7./27 embeds diagonally into HiEJ}w,jEJf‘S Z7]27.

Proof. Let

Gl,der _ H RFi/QHia GQ,der _ H RFi/QHiv Gi,der _ H RFi/@HZ" qul,cder _ H RFZ-/QHi)
ieJ! ieJ? ieJ} ISIER
and G', G2, G1, GL. be the associated reductive groups over Q. By Lemma 3.2, we have
(3.1) (G, Q) = n(GHIT GY).
Case 1: Let i € J!. Since K;/F; splits over p, RFZ-/Q<R§<)/F m) ®Q, = [Ijc), Gm. Base-
changing over QQ,, we have
1
H R, o = H Ry, jo(Hi - R%B/FiGm) ~ H RFij/@pHij - H RFij/Qp(Hij -Gm),
i€Je ied, i€t jed; icJtjed;

where H;; N Gy, = po. In particular, H;; — H;j - Gy, is SO2p, 42 — GSOap, 42.



By construction, Gg e @ factors through G Z¢, where G N ze = [Lics. Brjoh2.
By Examples 2.3 and 2.6 and by Shapiro’s lemma, ker(ﬂ'l(RF on Hij)r — m (RFZ-J-/QPHU -Gm)g) 1s

trivial when j € J5* and is the full Z/2Z when j € J°.
Case 2: Let i € J! ; we do not have a Z°factor. For (?7) = ss,qs, denote

nC7
l,der | N . 1 . o N
Gy = 11 Bryo,Hi Greey=| 11  Er5,Hi| Gm,
ieJt, jes i€y jed?)
~1 /\1
Gnc,(?) - H ((RFij/@pHij) . Gm) ’ Gnca(?) - H RFij/Qp (Hij ' Gm)’
ieJi, je ! iedt, jer”

where each Gy, intersects the group before it in the diagonal ps. We have
1,der ~1 A1
Gm — HGm — HRFZ]/QPG ~ G > — Gnc (7) — Gnc’(?) — Gnc’(?).

e (?)
Since Gngig — G}w ss 1s the [ of the Weil restriction of H;; — H;; - Gy, where H;j; is a split

SO, +2 and GNH;; = po, Hj-Gyy, is a split GSOgy, 2. By Example 2.6, m(G,ﬂﬁiﬁ)I — Wl(@l

ne, ss)f

1,d 1,d 1,d
; is injective. Since G T = Gr,es X Grigs, by Lemma

is injective; thus ﬂl(G}L’SEE)I — (G L0
C, p

nc,ss)
3.3 (1),
(3.2) T(GH G ) = m(GR Gl gs)-

) )
ne,Qp’  ne,Qp ne,qs’ ~ ne,qs

Finally, for i € J.., j € J¥, H;; are quasi-split non-split SOy, +2 over Fj;. Let H;; be
quasi-split non-split SOgy,,42 over Q, with a splitting field Ej;, such that H;; splits over E;; F 5

(B N EFyy = @p), then we have a morphism Fij — RFij/@pHij' By Shapiro’s lemma, (HU) —
Wl(Hij)Iij = Wl(RFij/QpHij)I. Denote

—1,der — —1 —
Gueg = I i Gueger=| Il Hi| G
ieJh, jei’ ieJh,jeli’

where Gy, intersects the product in diagonal po. By Lemma 3.4, we have

r —1,d —1
(33) ker (ﬂ-l (G'}wdgs)f — M (Grlzc,qs)l) = ker (71—1 (Gnc,ZZ)I - 7Tl(c;’nc,qs)l) :
Lemma 3.6 calculates the right hand side of Equation (3.3) explicitly. We are done by combining
Lemma 3.8, Equation (3.1) and Equation (3.2). O

Lemma 3.8. With the notation in Proposition 3.7, we have
1,der 1 o 1,der 1 1,der 1
ker (m(GQp ) — Wl(GQP)I) = ker (Wl(GC@p ) — Wl(Gc,Qp)1> xker (71'1 (G 7Qp) I — Wl(Gnc,@p)I) .

Proof. Let éi — gL ze We first claim ﬂl(éi(@ ) — Wl(GiQ )1 is injective. We have
1P

1P

~1 1 . . H...
GC Qp - c¢,Qp e H RFij/Qp (HU Gm) - H RFij/@pr Gm | Gm,
ieJljed; ieJljed;
where Gy, intersects the product in diagonal pp. Note that H;; - G, = GSOgp,42. Consider
(Hij . Gm) - G, where Gy, N GSOQni+2 = pg. Let Gi@ = HieJcl,jeJi R ((HZJ . Gm) . Gm)

eQp Fij/Qp
Under the embedding Gy, — [[Gm — [[ R Gm, Gi 3 — G . isthe [] of the Weil restrictions
1P

Fij/Qp Qp
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of Hij - G — (Hij - Gm) - Gy By Lemma 3.3 (2) and 3.5, ’/Tl(éi@ )1 — m(éi(@ )1 is injective.
INP 1P

Since G . — @1 . factors through G1 , we proved the claim.

¢,p G p

Now, let G1 := GLder . Z¢. Then G! = Gl G, G* = G! x GL,.. By Lemma 3.3 (1),

ker (m (Gh )1 — m(G}@p)I) = ker (m(G;jg )= m(Glg )

Since G1der — G factors through C~¥1, and Gb4r 5 GL s the product of G éé and
Gl der_>G1

nes We are done. O

4. MODIFIED CONSTRUCTION
This part is [MW26, Prop. 6.18- Lem. 6.21]

Construction 4.1. For an abelian-type (G2, X2), we associate a (G, X) as Proposition 2.1. Let
(T,h) C (G,X) be a special point with T a maximal torus. We first consider G%® := G X gas G
where the map G — G = G/GI" is the natural one. Denote T% := T/(T N G9). Define
Gr‘f =G X Gab T.

Then G%® = (G4 x G4*r) . Z¢ . G,, C G x G.

In the second expression of the above line, Z¢ - G,, maps to G x G diagonally into (Z¢ - G,,) X
(Z¢ - Gp).

Denote the corresponding Shimura data by (G, X%®) and (G"f, X"/), respectively. Then both of
them are of Hodge type because they are both contained in the Hodge-type Shimura datum defined
by G Xy G,,n G. The shortcoming of this construction is that Z(G"7) is not connected.

Let us show that

Proposition 4.2. Given an abelian-type (G2, X2), the accessible Hodge-type lifting in the sense of
[MW26, Def. 6.16] is (G"1, X"F), as given by Construction 4.1.

More precisely, (G4t Grf ) is trivial. In particular, the intersection of any parahoric subgroup
K, of G’"f(@p) with G’"f’der((@p) is parahoric.

Proof. Tt suffices to show that w(G™/de" G"/) is trivial. We first consider m(G94er, G4). By the
computation of Proposition 3.7 and Lemma 4.3, we have that

7_[_(G«db,der7 Gdb) — diag{LQ}{ H Z/2Z X Z/QZ},
ieJ}, jeJi®

where the index {1,2} labels the two factors of Gder = Gder . Gder,
Note that Grfder = Gder x {1} ¢ G®4er, Then 7(G9e" x {1}, G®) C 7(G¥:der, G) is trivial. So
n(Grhaer Grfy c w(GrHder, G s trivial. O

Lemma 4.3. Let G be any reductive group. Write 7 : G — G® and G® := G xgas G. Then
m(G™I, G = diagyy oy T(GY", G) C 7(GI x GI,G x G).

Proof. Consider the commutative diagram of exact sequences:

Gder X Gder Gder X Gder
\[ 1 \[ mar L
0 , b i ,gxq T g g

F l |

0 N Gab A N Gab Gab (id,id ™ 1)
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Taking the long exact sequences of it, we find

Hi(I,m(G®)) —2 s Hy(I,m1(GY);) x Hy(I,m(G®);)

|a@ |69

ﬂ.l(Gder)I x 7.‘.I(Gder)] = 7T1(Gder)[ % 7T1(Gder)]
Trl(Gdb)] ‘ 7T1(G)[><7T1(G)[.

From the diagram, we see that m(G®der G4%) = im A(§) and 7(G x G G x G) =imé x . It
follows from the definition that im A(6) C im 0% 4 is exactly diagyy o im 6 = diagyy 9 (G G). O

Now let (G, X) be any Hodge lifting of (Ga, X2), then G%® C Gx, g, ,G, where 1) : G — Gy, is the
similitude character (here 1 factors through G%), then (G%, X%) is a Hodge-type Shimura datum.
Therefore, (G™/, X"f) is a Hodge-type lifting of (Ga, X3) and satisfies the wanted proposition.
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